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Introduction:
• In general, thermodynamics is treated in flat spacetime since the curvature effects are 

mostly not relevant even for astrophysical objects. 

• But of course there are systems that the curvature could be important, namely compact 
objects; black holes, neutron stars, possible exotic objects (2-2-holes), etc. 

• Black hole thermodynamics has been heavily studied. But, due the event horizon, it is 
different than a self-gravitating system.

• We set out to investigate the curvature effects in thermodynamics and statistical mechanics.
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• As a case study, we consider classical ideal gas. massless and massive, in canonical and 
microcanonical ensembles. 



“First” things first:
• Zeroth law in flat spacetime: a system in thermal equilibrium         constant T

• The system configures itself under gravity. Establishes distribution. Position dependent state 
parameters p(r), 𝜌(r), T(r).. 

• In curved spacetime; this is obviously still true locally, for small volume element. But once the 
curvature effects are important,  this no longer holds: thermal equilibrium          constant T 

• Gravity yields scaling relations. The temperature scaling is “universal” for any gravitational system; 
known as the (generalized) Tolman’s law. <latexit sha1_base64="zFaeeVO9fy758oNRq/IqXmAuZvQ=">AAACDHicbZDLSgMxFIYzXmu9VV26CRbBVZkpom6EohuXFewF2mnJZDJtaJIZchHL0Adw46u4caGIWx/AnW9jpp2Ftv4Q+PjPOZycP0gYVdp1v52l5ZXVtfXCRnFza3tnt7S331SxkZg0cMxi2Q6QIowK0tBUM9JOJEE8YKQVjK6zeuueSEVjcafHCfE5GggaUYy0tfqlcqh6VXgJB/20y01XmAkMH3oZ52Ad2+VW3KngIng5lEGuer/01Q1jbDgRGjOkVMdzE+2nSGqKGZkUu0aRBOERGpCORYE4UX46PWYCj60TwiiW9gkNp+7viRRxpcY8sJ0c6aGar2Xmf7WO0dGFn1KRGE0Eni2KDIM6hlkyMKSSYM3GFhCW1P4V4iGSCGubX9GG4M2fvAjNasU7q3i3p+XaVR5HARyCI3ACPHAOauAG1EEDYPAInsEreHOenBfn3fmYtS45+cwB+CPn8weBxJtP</latexit>

ds2 = gµ⌫dx
µdx⌫

Tolman’s law:
<latexit sha1_base64="cNJJR4Y0wuzL+GmJPeUl++A1Vh4="></latexit>

T (r)
p
g00(r) = constant

⌘ T1

Commonly known version, originally derived for
blackbody radiation; photon gas with 𝜇=0.  (The generalized 

version; next slide)
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• Use the the thermodynamical  relation 

Generalized Tolman’s law

Energy-momentum tensor
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Generalized Tolman’s law:

Generalized Tolman’s law:

The common version
for 𝜇=0 or 𝜇/T=constant 
(The latter is a good 
approximation in our case)
 
Or, additionally we have 

Recently noticed by Lima et. al,  
Phys.Rev.D 100 (2019) 10, 104042, arXiv:1911.09060 
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Scaling relation for particle energy: 

• Also
•

• Expected since we have                                 and                 for thermal gas.
<latexit sha1_base64="EcDTNE9yrSgqa4sb8E3pGdtTlas=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi6rIogssKfcF0KJk004ZmJiG5I5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecs8JleAGXPfbKa2tb2xulbcrO7t7+wfVw6OOkammrE2lkLoXEsMET1gbOAjWU5qROBSsG07ucr/7xLThMmnBVLEgJqOER5wSsJJ/31daKpC4VRlUa27dnQOvEq8gNVSgOah+9YeSpjFLgApijO+5CoKMaOBUsFmlnxqmCJ2QEfMtTUjMTJDNT57hM6sMcSS1fQngufp7IyOxMdM4tJMxgbFZ9nLxP89PIboJMp6oFFhCFx9FqcA2Y54fD7lmFMTUEkI1t7diOiaaULAt5SV4y5FXSeei7l3VvcfLWuO2qKOMTtApOkceukYN9ICaqI0okugZvaI3B5wX5935WIyWnGLnGP2B8/kDbI+QsQ==</latexit>

E / T

for particle i

Hence, 
<latexit sha1_base64="hgXvBeDw/hbl1EPEgQ1QZsVDcs4=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDojom4KRRFcVrAPaOuQSTNtaCYzJneEMsxnuPFX3LhQxG13/o3pY6HVA4HDOedyc48XCa7Btr+szMLi0vJKdjW3tr6xuZXf3qnrMFaU1WgoQtX0iGaCS1YDDoI1I8VI4AnW8AZXY7/xyJTmobyDYcQ6AelJ7nNKwEhu/vjaTfhRm0sfhmm55ya2neLo3nZ5ua0fFCRTKR3H0qI6dPMFu2RPgP8SZ0YKaIaqmx+1uyGNAyaBCqJ1y7Ej6CREAaeCpbl2rFlE6ID0WMtQSQKmO8nksBQfGKWL/VCZJwFP1J8TCQm0HgaeSQYE+nreG4v/ea0Y/ItOwmUUA5N0usiPBYYQj1vCXa4YBTE0hFDFzV8x7RNFKJguc6YEZ/7kv6R+UnLOSs7taaFyOasji/bQPioiB52jCrpBVVRDFD2hF/SG3q1n69X6sD6n0Yw1m9lFv2CNvgEAz5/A</latexit>

Ei,1 = g00p
0
i =

p
g00Ei(r)

Recall the commonly used definition of internal energy of the gas: 
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Local-global correspondence:

locally treated

the problem reduces the flat spacetime thermodynamics with this volume, which encodes all the 
curvature effects. 

Use the scaling relations:

its global dual
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Local dynamics; general
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Different thermodynamical potential based on the characteristics of the system; 
Helmholtz free energy, Gibbs free energy, etc. 

<latexit sha1_base64="C/9Ocl4/KqEDLipjtmHbt9ejBPM=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCF0siol6EohePFfoFTSib7aZdutmE3Y1SYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhZXVtfaO4Wdra3tnds8v7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9up336gUrFYNPQ4oX6EB4KFjGBtpJ5dDq89OYxPhRdgmakJavTsilN1ZkDLxM1JBXLUe/aX149JGlGhCcdKdV0n0X6GpWaE00nJSxVNMBnhAe0aKnBElZ/NTp+gY6P0URhLU0Kjmfp7IsORUuMoMJ0R1kO16E3F/7xuqsMrP2MiSTUVZL4oTDnSMZrmgPpMUqL52BBMJDO3IjLEEhNt0iqZENzFl5dJ66zqXlTd+/NK7SaPowiHcAQn4MIl1OAO6tAEAo/wDK/wZj1ZL9a79TFvLVj5zAH8gfX5A8Jrk64=</latexit>

f = ⇢� ns̄T
<latexit sha1_base64="G6YOgdDtuK9CAEjoKM0KapBt4eY=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCIJZERL0IRS8eK/QLmlA22027dLMJuxuhhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKK6tr6xvFzdLW9s7unr1/0FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLqb+u1HKhWLRUOPE+pHeCBYyAjWRurZ5cGNJ4fxaXImvADLTE1Qo2dXnKozA1ombk4qkKPes7+8fkzSiApNOFaq6zqJ9jMsNSOcTkpeqmiCyQgPaNdQgSOq/Gx2/AQdG6WPwliaEhrN1N8TGY6UGkeB6YywHqpFbyr+53VTHV77GRNJqqkg80VhypGO0TQJ1GeSEs3HhmAimbkVkSGWmGiTV8mE4C6+vExa51X3suo+XFRqt3kcRTiEIzgBF66gBvdQhyYQGMMzvMKb9WS9WO/Wx7y1YOUzZfgD6/MHBLeUXg==</latexit>

g = ⇢+ p� ns̄T



Massless ideal gas — local picture (1)
Choose the ensemble; begin with local parameters, determine the partition function, find the 
equation(s) of state.

Canonical ensemble:

Partition for          particle:
<latexit sha1_base64="YJF0A/jxzgWblfjk5lN+iQS9nXM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwZNUsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyG1xO/+YRK81g+mFGCfkT7koecUWOlVucGhaHkrlsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfja9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMnme9LhCZsTIEsoUt7cSNqCKMmMjKtoQvPmXF0njtOKdV7z7s3L1Ko+jAIdwBCfgwQVU4RZqUAcGAp7hFd6cR+fFeXc+Zq1LTj5zAH/gfP4AV9WPhA==</latexit>

�N
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Massless ideal gas — local picture

Entropy per particle:

Total energy within the small volume
<latexit sha1_base64="n3Jk+JUydkkQr2skDCmKOhWwUxI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7e4tl0hJs1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns3gk5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTJ8nfaE5Qzm2hDIt7K2EDammDG1EJRuCt/jyMmmeVb2Lqnd/Xqld53EU4QiO4RQ8uIQa3EEdGsBAwjO8wpvz6Lw4787HvLXg5DOH8AfO5w9j9Y+M</latexit>

�V

Energy density

Pressure:

✓

A cross check:  Noting that                                  ,  the parameters above satisfy the Gibbs relation        

✓
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<latexit sha1_base64="1WJLVD5H2EtLzuubXOAGC+Tejfw=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6kUoevEkFUxbaGPYbLft0t1N2N0USug/8eJBEa/+E2/+G7dpDtr6YJjHezPs7IsSRpV23W+rtLK6tr5R3qxsbe/s7tn7B00VpxITH8cslu0IKcKoIL6mmpF2IgniESOtaHQ781tjIhWNxaOeJCTgaCBon2KkjRTatri+f8q6PJ36Yd5Cu+rW3BzOMvEKUoUCjdD+6vZinHIiNGZIqY7nJjrIkNQUMzKtdFNFEoRHaEA6hgrEiQqy/PKpc2KUntOPpSmhnVz9vZEhrtSER2aSIz1Ui95M/M/rpLp/FWRUJKkmAs8f6qfM0bEzi8HpUUmwZhNDEJbU3OrgIZIIaxNWxYTgLX55mTTPat5FzXs4r9ZvijjKcATHcAoeXEId7qABPmAYwzO8wpuVWS/Wu/UxHy1Zxc4h/IH1+QPPepPI</latexit>

n = NµUµ

<latexit sha1_base64="5X3llLeBtwoElkfHDVU5rHfQIKA="></latexit>

fJ =
1

(2⇡)3
e(µ�p↵U↵)/T

<latexit sha1_base64="R7cemivYFt8NIe+n4HtSRVE8HY4=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQq6kYouhEXUsE+oEnKZDJph06SYWYilJB/cOOvuHGhiFs37vwbp20W2npg4HDOucy9x+eMSmVZ38bc/MLi0nJppby6tr6xaW5tN2WSCkwaOGGJaPtIEkZj0lBUMdLmgqDIZ6TlD65GfuuBCEmT+F4NOXEj1ItpSDFSWuqah7de5kRpfuHQWEEnFAhngXcMeZ5xz8pDL7vJ+STSNStW1RoDzhK7IBVQoN41v5wgwWlEYoUZkrJjW1y5GRKKYkbyspNKwhEeoB7paBqjiEg3G9+Uw32tBDBMhH56s7H6eyJDkZTDyNfJCKm+nPZG4n9eJ1XhuZvRmKeKxHjyUZgyqBI4KggGVBCs2FAThAXVu0LcR7oXpWss6xLs6ZNnSfOoap9W7buTSu2yqKMEdsEeOAA2OAM1cA3qoAEweATP4BW8GU/Gi/FufEyic0YxswP+wPj8AbAenrA=</latexit>

Nµ =

Z
d3p

p0
fJpµ particle four-vector

Maxwell-Jüttner 
distr.



• Let’s start with total particle number:

Massless ideal gas; 
From the local parameters to the global ones

<latexit sha1_base64="oEyuUAigmUzyX1nS5IMUxHZ3W6c="></latexit>

N =

Z
n dV =

e↵

⇡2

Z
T 3(r)

p
A(r) d3r

<latexit sha1_base64="KWAHHSvLQfl5/b2Lzj4QlPm0RBI="></latexit>µ

T
=

µ1
T1

⌘ ↵ ! constantRecall that

and Tolman’s law
<latexit sha1_base64="farivBvn2A0ZPdSiGH7o7uwpgac="></latexit>

=
e↵ T 3

1
⇡2

Z s
A(r)

B3(r)
d3r

Recall our 
thermodynamic volume

<latexit sha1_base64="KVQi7rsGeqLya7b26HSlE1kHLhQ="></latexit>

Vth

<latexit sha1_base64="8hG2Qub2MKQiih6WGaUHnkar+0I="></latexit>

n(r)B3/2(r) = n1

<latexit sha1_base64="aY88y03E60i/3sWx5T00boeq/VM="></latexit>n1

Scaling rule for the 
number density

<latexit sha1_base64="UT3gYHqhwoBEY7X6PqDPrZRgpsY="></latexit>

N = n1Vth

via Tolman’s law
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Massless ideal gas; 
From the local parameters to the global ones, cont.

Pressure:

• So, the system globally mimics
 a homogeneous thermodynamic system.

The Gibbs’s relation

<latexit sha1_base64="ohRqD6cEyTA27ohwmS508249dDE=">AAAB/3icbVBNS8NAEN3Ur1q/qoIXL4tF8FQSEfUiFL14rGA/oC1hs900SzebsDsRQszBv+LFgyJe/Rve/Ddu2xy09cHA470ZZuZ5seAabPvbKi0tr6yuldcrG5tb2zvV3b22jhJFWYtGIlJdj2gmuGQt4CBYN1aMhJ5gHW98M/E7D0xpHsl7SGM2CMlIcp9TAkZyqwetq74KIjfrc+lDmuO2m0GQu9WaXbenwIvEKUgNFWi61a/+MKJJyCRQQbTuOXYMg4wo4FSwvNJPNIsJHZMR6xkqScj0IJven+NjowyxHylTEvBU/T2RkVDrNPRMZ0gg0PPeRPzP6yXgXw4yLuMEmKSzRX4iMER4EgYecsUoiNQQQhU3t2IaEEUomMgqJgRn/uVF0j6tO+d15+6s1rgu4iijQ3SETpCDLlAD3aImaiGKHtEzekVv1pP1Yr1bH7PWklXM7KM/sD5/AEuilko=</latexit>

U = ⇢1Vth

<latexit sha1_base64="hbEV5z9BjkLcQc/CVW5j60ctgv8=">AAACEHicbVDLSsNAFJ34rPVVdelmsIiuSiKiboSiG1dSoS9oQphMJ+3QySTM3Agl5BPc+CtuXCji1qU7/8bpA9HWAxcO59zLvfcEieAabPvLWlhcWl5ZLawV1zc2t7ZLO7tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHgeuS37pnSPJZ1GCbMi0hP8pBTAkbyS0eJn7lchjDML91QEZrd4vqPlOOs6WfQz3O/VLYr9hh4njhTUkZT1PzSp9uNaRoxCVQQrTuOnYCXEQWcCpYX3VSzhNAB6bGOoZJETHvZ+KEcHxqli8NYmZKAx+rviYxEWg+jwHRGBPp61huJ/3mdFMILL+MySYFJOlkUpgJDjEfp4C5XjIIYGkKo4uZWTPvExAImw6IJwZl9eZ40TyrOWcW5Oy1Xr6ZxFNA+OkDHyEHnqIpuUA01EEUP6Am9oFfr0Xq23qz3SeuCNZ3ZQ39gfXwDK7ed8Q==</latexit>

p1 =
NT1
Vth
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<latexit sha1_base64="YOGZk3BoQk/pg50Wr4uE2zXRutM=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Vj04rGC/YA2hM120y7dbMLuRAkxP8WLB0W8+ku8+W/ctjlo64OBx3szzMwLEsE1OM63tbK6tr6xWdmqbu/s7u3btYOOjlNFWZvGIla9gGgmuGRt4CBYL1GMRIFg3WByM/W7D0xpHst7yBLmRWQkecgpASP5di3x8wGXIWQF7vg5jAvfrjsNZwa8TNyS1FGJlm9/DYYxTSMmgQqidd91EvByooBTwYrqINUsIXRCRqxvqCQR014+O73AJ0YZ4jBWpiTgmfp7IieR1lkUmM6IwFgvelPxP6+fQnjl5VwmKTBJ54vCVGCI8TQHPOSKURCZIYQqbm7FdEwUoWDSqpoQ3MWXl0nnrOFeNNy783rzuoyjgo7QMTpFLrpETXSLWqiNKHpEz+gVvVlP1ov1bn3MW1escuYQ/YH1+QO+mpRR</latexit>

p1Vth

Energy:

Entropy:

(entropy density)

<latexit sha1_base64="WPpW5pzMNRHER5h8cosJ0fGNTxM=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCBCsRePFfoFTSyb7aZdutnE3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9q2v63c2vrG5lZ+u7Czu7d/UDw8aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH9VmfntMpWKRaOhJTL0QDwQLGMHaSJ4rh9EtqiH3pvFY6RVLdtmeA60SJyMlyFDvFb/cfkSSkApNOFaq69ix9lIsNSOcTgtuomiMyQgPaNdQgUOqvHR+9BSdGaWPgkiaEhrN1d8TKQ6VmoS+6QyxHqplbyb+53UTHVx7KRNxoqkgi0VBwpGO0CwB1GeSEs0nhmAimbkVkSGWmGiTU8GE4Cy/vEpaF2Xnsuw8VErVuyyOPJzAKZyDA1dQhXuoQxMIPMEzvMKbNbZerHfrY9Gas7KZY/gD6/MH6cSQ5A==</latexit>

⇢ = C T 4
<latexit sha1_base64="KkzfOfXc/Bx2F5hS4SsC8r+V+o8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIVdSMUu3ElFfqCtobJdNIOnUzCzI1QQrZu/BU3LhRx6x+482+cPhbaeuDC4Zx7ufcePxZcg+N8W7ml5ZXVtfx6YWNza3vH3t1r6ChRlNVpJCLV8olmgktWBw6CtWLFSOgL1vSHlbHffGBK80jWYBSzbkj6kgecEjCSZ+PKVSdQhKan+DZLG14Kg6zmpR0uAxhl96eZZxedkjMBXiTujBTRDFXP/ur0IpqETAIVROu268TQTYkCTgXLCp1Es5jQIemztqGShEx308knGT4ySg8HkTIlAU/U3xMpCbUehb7pDAkM9Lw3Fv/z2gkEl92UyzgBJul0UZAIDBEex4J7XDEKYmQIoYqbWzEdEBMMmPAKJgR3/uVF0jgpuecl9+6sWL6exZFHB+gQHSMXXaAyukFVVEcUPaJn9IrerCfrxXq3PqatOWs2s4/+wPr8AY7AmkU=</latexit>

C =
3N

VthT 3
1

<latexit sha1_base64="v6btZ62baAhdQjPsngKIBbXYZtU="></latexit>

U =

Z ⇣p
B(r) ⇢(r)

⌘p
A(r) d3r = 3NT1

<latexit sha1_base64="ppRI4FbATgB3bjpeCb5wglS6oTU="></latexit>

S =

Z
s dV = N

✓
4 + ln


Vth T 3

1
⇡2N

�◆

<latexit sha1_base64="1fSoZu0jIbEykI6WsrBxN0bUmzg=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFcGNNRNRl0Y3LCr1BE8NkOmmHTiZhZiKEkI0bX8WNC0Xc+g7ufBunbRBt/WHg4z/ncOb8fsyoVJb1ZZQWFpeWV8qrlbX1jc0tc3unLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dD2ud+6JkDTiTZXGxA3RgNOAYqS05Zn75C47dsLEyxzKA5XmJ80fzD2zatWsieA82AVUQaGGZ346/QgnIeEKMyRlz7Zi5WZIKIoZyStOIkmM8AgNSE8jRyGRbja5IoeH2unDIBL6cQUn7u+JDIVSpqGvO0OkhnK2Njb/q/USFVy6GeVxogjH00VBwqCK4DgS2KeCYMVSDQgLqv8K8RAJhJUOrqJDsGdPnof2ac0+r9m3Z9X6VRFHGeyBA3AEbHAB6uAGNEALYPAAnsALeDUejWfjzXiftpaMYmYX/JHx8Q1qkpks</latexit>

e�µ1/T1

<latexit sha1_base64="viWtxsnhIeP1UXqCKEy15GLj3/4=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGVpUoqBCxIVVkYi0QfUhMix3Vaq44T2Q5SFHVh4VdYGECIlX9g429w2gzQciTLx+fcq+t7/JhRqSzr21haXlldWy9tlDe3tnd2zb39jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98XXudx+IkDTidyqNiRuiIacBxUhpyTOPHDGKquIUNu/r+rrKn17mUB6odOKZFatmTQEXiV2QCijQ8swvZxDhJCRcYYak7NtWrNwMCUUxI5Oyk0gSIzxGQ9LXlKOQSDebbjGBJ1oZwCAS+nAFp+rvjgyFUqahrytDpEZy3svF/7x+ooJLN6M8ThTheDYoSBhUEcwjgQMqCFYs1QRhQfVfIR4hgbDSwZV1CPb8youkU6/Z5zX79qzSaBZxlMAhOAZVYIML0AA3oAXaAINH8AxewZvxZLwY78bHrHTJKHoOwB8Ynz//ZJel</latexit>

⇢(r)B2(r) = ⇢1

<latexit sha1_base64="gP/o45PRv6h681C5Pn5up3ovJJk=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyxC3ZSZIupGKHXjsoJ9QDsOmTTThmYyIckIw9iFv+LGhSJu/Q13/o1pOwttPXC5h3PuJTcnEIwq7Tjf1tLyyuraemGjuLm1vbNr7+23VJxITJo4ZrHsBEgRRjlpaqoZ6QhJUBQw0g5G1xO//UCkojG/06kgXoQGnIYUI20k3z4UZXkK6/dV066En/UoD3U69u2SU3GmgIvEzUkJ5Gj49levH+MkIlxjhpTquo7QXoakppiRcbGXKCIQHqEB6RrKUUSUl03vH8MTo/RhGEtTXMOp+nsjQ5FSaRSYyQjpoZr3JuJ/XjfR4aWXUS4STTiePRQmDOoYTsKAfSoJ1iw1BGFJza0QD5FEWJvIiiYEd/7Li6RVrbjnFff2rFSr53EUwBE4BmXgggtQAzegAZoAg0fwDF7Bm/VkvVjv1sdsdMnKdw7AH1ifP0FQlP8=</latexit>

p(r)B2(r) = p1

<latexit sha1_base64="pYsYO44cwWUnVyTaVPQhyUbdHW0=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCK5KIqJuhKIblxV6gzaEyXTSDp1MwsxEKLELX8WNC0Xc+hrufBunbRBt/WHg4z/ncM78QcKZ0o7zZRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDOpt+6pVCwWdT1KqBfhvmAhI1gby7cProSfdZkI9WiM6j/o22Wn4kyFFsHNoQy5ar792e3FJI2o0IRjpTquk2gvw1Izwum41E0VTTAZ4j7tGBQ4osrLpveP0bFxeiiMpXlCo6n7eyLDkVKjKDCdEdYDNV+bmP/VOqkOL72MiSTVVJDZojDlSMdoEgbqMUmJ5iMDmEhmbkVkgCUm2kRWMiG4819ehOZpxT2vuHdn5ep1HkcRDuEITsCFC6jCLdSgAQQe4Ale4NV6tJ6tN+t91lqw8pl9+CPr4xt3EJZm</latexit>

= n1T1

<latexit sha1_base64="W+/gIyE45oSRPJiXKaNbGq4NHsA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQq6kYounFZwT6gCWEynbRDJzNhZiKEENz4K25cKOLWr3Dn3zhts9DWAxcO59zLvfeECaNKO863tbC4tLyyWlmrrm9sbm3bO7ttJVKJSQsLJmQ3RIowyklLU81IN5EExSEjnXB0M/Y7D0QqKvi9zhLix2jAaUQx0kYK7P0rL5II554ciiD3KI90VhQwPy0Cu+bUnQngPHFLUgMlmoH95fUFTmPCNWZIqZ7rJNrPkdQUM1JUvVSRBOERGpCeoRzFRPn55IUCHhmlDyMhTXENJ+rviRzFSmVxaDpjpIdq1huL/3m9VEeXfk55kmrC8XRRlDKoBRznAftUEqxZZgjCkppbIR4iE4k2qVVNCO7sy/OkfVJ3z+vu3VmtcV3GUQEH4BAcAxdcgAa4BU3QAhg8gmfwCt6sJ+vFerc+pq0LVjmzB/7A+vwBuX+XpQ==</latexit>

=
⇢1
3



• Recall the partition function in the global case

Massless ideal gas: global picture

<latexit sha1_base64="3uUlC85TJxz1Y1/ViGYRYOo2Z94=">AAACIHicbVDLSgMxFM34rPVVdekmWATdlBkV60YounFZwT6wU4dMmmlDM5khuSOUYT7Fjb/ixoUiutOvMX0sbOuBwOGcc7m5x48F12Db39bC4tLyympuLb++sbm1XdjZresoUZTVaCQi1fSJZoJLVgMOgjVjxUjoC9bw+9dDv/HIlOaRvINBzNoh6UoecErASF6hfH/k+gyIl7pcBjDIji/dQBGa1r0UelmWujF/OMHTmYfTzCsU7ZI9Ap4nzoQU0QRVr/DldiKahEwCFUTrlmPH0E6JAk4Fy/JuollMaJ90WctQSUKm2+nowAwfGqWDg0iZJwGP1L8TKQm1HoS+SYYEenrWG4r/ea0Egot2ymWcAJN0vChIBIYID9vCHa4YBTEwhFDFzV8x7RHTD5hO86YEZ/bkeVI/KTnnJef2rFi5mtSRQ/voAB0hB5VRBd2gKqohip7QC3pD79az9Wp9WJ/j6II1mdlDU7B+fgFMoqRQ</latexit>

Z(�1) =
Vth

⇡2�3
1

• In this particular case
✓

✓

✓

✓
The first law:
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<latexit sha1_base64="Yy4oUMf3oqiN640xCQnTX/0SM8E=">AAACHnicbVDLSgMxFM3UV62vqks3wSIIYpkRXxuh6MaVVOwL2jJkMpk2NJMZkjtCGfolbvwVNy4UEVzp35g+FrX1wIWTc+4l9x4vFlyDbf9YmYXFpeWV7GpubX1jcyu/vVPTUaIoq9JIRKrhEc0El6wKHARrxIqR0BOs7vVuhn79kSnNI1mBfszaIelIHnBKwEhu/syvXuGKm7a4DKA/wP7DcTz1wjU3he7gqBUmU+qdmy/YRXsEPE+cCSmgCcpu/qvlRzQJmQQqiNZNx46hnRIFnAo2yLUSzWJCe6TDmoZKEjLdTkfnDfCBUXwcRMqUBDxSpydSEmrdDz3TGRLo6llvKP7nNRMILtspl3ECTNLxR0EiMER4mBX2uWIURN8QQhU3u2LaJYpQMInmTAjO7MnzpHZSdM6Lzv1poXQ9iSOL9tA+OkQOukAldIvKqIooekIv6A29W8/Wq/VhfY5bM9ZkZhf9gfX9C09LoqA=</latexit>

dU = T1dS � p1dVth + µ1dN



• So far we have focused on canonical ensemble. How about microcanonical ensemble?

Microcanonical ensemble:
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• Local picture

• Global picture

✓

✓

Agrees with the canonical ensemble. Expected but not trivial in the curved spacetime.



• So far we have considered the simple case of massless ideal gas. Things get a little complicated in the 
massive case but still remarkably self-consistent.

Massive ideal gas:
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• Local picture

✓
• Global picture

agrees with the local case

Difficulty in finding the 
pressure via

b=m/T

<latexit sha1_base64="EAxPhmVDvf7/5FUusvB7BpJMiQQ=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxboroh6LXjxW6Bds15JNZ9vQbLIkWaEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZemHCmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJVFJpUcqk6IdHAmYCmYYZDJ1FA4pBDOxzdTf32EyjNpGiYcQJBTAaCRYwSYyUfHrOzbpzi88akV664VXcGvEy8nFRQjnqv/NXtS5rGIAzlRGvfcxMTZEQZRjlMSt1UQ0LoiAzAt1SQGHSQzU6e4BOr9HEklS1h8Ez9PZGRWOtxHNrOmJihXvSm4n+en5roJsiYSFIDgs4XRSnHRuLp/7jPFFDDx5YQqpi9FdMhUYQam1LJhuAtvrxMWhdV76rqPVxWard5HEV0hI7RKfLQNaqhe1RHTUSRRM/oFb05xnlx3p2PeWvByWcO0R84nz90IpC3</latexit>

e�µ/T

Not clear how to identify the 
thermodynamic volume

?



Thermodynamic volume for the massive case: not straightforward 
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• Easy in the massless case

• Does not seem possible for the massive case

Curvature and the energy parts can be seperated

Curvature and energy are tangled.

• Yet we can still isolate dVth  from the first law of thermodynamics.

<latexit sha1_base64="wRWYX9HdeDqZICIxXgRzBjaFHeM="></latexit>

dVth =
1

b21K2(b1)
d

 Z
d3r

r
A

B3
b2K2(b)

!

T1,N

✓
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Outlook and Conclusion: 

• We have initiated a study of the curvature effects in thermodynamics and statistical 
mechanics.

• We have so far considered the massless and massive classical ideal gas both in 
canonical and microcanonical ensembles.

• There exists a thermodynamic dual picture globally in the curved spacetime. 

• The global characteristics of the system mimics the flat spacetime thermodynamics with 
the identification of thermodynamic volume, which is different than the geometric volume.

• The curvature effects in the global thermodynamics is encoded in this thermodynamical 
volume.

• Next, 2-2-holes, neutron stars, quantum gas, grand canonical ensemble.
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Additional Slides
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Modified Bessel functions:

which, via partial integration, could also be given as


