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Parton Distribution Functions
§ PDFs are universal quark/gluon distributions of hadron
 Many ongoing/planned experiments

BNL, JLab, J-PARC, COMPASS, GSI, EIC, EIcC, LHeC, …
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How are the sea quarks and gluons, 
and their spins, distributed in space and 
momentum inside the nucleon?

Imaging of the proton

EIC White Paper, 1212.1701
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Global Analysis 

Theory 
Input

Exp’t
Input

Global Analysis 
of PDFs§ Some choices made

for the analysis
 Choice of data sets and kinematic cuts
 Strong coupling constant αs(MZ)
 How to parametrize the distribution

 Assumptions imposed
SU(3) flavor symmetry, charge symmetry, strange and sea distributions

𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥

§ Experiments cover diverse kinematics of parton variables
 Global analysis takes advantage of all data sets

𝑠 = ҧ𝑠 = 𝜅 ത𝑢 + ҧ𝑑
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Global Analysis

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
 CTEQ, MSTW, ABM, JR, NNPDF, etc.

CTEQ-JLAB 

https://www.jlab.org/theory/cj/ 
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Outline

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

§ Consumer’s Guide to Lattice Hadron Calculations
 Nucleon structure with controlled systematics

in the physical limit (𝑚𝜋 → 𝑚𝜋
phys

, 𝑎 → 0, 𝐿 → ∞)

 PDF Moments 

§ x-dependent PDFs of Nucleon/Pion/Kaon 
 Recent selected new calculations: 

gluon, strange, GPDs, …
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Biased selected results, highlighting work 

done by MSU students/postdocs



§ Lattice QCD is an ideal theoretical tool for investigating the 
strong-coupling regime of quantum field theories 

§ Physical observables are calculated from the path integral

0 𝑂 ത𝜓,𝜓, 𝐴 0 =
1

𝑍
න𝒟𝐴 𝒟 ത𝜓 𝒟𝜓 𝑒𝑖𝑆

ഥ𝜓,𝜓,𝐴 𝑂 ത𝜓,𝜓, 𝐴

gluon field

quark field

a

L

t

x, y, z

in Euclidean space
 Quark mass parameter 

(described by 𝑚𝜋)
 Impose a UV cutoff 

discretize spacetime
 Impose an infrared cutoff

finite volume

§ Recover physical limit

𝑚𝜋 → 𝑚𝜋
phys

, 𝒂 → 𝟎, 𝑳 → ∞
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What is Lattice QCD?
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PDFs on the Lattice 
§ Traditional lattice calculations rely on

operator product expansion, only provide moments
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𝑥𝑛−1
𝑞
= න

−1

1

𝑑𝑥 𝑥𝑛−1𝑞 𝑥

𝑥𝑛−1
Δ𝑞

= න
−1

1

𝑑𝑥 𝑥𝑛−1Δ𝑞 𝑥

𝑥𝑛−1
𝛿𝑞

= න
−1

1

𝑑𝑥 𝑥𝑛−1𝛿𝑞 𝑥

most well known

very poorly known

spin-averaged/unpolarized

spin-dependent
longitudinally polarized

spin-dependent
transversely polarized

§ True distribution can only be recovered with all moments
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Moments of PDFs
§ Only lowest few moments

§ State-of-the-art example 
 Extrapolate to the physical limit
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§ Usually more than one LQCD calculation
 Sometimes LQCD numbers do not even agree with each other… 

Santanu Mondal et al (PNDME collaboration), 2005.13779

𝑥𝑛−1
𝛿𝑞

= න
−1

1

𝑑𝑥 𝑥𝑛−1𝛿𝑞 𝑥
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Moments of PDFs
§ PDG-like rating system or average
§ LatticePDF Workshop
 Lattice representatives came together and

devised a rating system

§ Lattice QCD/global fit status

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

LatticePDF Report, 1711.07916, 2006.08636 

N/A

𝑥𝑛−1
𝛿𝑞

= න
−1

1

𝑑𝑥 𝑥𝑛−1𝛿𝑞 𝑥
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Moments of PDFs
§ PDG-like rating system or average
§ LatticePDF Workshop
 Lattice representatives came together and

devised a rating system

§ Lattice QCD/global fit status
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LatticePDF Report, 1711.07916, 2006.08636 

S. Mondal et al (PNDME), 

2005.13779

𝑥𝑛−1
𝛿𝑞

= න
−1

1

𝑑𝑥 𝑥𝑛−1𝛿𝑞 𝑥
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From Moments to PDFs
§ Improved transversity distribution with LQCD gT
 Global analysis with 12 extrapolation forms: 𝑔𝑇 = 1.006(58)

 Use to constrain the global analysis fits to
SIDIS 𝜋± production data from proton and deuteron targets

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

Lin, Melnitchouk, Prokudin, Sato, 1710.09858, Phys. Rev. Lett. 120, 152502 (2018)
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PDFs on the Lattice
§ Limited to the lowest few moments
 For higher moments, all ops mix with lower-dimension ops
 No practical proposal yet to overcome this problem

§ Relative error grows in higher moments
 Calculation would be costly
 Cannot separate valence contrib. from sea

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities 12



§ Limited to the lowest few moments
 For higher moments, all ops mix with lower-dimension ops
 No practical proposal yet to overcome this problem

§ Relative error grows in higher moments
 Calculation would be costly
 Cannot separate valence contrib. from sea

§ New Strategy:
§ Adopt lightcone description for PDFs 
§ Calculate finite-boost quark distribution
 In 𝑃𝑧 → ∞ limit, parton distribution recovered
 For finite Pz, corrections are applied

through effective theory

§ Feasible with today’s resources! 

Xiangdong Ji, PRL 111, 039103 (2013);

PDFs on the Lattice
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Bjorken-x Dependent of
Nucleon/Pion/Kaon PDFs

14

Due to time constraints, I will quickly show a number of recent results 



 Quasi-PDF/large-momentum effective theory (LaMET)
(X. Ji, 2013; See 2004.03543 for review)

Direct x-Dependent Structure
§ Longstanding obstacle to lattice calculations!
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Quantities 
that can be 
calculated 

on the lattice
today

Wanted 
PDFs, 
GPDs,

etc.

pQCD-
calculated 

kernel
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N(𝑃𝑧)

Γ

N(𝑃𝑧)
𝑡𝑓𝑡𝑖



 Quasi-PDF/large-momentum effective theory (LaMET)
(X. Ji, 2013; See 2004.03543 for review)

 Pseudo-PDF method: differs in FT (A. Radyushkin, 2017) 

 Lattice cross-section method (LCS)  (Y Ma and J. Qiu, 2014, 2017)

 Hadronic tensor currents (Liu et al., hep-ph/9806491, ... 1603.07352) 

 Euclidean correlation functions (RQCD, 1709.04325)

 …

Direct x-Dependent Structure
§ Longstanding obstacle to lattice calculations!
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Quantities 
that can be 
calculated 

on the lattice
today

Wanted 
PDFs, 
GPDs,

etc.

pQCD-
calculated 

kernel
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 Kernel is a complicated object
 Mostly calculated up to one-loop level; two-loops results available recently

 Inverse problem to extract the wanted distribution
 Slightly different approaches from each group; systematics vary

 Larger momentum the better

 Smaller systematics: 𝑂 ΛQCD
2 /𝑃𝑧

2

 Needed in the lattice calculations in all methods to reach small-x region
 Current projects focus on mid- to large-x

Direct x-Dependent Structure
§ Longstanding obstacle to lattice calculations!
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Quantities 
that can be 
calculated 

on the lattice
today

Wanted 
PDFs, 
GPDs,

etc.

pQCD-
calculated 

kernel
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Physical Pion Mass Results
§ Summary of physical pion mass results
 Recent study increase boost momenta 𝑃𝑧 > 3 GeV

1708.05301 (LP
3
)

𝒖(𝒙) − 𝒅(𝒙)
qPDF
pPDF
qPDF
pPDF

Finite volume, 
Discretization,
…𝒖𝒗(𝒙) − 𝒅𝒗(𝒙)

2006.08636, PDFLattice2019 report
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Physical Pion Mass Results
§ Summary of physical pion mass results
 Recent study increase boost momenta 𝑃𝑧 > 3 GeV

1708.05301 (LP
3
)

2006.08636, PDFLattice2019 report

𝒙

Finite volume, 
Discretization,
…

qPDF
pPDF
qPDF
pPDF
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First Continuum PDF

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

§ Nucleon isovector PDFs using quasi-PDFs in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.09, 0.12 fm, 

𝑀𝜋 ∈ {𝟏𝟑𝟓, 220, 310}-MeV pion, 

𝑀𝜋𝐿 ∈ {3.3, 5.5}, 𝑃𝑧 ≈ 2.2, 2.6 GeV

 Naïve extrapolation to physical-continuum limit  

2011.14971, HL et al (MSULat)
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First Continuum PDF
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§ Nucleon isovector PDFs using quasi-PDFs in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.09, 0.12 fm, 

𝑀𝜋 ∈ {𝟏𝟑𝟓, 220, 310}-MeV pion, 

𝑀𝜋𝐿 ∈ {3.3, 5.5}, 𝑃𝑧 ≈ 2.2, 2.6 GeV

 Naïve extrapolation to physical-continuum limit  
2011.14971, HL et al (MSULat)
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Also see ETMC’s continuum-limit work at 370 MeV with P
z
≈ 1.8 GeV, 2011.00964



First Lattice Strange PDF
§ Large uncertainties in global PDFs 

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

CTEQ-JLab https://www.jlab.org/theory/cj

 Assumptions imposed due 
to lack of precision data 

𝑠 = ҧ𝑠 = 𝜅 ത𝑢 + ҧ𝑑
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First Lattice Strange PDF
§ Strange PDFs have large uncertainties in global PDFs 

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

CTEQ-JLAB vhttps://www.jlab.org/theory/cj/ 

 Assumptions imposed due 
to lack of precision data 

𝑠 = ҧ𝑠 = 𝜅 ത𝑢 + ҧ𝑑

§ First lattice results by MSULat

2005.12015, Zhang, Lin, Yoon
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First Lattice Charm PDF
§ Large uncertainties in global PDFs 

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

2005.12015, R. Zhang et al (MSULat)

§ Results by MSULat/quasi-PDF method 
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First Lattice Nucleon Gluon PDF
§ Gluon PDF using pseudo-PDF
 Lattice details: clover/2+1+1 HISQ 0.12 fm, 

310-MeV sea pion

 Study strange/light-quark
Z. Fan. et al (MSULat), 

2007.16113

Slide by Zhouyou Fan@2020 APS DNP Meeting

Zhouyou Fan
(MSU)
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Pion and Kaon PDFs

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

§ Pion/Kaon PDFs using quasi-PDF in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.12 fm,
𝑀𝜋 ∈ 220, 310, 690 -MeV pion

𝑃𝑧 ≈ 1.3, 1.7 GeV
2003.14128 HL et al (MSULat)
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Pion Valence Quark PDFs
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§ Pion/Kaon PDFs using quasi-PDF in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

a ≈ {0.06,0.12} fm, 

Mπ ∊ {220,310,690}-MeV pion

𝑃𝑧 ≈ 1.3, 1.7 GeV
2003.14128 HL et 

al (MSULat)
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See S. Mukherjee’s 

talk for BNL group’s 

work at 310 MeV 

with a ≈ 0.04 and 

0.06 fm, 

2007.06590



Kaon Valence-Quark PDFs
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§ Pion/Kaon PDFs using quasi-PDF in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.12 fm,
𝑀𝜋 ∈ 220, 310, 690 -MeV pion

𝑃𝑧 ≈ 1.3, 1.7 GeV
2003.14128 HL et al (MSULat)
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Kaon Valence-Quark PDFs
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§ Pion/kaon PDFs using quasi-PDF in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.12 fm,
𝑀𝜋 ∈ 220, 310, 690 -MeV pion

𝑃𝑧 ≈ 1.3, 1.7 GeV

§ First LQCD calculation 𝑥𝑛 of 𝑢𝑣
𝐾+ and 𝑠𝑣

𝐾−

29

n 𝒙𝒏 𝒖𝒗
𝑲+

𝒙𝒏 𝒔𝒗
𝑲−

1 0.192(8)stat(6)syst 0.261(8)stat(8)syst

2 0.080(7)stat(6)syst 0.120(7)stat(9)syst

3 0.041(6)stat(4)syst 0.069(6)stat(8)syst

2003.14128 

HL et al (MSULat)



Kaon Valence-Quark PDFs
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§ Pion/kaon PDFs using quasi-PDF in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.06, 0.12 fm,
𝑀𝜋 ∈ 220, 310, 690 -MeV pion

𝑃𝑧 ≈ 1.3, 1.7 GeV

§ First LQCD calculation 𝑥𝑛 of 𝑢𝑣
𝐾+ and 𝑠𝑣

𝐾−

§ Later ETMC 260-MeV results on 𝑥𝑛 of 𝑢𝑣
𝐾+ and 𝑠𝑣

𝐾−

30

n 𝒙𝒏 𝒖𝒗
𝑲+

𝒙𝒏 𝒔𝒗
𝑲−

1 0.192(8)stat(6)syst 0.261(8)stat(8)syst

2 0.080(7)stat(6)syst 0.120(7)stat(9)syst

3 0.041(6)stat(4)syst 0.069(6)stat(8)syst

n 𝒙𝒏 𝒖𝒗
𝑲+

𝒙𝒏 𝒔𝒗
𝑲−

1 0.246(2)stat(2)syst 0.317(2)stat(1)syst

2 0.093(5)stat(3)syst 0.134(5)stat(2)syst

3 0.035(6)stat(3)syst 0.075(5)stat(1)syst

2003.14128 HL et al (MSULat) 2010.0349, 2104.02247



First Pion Gluon PDF
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§ Pion GLUON PDFs using pseudo-PDF
 Lattice details: clover/2+1+1 HISQ (MSULat)

𝑎 ≈ 0.12, 0.15 fm, 

𝑀𝜋 ∈ 220, 310, 690 -MeV pion

𝑃𝑧,max ≈ 2.3 GeV

2104.06372, Fan, HL(MSULat)
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Zhouyou Fan
(MSU)
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Bjorken-x Dependent GPDs

32

Due to time constraints, I only have time to show selected recent results 
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Bjorken-x Dependent GPDs

33

Picture from A. Belitskya and A Radyushkin, 

Physics Report, 416 (2015)



Generalized Parton Distributions
§ On the lattice, one needs to calculate the following 

(nucleon example)
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N(𝑃𝑧 + Ԧ𝑞/2)

𝑄2 Γ

N(𝑃𝑧 − Ԧ𝑞/2)

𝑡𝑠𝑖𝑛𝑘𝑡𝑠𝑜𝑢𝑟𝑐𝑒

෨𝐹 𝑥, ሚ𝜉, 𝑡, ത𝑃Z

=
ത𝑃z
ത𝑃0
න
𝑑𝑧

4𝜋
𝑒𝑖𝑥𝑧 ത𝑃𝑍 𝑃′ ෨𝑂𝛾0 𝑧 𝑃 =

ത𝑢 𝑃′

2 ത𝑃0
𝐻 𝑥, ሚ𝜉, 𝑡, ത𝑃Z 𝛾0 + 𝐸 𝑥, ሚ𝜉, 𝑡, ത𝑃𝑍

𝑖𝜎0𝜇Δ𝜇

2𝑀
𝑢 𝑃′′

𝑝𝜇 =
𝑝′′𝜇 + 𝑝′𝜇

2
, Δ𝜇 = 𝑝′′𝜇 − 𝑝′𝜇, 𝑡 = Δ2, 𝜉 =

𝑝′′+ − 𝑝′+

𝑝′′+ + 𝑝′+
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Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 MSULat: clover/2+1+1 HISQ

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon quasi-GPD results

§ ovector

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities 35

Extrap:

X. Ji et al, 2008.03886

HL (MSULat), 2008.12474, 

to appear on PRL



Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 MSULat: clover/2+1+1 HISQ

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon quasi-GPD results
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HL (MSULat), 2008.12474,  to appear on PRL



Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ (MSULat)

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon quasi-GPD results

න
−1

+1

𝑑𝑥 𝑥𝑛−1𝐻𝑞 𝑥, 𝜉, 𝑡 = ෍

𝑖=0,even

𝑛−1

−2𝜉 𝑖𝐴𝑛𝑖
𝑞

𝑡 + −2𝜉 𝑛𝐶𝑛0
𝑞

𝑡 ቚ
𝑛 even

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

𝑛 = 1

37

HL (MSULat), 2008.12474, 

to appear on PRL



Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ (MSULat)

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon quasi-GPD results

න
−1

+1

𝑑𝑥 𝑥𝑛−1𝐸𝑞 𝑥, 𝜉, 𝑡 = ෍

𝑖=0,even

𝑛−1

−2𝜉 𝑖𝐵𝑛𝑖
𝑞
𝑡 − −2𝜉 𝑛𝐶𝑛0

𝑞
𝑡 ቚ

𝑛 even
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𝑛 = 2

38

HL (MSULat), 2008.12474, 

to appear on PRL



Nucleon Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon quasi-GPD results

𝑞 𝑥, 𝑏 = න
𝑑 Ԧ𝑞

2𝜋 2
𝐻 𝑥, 𝜉 = 0, 𝑡 = −Ԧ𝑞2 𝑒𝑖𝑞⋅𝑏

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

finite-volume, 
discretization,
…

39

M. Burkardt, 

hep-ph/0207047

HL (MSULat), 2008.12474, 

to appear on PRL



Nucleon Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon quasi-GPD results

𝑞 𝑥, 𝑏 = න
𝑑 Ԧ𝑞

2𝜋 2
𝐻 𝑥, 𝜉 = 0, 𝑡 = −Ԧ𝑞2 𝑒𝑖𝑞⋅𝑏
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finite-volume, 
discretization,
…

40

M. Burkardt, 

hep-ph/0207047

HL (MSULat), 2008.12474, to appear on PRL



Generalized Parton Distributions
§ On the lattice, one needs to calculate the following 

(nucleon example)
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N(𝑃𝑧 + Ԧ𝑞/2)

𝑄2 Γ

N(𝑃𝑧 − Ԧ𝑞/2)

𝑡𝑠𝑖𝑛𝑘𝑡𝑠𝑜𝑢𝑟𝑐𝑒

෨𝐹 𝑥, ሚ𝜉, 𝑡, ത𝑃Z

=
ത𝑃z
ത𝑃0
න
𝑑𝑧

4𝜋
𝑒𝑖𝑥𝑧 ത𝑃𝑍 𝑃′ ෨𝑂𝛾5𝛾𝑧 𝑧 𝑃 =

ത𝑢 𝑃′

2 ത𝑃0
෩𝐻 𝑥, ሚ𝜉, 𝑡, ത𝑃Z 𝛾5𝛾𝑧 + ෨𝐸 𝑥, ሚ𝜉, 𝑡, ത𝑃𝑍

𝑖𝛾5Δz
2𝑀

𝑢 𝑃′′

𝑝𝜇 =
𝑝′′𝜇 + 𝑝′𝜇

2
, Δ𝜇 = 𝑝′′𝜇 − 𝑝′𝜇 , 𝑡 = Δ2, 𝜉 =

𝑝′′+ − 𝑝′+

𝑝′′+ + 𝑝′+
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Nucleon Polarized GPDs
§ Helicity GPD (෩𝐻 )using quasi-PDFs at physical pion mass  
 MSULat: clover/2+1+1 HISQ

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon (quasi-)GPD results
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“Extrap”:

X. Ji et al, 2008.03886

HL (MSULat), 2110.06779



§ Reach small-x regions and predict on antiquark distribution 
 One needs large momentum just to get the 

sign of the antiquark correct! 

 With small 𝑧𝑃𝑧, we miss over
the majority of the x range

Challenge Ahead

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

𝒛𝒎𝒂𝒙 = 𝟎. 𝟕𝟐 𝐟𝐦

HL et al, 1708.05301

𝑃𝑧 = 1.6 GeV
𝑃𝑧 = 2.4 GeV
𝑃𝑧 = 3.2 GeV
𝑃𝑧 = 4.0 GeV

𝑝(𝑃𝑧)

𝑧

𝑝(𝑃𝑧)

 Not just a
quasi-PDF problem

 Going to large 𝑃𝑧 is 
unavoidable for all
x-dependent methods
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Continuum Toy Models

Hard problems require diverse ways of thinking!

A more diverse workfoce is needed! 

Image credit:
Physics World



Machine Learning Application
§ Extract the DA distribution from the physical-continuum 

matrix elements
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Pion Distribution Amplitude
Kaon

R. Zhang et al. (MSULat), 2005.13955 

ℎ 𝑧, 𝜇𝑅 , 𝑝𝑧
𝑅, 𝑃𝑧 = න

−∞

∞

𝑑𝑥න
0

1

𝑑𝑦 𝐶 𝑥, 𝑦,
𝜇𝑅

𝑝𝑧
𝑅

2

,
𝑃𝑧
𝜇𝑅

,
𝑃𝑧
𝑝𝑧
𝑅 𝑓𝑚,𝑛 𝑦 𝑒𝑖 1−𝑥 𝑧𝑃𝑧

Slide by Rui Zhang
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Pion Distribution Amplitude
Kaon

R. Zhang et al. (MSULat), 2005.13955 
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−∞

∞

𝑑𝑥න
0

1

𝑑𝑦 𝐶 𝑥, 𝑦,
𝜇𝑅
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𝑅
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,
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,
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𝑝𝑧
𝑅 𝑓𝑚,𝑛 𝑦 𝑒𝑖 1−𝑥 𝑧𝑃𝑧

Slide by Rui Zhang

N. Juliano et al. (MSULat), 

2108.04326 



Summary
§ Exciting era using LQCD to study PDFs
 Well-studied systematics → precision structures
 More nucleon matrix elements with physical pion masses

§ Overcoming longstanding limitations of moment method
 Bjorken-x dependence of parton distributions are widely studied

with LaMET and its variants
 More study of systematics planned for the near future
 Start to address neglected disconnected contributions

obtaining flavor-dependent quantities 

§ Stay tuned for more updates from LQCD
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ICER@MSU

The work of HL is sponsored by NSF CAREER Award under grant PHY 1653405 & RCSA Cottrell Scholar Award

NERSC
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Titan @ORNL, IC@LANL 

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 
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Continuum Toy Models

165: Small-x parton physics on lattice (EF6) by Ji et al.

 Difficulties in reliably extracting small-x in current
x-dependent methods

 Bring together small-x and LQCD communities to 
explore ways to resolve this in the near future 



§ Overcoming longstanding obstacle to x-distribution 
 New idea by Ji for studying full x dependence of PDFs

 Promising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
 Not a precision calculation yet

 Need to complete the other pz corrections

(on-going; possibly done in a couple weeks)

 Systematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
 Better overlapping boosted hadron smearing (asymmetric source)

 Applications: large-q form factors, hadronic and flavor physics, …  

Exciting time for hadron structure on the 
lattice 
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Backup Slides
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Physical Pion Mass Results
§ Summary of physical pion mass results
 Recent study increase boost momenta 𝑃𝑧 > 3 GeV

ഥ𝒅(𝒙) − ഥ𝒖(𝒙)
qPDF
pPDF
qPDF

2006.08636, PDFLattice2019 report

Finite volume, 
Discretization,
…
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Polarized PDFs
§ Summary of physical pion mass results
 Quasi-PDF method only 

Helicity
long. polarized

Finite volume, 
Discretization,
…

𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)

𝚫 ഥ𝒖 𝒙 − 𝚫 ഥ𝒅(𝒙)

2006.08636, PDFLattice2019 report
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Moments of PDFs
§ First moments are most commonly done 

§ State-of-the art example 
 Extrapolate to the physical limit

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

§ Usually more than one LQCD calculation
 Sometimes LQCD numbers do not even agree with each other… 

𝑥𝑛−1
𝑞
= න

−1

1

𝑑𝑥 𝑥𝑛−1𝑞 𝑥

Santanu Mondal et al (PNDME collaboration), 2005.13779
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Moments of PDFs
§ PDG-like rating system or average
§ LatticePDF Workshop
 Lattice representatives came together and

devised a rating system

§ Recent lattice QCD/global fit status

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

𝑥𝑛−1
𝑞
= න

−1

1

𝑑𝑥 𝑥𝑛−1𝑞 𝑥

LatticePDF Report, 1711.07916, 2006.08636 
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Moments of PDFs
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§ LatticePDF Workshop
 Lattice representatives came together and
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§ Recent lattice QCD/global fit status
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LatticePDF Report, 1711.07916,2006.08636 

𝑥𝑛−1
Δ𝑞

= න
−1

1

𝑑𝑥 𝑥𝑛−1Δ𝑞 𝑥
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Systematics Study

HL, R, Zhang, Phys.Rev.D 100 (2019) 7, 074502

unpolarized ME 

polarized ME 

unpolarized qPDF polarized qPDF

§ First finite-volume study in quasi-PDFs
 Clover on 2+1+1 HISQ, 𝑀𝜋 ≈ 𝟐𝟐𝟎 MeV, 𝑎 ≈ 0.12 fm

𝑀𝜋𝐿 ≈ 3.3, 4.4, 5.5, 𝑃𝑧 ≈ 1.3 GeV
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Systematics Study

Huey-Wen Lin — Hadron Structure at High-Energy and -Luminosity Facilities

B. Joo et al  (Jlab/W&M) 1908.09771

§ Finite-volume study in unpolarized pseudo-PDFs
 2+1f clover, 𝑀𝜋 ≈ 𝟒𝟏𝟓 MeV, 𝑎 ≈ 0.127 fm

 Two volumes used: 𝐿 ≈ 3, 4.5 fm

§ Also see strong
lattice-spacing dependence

§ Lattice artifacts are sensitive to the simulated QCD vacuum
 Each group will have to check their own systematics carefully  

unpolarized pPDF

unpolarized pPDF

63


