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Parton distribution 
functions (PDF)

   one dimension

Cut diagram of 
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Including spin of Nucleon and quark 

Collinear PDFs:
Ø Universality: once measured, can be applied to other 
processes
ØEvolution : governed by the DGLAP/BFKL equations

Order  αs  evolution 



Parton’s transverse motion

Longitudinal motion only Longitudinal + transverse motion 

Transverse momentum dependent (TMD)  PDFs



Probability interpretation of TMDPDFs

TMDPDFs provide new structure of nucleon – 3D structure: both 
longitudinal + transverse momentum dependent  structure 
(confined motion in a nucleon)

Prezelosity
analogous table exists for gluon TMDs



in a more generalized picture

Wigner distribution：F.T. of GTMD

semi-inclusive:
SIDIS 
Drell-Yan 
e+e- annihilation 

exclusive: 
DVCS
HEMP 



Spin-orbit correlation —— T-odd TMDs

uSivers function: correlation between the transverse spin of the 
nucleon and  parton transverse momentum          

uBoer-Mulders function: correlation between the transverse 
spin of the quark and quark transverse momentum

         



T-odd TMDs—— Physical picture

         o r        > 0  :  t h e  q u a r k 
prefers to move upwards if the 
proton is moving to the left and 
the proton/quark spin is pointing 
t o w a r d s  t h e  o b s e r v e r .   

 

Give rise to SSA or
Azimuthal asymmetry

analogous pictures for the Collins and Sivers-type FF



Role of gauge field of QCD---gluon

Ø gluon rescattering between the hard part (H) and the 
target spectator: form the Wilson lines (or gauge-link) to 
ensure the gauge invariance of TMDs



Non-Universality of TMD distributions 

• open issues regarding TMDs

– sign change of T-odd TMDs between SIDIS and DY

– Universality: TMD might not be universal when 
probed through different hard scattering processes

Sivers function

SIDIS

Drell-Yan

future pointing past pointing



TMD fragmentation functions

spin-0:



TMD fragmentation--probability 
interpretation 

unpolarized FF

Sivers-type FF
(Λ transverse 
polarization)

Collins Function

spin-1/2



Model calculations and extractions 
for TMDs 

Models calculations provide important insights on the 
size and the sign of TMDs before the era of global fit

chiral quark soliton model: Wakamatus 09, Lorce, Pasquini 11



modeling T-odd TMD: Sivers function 

diquark model 

T-odd distribution require the presence of the gauge-link

constituent/lignt-cone quark model 

Anselmino et.al

   Collins et. al

Bacchetta et. al

cut to get
imaginary
part
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Physical process: SIDIS

HERMES, COMPASS, JLab12, EIC, EicC...



Mulders, Tangerman, Diehl, Bacchetta, Kotzinian …

Observables in SIDIS:



single transverse-spin asymmetries in SIDIS:

)()(

)()(

TT

TT
UT

SdSd

SdSd
A










UU

UT

UU

UT

F

F
A

F

F
A

Sh

Sh

UT

Sh

Sh

UT

)sin(
)sin(

)sin(
)sin( ,















Sivers asymmetry

Collins asymmetry

HERMES 20 COMPASS 17 JLab 11



Physical process: Drell-Yan



Observables in Drell-Yan



Spin/azimuthal asymmetries

uGeneral form of the cross section (Target: 
unpolarized/transversely polarized)

Beam             Target

Boer-Mulders                 

Boer-Mulders                 

Boer-Mulders                 

u Asymmetries

Leading-twist



SSAs measured at COMPASS Drell-Yan

Phys. Rev. Lett. 119, 112002 (2017) 

u Experimental measurements (transversely polarized target)



Pion

Quark Polarization
U                          L                          T

Collins

Physical process: e+e- annihilation

TMD FFs



  Collins, Soper and Sterman, NPB 250 (1985) 199

TMD factorization/evolution

u General  form  of   the  differential  cross  section  (CSS formalism) 

      

u                             dominates in the region                   , all-order resummation

u                             provides  corrections  at                  
      

Studied by Collins et. al.,
PRD94,034014, 16’



u The structure function ��� can be written as (in b space)

Unpolarized Drell-Yan process

scale dependence of TMDs is governed by the TMD evolution

The way to regularize light-cone singularity in TMD definition and subtract 
soft gluon contribution defines the scheme for the TMD factorization 



TMD evolution

TMD

Just like collinear PDFs, TMDs 
also depend on the scale of 
the probe = evolution



TMD evolution

TMD evolution

Collins, Soper 81’ 
Idilbi, Ji, Ma, Yuan 04’

u TMD evolution  for  the        -dependence (energy evolution)  

u Evolution  for  the   μ-dependence 

u General structure of  the solution



 formalism of TMD evolution 

Fourier transform back to the momentum space, one needs the whole b 
region (large b):  need some non-perturbative extrapolation

longitudinal/collinear part transverse part
(perturbative)

Non-perturbative: fitted from 
data

Many different methods/proposals 
to model this non-perturbative part

Collins, Soper, Sterman 85, ResBos, Qiu, Zhang 99, Echevarria, Idilbi, 
Kang, Vitev, 14, Aidala, Field, Gamberg, Rogers, 14, Sun, Yuan 14, 
D’Alesio, Echevarria, Melis, Scimemi, 14, Rogers, Collins, 15, Pavia 
group 17…  mostly for the proton case

transverse part



 nonperturbative part

parameterized as

parametrize the nonperturbative large b 
behavior that is intrinsic to the proton
target  (intrinsic transverse momentum)

parametrize the nonperturbative large b
behavior of the evolution kernel            
should be universal: independent of hadron 
types, partons, poliarizations



 several parameterizations of 

Ø Brock-Landry-Nadolsky-Yuan (BLNY) parametrization 02

Ø Sun-Isaacson-Yuan-Yuan (SIYY) parametrization 14

Ø Echevarria-Idilbi-Kang-Vitev (EIKV parametrization) 14

Ø Bacchetta,-Delcarro-Pisano-Radici-Signori/Pavia 
group  (BDPRS parametrization) 17

quite different 

almost same ( g2b2 ) in different parametrizations 



TMD fit of unpolarized data 
in most cases the TMD evolution is implemented

perturbative part of Sudakov form factorhard factors



PT distribution in lepton-Nucleon SIDIS

Pavia 2017 
JHEP 1706, 081 

HERMES
data

TMD effects in unpolarized SIDIS and pp Drell-Yan

Nonperturbative form factor

bands are the 68% C.L. uncertainty 
from the 200 replicas of the fit 
function



QT dependence in Z production
Bacchetta et al, JHEP 1706, 081 

Due to the higher Q = MZ, the range explored in qT is 
much larger compared to all the other observables



u Fit                        to E615 qT data, use SIYY parameterization Wang, ZL, Schmidt, 17 

Unpolarized process:  pi-Nucloen Drell-Yan    

qT  < 3 GeV



prediction of qT distribution at  COMPASS DY 

Wang, ZL, Schmidt, 17



extraction of polarized TMDs

Type of TMDs  SIDIS e+ e- Drell-Yan  TMD evolution

Torino 
2013 

transversity & 
Collins FF

   

 KPSY 
2015

transversity &
Collins FF

   

 Torino 
2013 

Sivers    

BPV
2021 

 Sivers    

ZLMS
2009 

Boer-Mulders   

BMP
2010

Boer-Mulders 

Cagliari
2020

CKT
2020

CLPSW
2020



extraction of sivers function with TMD evolution

Bury,Prokudin,Vladimirov 21

N3LL accuracy

used



test the sign change of the Sivers function

global analysis with and without sign change 
                                                     Bury,Prokudin,Vladimirov 21

No conclusion on the sign-change yet



Global fit of tranversity & Collins FF

different extractions in good agreetment



summary

•  Study on hadronic structure, particular the 3D 
structure in momentum and position space, are 
extremely active in the past few years

• Future measurement on unpolarized and polarized 
SIDIS and Drell-Yan at existing and planned 
facilities combined with phenomenological analysis 
can provide more precise information on the 
parton structure inside hadrons  



Thank you

   谢谢大家！



Backup slides



Sivers 
Asymmetry

Transversely polarized process

u The transverse single spin asymmetry  can be defined as

Spin-dependent Spin-independent(Unpolarized)



Transversely polarized process

u Spin-dependent structure function

TMDs  follows the same evolution equation in the perturbative region.
The evolution  for               can be written in a similar form.

Sivers function 
in b-space

Echevarria, Idilbi, Kang, and Vitev,  14’

=





   Wang, Lu, Schmidt, JHEP 1708 (2017) 137 

Evolution of pion TMD

~

Ø the peak of the b-dependent distribution function moves towards the higher b 

region when decreasing energy scales

Ø At high energy scale the distribution has a tail falling off slowly at large kT 



Wang, ZL, PRD 97, 054005 (2018)

Transversely polarized process

u TMD evolution of the Sivers function



uSivers asymmetry in πN Drell-Yan 

Wang, ZL, PRD 97, 054005 (2018)



twist-3 distributions

no parton probability intepretation



Wilson lines -- details
eikonal line

LO: final state 
interaction
(in SIDIS)

eikonal 
propagator

gauge
invariant



correlation in mean transvers momentum



Non-Universality of TMD distributions 

in Drell-Yan process ( h1h2-> l+ l- X )

gauge-link in SIDIS
   (future-pointing)

gauge-link in Drell-Yan
   (past-pointing)



T-odd fragmentation functions

• four diagrams contributes to the imaginary part 
(unlike the distribution functions) 

Collins(-related)  function: chiral-odd

half kT-moment



u Solution in b space

  

    
                        
u  The way to regularize light-cone singularity in TMD definition and 

subtract soft gluon contribution defines the scheme for the TMD 
factorization

Unpolarized process—solution

Collins, Soper 81’    Collins, Soper, Sterman 85’
Collins, 11’      Collins, Rogers 15’   Ji,Ma,Yuan 04’  

u                    ,                            : scheme-dependent  coefficients/factors  

Ø Ji-Ma-Yuan (JMY) scheme:  Ji,Ma,Yuan, PRD71, 034005;  PLB 597,299

Ø Collins-11(JCC)  scheme:  J. C. Collins, Foundations of perterbative QCD

Ø Lattice (LAT) scheme: Ji,Ma,Yuan, PRD91, 074009

           

Prokudin, Sun, Yuan 15’

CSS prescription



u The unpolarized TMD distribution for the  pion

Wang, Lu, Schmidt, JHEP 1708, 137

Sudakov form factor of the pion 

contains information on the nonperturbative 
 transverse motion of partons inside pion 

u Propose a similar non-perturbative Sudakov form factor 
     for pion TMD



Experimental measurements

uPion-N Drell-Yan:  early measurements (Unpolarized)

Ø E615

Ø NA10

E615

qT distribution of dilepton Angular coefficients



Recent COMPASS  measurements

PRL119, 112002 (2017)  

u Pion-N Drell-Yan: Experimental measurements (Unpolarized)

distribution  of dilepton events distribution 



beam-spin asymmetry (twist-3) 



CLAS12 measurement 



data compared to models

Mao,ZL 14

Mao,ZL 14

Bastami et al, 20 


