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Conservation vs symmetry

“It is only slightly overstating the case to say
that physics is the study of symmetry.”

-- Philip Anderson

“Every differentiable symmetry of the action of a physical
system with conservative forces has a corresponding
conservation law.”

-- Emily Noether
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What is conservation in physics?

Definition: the total value of a physical quantity or parameter (such as energy, mass,
linear or angular momentum) remains constant in a system which is not subject to
external influence.

Law of Conservationof Energy Example
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Energy is transferred from the ball to the

pins. No energy is lost. YOUR




Warmup: 1D Harmonic Oscillator

X=p Hamiltonian is conserved:
. 1
p=—X H = > (x% + p?)
5= (X, p) | Trajectory Dimension: 1 4+ Hamiltonian Iso-surface

1=2-1

#(conservation) dim(s) dim(trajectory) 7




Warmup: 2D Kepler Problem

X=Dx,Y = Py

. X . Y Three Conserved Quantities:

Px = 3'Py = 3 (1) Hamiltonian

(x? +y2)2 (x? +y2)2
(2) Angular Momentum
s = (X9, Dy py) Y | | | (3) Ru.nge-L(?nz Vector |
Trajectory Dimension: 1 (Orientation of major axis)

X
3=4-1

#(conservation) dim(s) dim(trajectory)
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Conservation Law & Manifold

Given a trajectory x(t) € R, assume the dynamical system has n conserved quantities
such that Hj(x(t)) = h; (j = 1,2,---,n). Then x(t) lives on a (N — n)-dimensional manifold.

#(Conserved Quantities)
= Dim(Phase Space) - Dim(Trajectory Manifold)

1 1

Already know Manifold Learning
(Al Poincare)



Learning Dim(Manifold): Literature

* Principal Component Analysis: Linear method, Fail for nonlinear
manifold

* Auto-encoder: No clear sign of “phase transition” due to topological
problem

* Fractal Method: Extremely expensive and failure for high-dimensional
problem
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Think like Mathematician!

Dim(Global Manifold) = Dim(Local Tangent Space)

However, we only have discrete
data points on the manifold (point cloud)!




Think like Mathematician!

Obtain Samples on tangent space Dimensionality is a renormalized
by walk and pull quantity wrt length scales.

...Then apply PCA (locally) to obtain explained ratios
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How to design the loss function?

What we want

What we impose

Noise
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Number of conserved quantities

Indication of
conservanory

N
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(b) PCA (a) Al Poincare

(c) AE

(d) Fractal
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Harmonic Oscillator

Kepler Problem

Compare with Baselines

Double Pendulum

Magnetic Mirror

Three-Body Problem
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Number of conserved quantities

N

Neff = Z c(mNw;),w: Explained ratio

=1

c(x) = cosx (x < g) , 0 (otherwise)
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Number of conserved quantities Kepler
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Number of conserved quantities
N
Neff = z c(mNw;),w: Explained ratio
i=1
c(x) = cosx (x < g) , 0 (otherwise)
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Neural New-Physics Detector (NNPhD)

Machine-Learning Non-Conservation for New-Physics Detection
Ziming Liu, Bohan Wang, Qi Meng, Wei Chen, Max Tegmark and Tie-Yan Liu
Joint work by MIT/IAIFI and Microsoft
arXiv:2106.00026, Accepted by Physical Review E
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What is conservation in physics?

Definition: the total value of a physical quantity or parameter (such as energy, mass,

linear or angular momentum) remains constant in a system which is not subject to
external influence.

Law of Conservationof Energy Example
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Energy is transferred from the ball to the

pins. No energy is lost. YOUR
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Non-conservation leads to “New Physics”!

Damped Double Pendulum Neptune | Gravitational Radiation

A8 O 3 O 0 Y 0 O 0 A N0 A Y B Y Neptune

4
[

Uranus

/

LIGO (2017)

Le Verrier (1846)

FIG. 1: NNPhD can auto-rediscover several classic examples.
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Friction

Observation: Explanation:
The kinetic energy is lost when no push! The kinetic energy is transferred to kinetic energy

of “table” atoms (heat).
‘ (9 O'

Y F

S

R

tudent
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Neptune

Observation: Explanation:
The mechanical energy of the Sun-Uranus Something out there (Neptune) is interacting
system changes over time. (orbit precession) with the two-body system.

Neptune

Uranus
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ML for conservative dynamics...

Lagrangian Neural Network

Double Pendulum
Lmy + mg) 307 + Lmyl303
+malylaf by cos() — 62)
+(my + ma)gl; cos
+magls cos fly

Observe State
over Time

(No need for canonical

coordinates)

Generalized
Coordinates f

Hamiltonian Neural Network
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Take Gradients: &
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Euler-Lagrange Equation

Ideal mass-spring system

Baseline NN

Prediction

LNN/HNN can preserve energy better than baseline models (e.g., MLP).

Canonical Equation
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What about non-conservative dynamics?

Total force = Conservative force + Non-Conservative force

1D damped oscillator

flx,x) =—x—yx —X + —yXx
B 0 + —X — VX
~ C —2X + +x —yx
=]
<b)
£
I I S Question: Intuitively, we want A. How to encourage A?
y = 0, ideal Answer: Minimizing non-conservative force (functional norm).
y > 0, damped

i =i, = SRl + plells ™ =0

x, x are orthogonal (under some metric)
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NNPhD: Neural New Physics Detector

f=Jc+ I

Conservative,
LNN

/
~ [ <

;

Loss Function

i

Non-Conservative,

MLP L
b

Lagrangian Neural Network

(LNN)

cNN (q,9)
conservative

Lagrangian

Universal Approximator Network
(UAN)

ri\w(qv et | L N ——

non-conservative
(“new phvsics”)

L:Le‘l‘/‘lLb

= ||f — (fc +fn)||
fall

Eq G): % = (W7JL)~ (VaL - (%,7]1) @)

" (q,q,t) - --»| Integrator
whole dynamics Trajectory Prediction
(Section Il B)

Symbolic Detecting and E){plammg
New Physics

Explainer (Section Il A)
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Phase Transition of A L,=0
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Theory: Check out the Theorem 1 of our paper!
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Phase Transition of A detects non-conservation

Prediction error Le
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Task1l: Symbolic formulas of “new physics”

Note: We cheated a little bit by
(1) Training: Constraining LNN form (MLP no inductive bias)
(2) Explaining: Nonlinear constrained fitting rather than symbolic regression

TABLE II: Symbolic Formulas Discovered by NNPhD

Physics Example

Target

Ground Truth

“New Physics”

NNPhD-+Symbolic

Double Pendulum

61
62

—D.{]2Ef'1 — D.DDB};-
—0.006; — 0.026,

—0.0186; — 0.0016,
—0.0016; — 0.01868,

» 0.005( —x 4 3co=s(0.192¢) ) 0.0052( —4-3.004cos(0.1921) )

g k] i

NE‘ tllI]'E‘ I [::: Scos{0.1928) )2 4 (y Ezeiull:ll.lﬂE.!]}'—’:'__’ [I_r 3.004cos(0.1924) )2 4y 3.0D45ir][ﬂ_192ﬂ]2]5
p . ?;I' 0.005( —y43smn(0.192L)) 0.0052( —y43.004s1in(0.192% ) )

" - . . 5 ; . . 3

[[ y—3sin (0. 1928 ) )= 4 (y—3=in (0. 192L) 2] 2 (y—3.004sin(0. 192 e -I l.'y 3.004=in (0. 1924+ :IJ"':] 2

sravitational Radiation

T
1

—0.00165(i7 + 7)Y
0.00165(32 + 42)%in

—0.00170(&7 + ul]*—" i
—0.00170(i2 + §2)394y,
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Task2: Trajectory Prediction

Damped Double Pendulum

(a) Predicting 6,
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Machine-Learning Hidden
Symmetries

“Machine-learning hidden symmetries”, Ziming Liu and Max Tegmark.
arXiv: 2109.09721



Why symmetry is important in physics?

“It is only slightly overstating the case to say
that physics is the study of symmetry.”

-- Philip Anderson
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Symmetries can be hidden
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Symmetries can be hidden

| () 0 0
0 —(r*+ )5 = Kol
N e = R g o

FRW (Expanding Universe) with k = —1
L' L1+ r?
x’ L
y' Ly
' Lz
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Symmetry <-> PDE <-> Operator L

Example: Lie Equivariance Symmetry Definition

A vector f(z) is equivariant under Lie group G, if for every group element g € G, the equality holds true: (f(gz) = gf(z).

Element g can be expressed in terms of generators K;(i = 1,--- ,d) such that ¢ = exp(#;K;). When 0; are small
g=1+0;K;.
flgz) =f(z + 0;K;z) = f(z) + 0;Vi(z)K;z
9f(z) = f(z) + 0, Kf(z)
f(gz) — gf(z) = 0:(Vi(z) Kir — Kif(z)) (D5)
)(f
L (gzgm IZ) _ t(2)Kiz — Kif(z) = 3(z)Kiz — Kif(z)

Hence the PDE for equivariance and equivariance loss are:

TF = JK;z — K;f = 0| Differential equation ‘ Lf =0
N, N
1 g

N, . — é (D6)
beav = N > (13E) K2 — Kif(=)|13)/( E:IIZ 12)
x=1

9 ;=1 i=1
i

J:
measures Breakdown of symmetry



Symmetries

& f=MyH M= (

= a_f 1 -di
=_ls block-diagonal

01
-10

TABLE I: PDE and Losses for Generalized Symmetries

(Generalized Symmetries Linear Operator L loss /| Examples
Translation invariance Lj = 9 {11 AEF
Lie invariance Lj=K;z-V hinv EF
Lie eqvariance Li =K;z-V —K; lEqQv B
. _ . }ij‘ = K;x-Vx—Kip-Vp+ K|, .
Canonical eqvariance i? — K;x-Ve—K'p- Vp K, T lean C
[Hamiltonicity Li; = —m}d; + m}o; m | AB,CD
Modularity L — Az, N D




Searching for manifest coordinates
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-

4

Tensor field Neural
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FIG. 2: Schematic workflow of our algorithm for
discovering hidden symmetry
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Toy example: 1D Harmonic oscillator

(a) Manifest (b) Hidden (c) Discovered Manifest
Symmetry Symmetry Symmetry
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FIG. 1: 1D harmonic oscillator phase space flow vector
field f(z,p) = (p. —x). The rotational symmetry of f is
manifest in (a) and hidden in (b). Our algorithm can
reveal the hidden symmetry by auto-discovering the
transformation from (b) to (c).



Examples

Manifest Symmetries
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Resu

s

A. 1D Uniform Motion

B. 1D Harmonic Oscillator

C. 2D Kepler
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FIG. 3: All hidden symmetries in six tested systems are discovered by our algorithm.




Physics-Augmented Learning

Based on arXiv: 2109.13901
By Ziming Liu, Yunyue Chen, Yuangi Du and Max Tegmark



Goal: How to integrate inductive biases in ML

Inductive bias?
An object f has a property P.



Discriminator & Generator

Definition 2.1 (Generator). A generator can generate objects [ that have the property P.

Definition 2.2 (Discriminator). A discriminator determines if an input object f has the property P
Or not.

Warmup example: additive separability f(xq,x5) = f1(x1) + f,(x3)

Generator: How to generate a two variable function that is additively separable?

Discriminator: How to determine if a two variable function is additively separable?



Discriminator & Generator

Warmup example: additive separability f(xq,x,) = f1(x1) + f,(x3)

Generator: How to generate a two variable function that is additively separable?
f(x1,x2) = f1(x1) + f2(x2)
4 |

AN e Generator

~ -
——— e ——




Discriminator & Generator

Warmup example: additive separability f(xq,x,) = f1(x1) + f,(x3)

Discriminator: How to determine if a two variable function is additively separable?

f(x1,x2) = f1(x1) + f2(x2) 1

Discriminator

0%f
axlaXZ 0 ?
0x10x, '




Definition 2.5 (Generative property). A property P is generative if there exists an ideal generator
for P.

Definition 2.6 (Discriminative property). A property P is discriminative if there exists an ideal
discriminator for P.

Definition 2.3 (Ideal Generator). An ideal generator is (1) accurate (never generate an f such that

P(f) is false), (2) complete (can generate any f such that P(f) is true), (3) efficient (can generate f
in polynomial time), and (4) differentiable (can exploit derivative-based optimization methods such
as back propagation).

Definition 2.4 (Ideal Discriminator). An ideal discriminator is (1) accurate (always computes
P(f) correctly), (2) efficient (computes P( f) in polynomial time), and (3) differentiable (can exploit
derivative-based optimization methods such as back propagation). In this paper, we deal with one

specific ideal discriminator L such that Lf = 0 when P(f) is true and Lf # 0 when P(f) is false.
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Physics-informed Learning
Goal: Solve PDE g(u) = 0

Method:
. su (1) Guess a solution u (with NN)
/ ot ox o 1 (2) Check if the solution satisfies PDE

[Note: The PDE itself is a discriminator]

_____________________

Takeaway:
Physics-informed learning can apply to PDE
Done Y because P=[PDE satisfiability] is discriminative!

“Physics-Informed Machine Learning”
https://www.nature.com/articles/s42254-021-00314-5.pdf



Physics-Informed Learning (PIL)

f Physics-Informed Learning\
Loss function

L=L,+AL,

Physics Penalty
L,

requires the property
to be discriminative
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Physics-Augmented Learning (PAL)

K Physics-Augmented Learning \
Loss function

L= L1 + ALZ
PhyGen £)k0 0| mmp Residue Penalty
L,

Prediction Loss

requires the property
A to be generative
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Example: Generative & Non-discriminative

A. Lagrangian property For a physics system with generalized coordinate q and velocity q, the
acceleration field q is Lagrangian if there exists a Lagrangian function £(q, q) such that q =
(qugc)—l(vq,c - (qugﬁ)Q) [7, 8]. The Lagrangian property is generative by definition but
not discriminative, because (perhaps surprisingly) there is no known efficient method to determine
whether a given q 1s Lagrangian or not [8].

B. Positive definiteness By analogy with linear operators, we say that a function f(x) is positive
definite if there exists a function g such that f(z) = g(g(z)). For example, the function that
time-evolves a physical system during an interval AT" is positive definite, since it is equivalent by

time-evolving by AT'/2 twice. The positive definiteness property is generative by definition, but not
discriminative to the best of our knowledge.



Numerical Experiments



Symbolic Regression

PAL is able to decompose a function f = f, + f_
where f, satisfies the property (hence can be exploited by Al Feynman)
And f_ is the (minimal) violation part.

Table 3: Symbolic regression results

Property Methods fu f
. . Truth (1) + (z3) T1To
A 1 : 1 =
fdj‘;;’ej;gafg‘ ;y Al Feynman + PAL | (22 — 0.02) + (22 —0.01) | @122 + 0.03
17T o2 1S AT Feynman + PIL T2 + 22 + 2122
. . Truth 0.5(x7 + x3) 0.32x4
f :Rg tg?;);l Ei glgv )aiaSC:me Al Feynman + PAL 0.5(x5 + z3) 0.31998x,
R 271 AT Feynman + PIL 0.5(x% + x3) + 0.32x4
Positivity Truth sin(sin(x)) 0
e Al Feynman + PAL | ¢g(g(x)),g = —sin(z) + 0.004 0
J = sin(sin(z)) +0 Al Feynman + PIL Not Applicable




Dynamics

Problem Setting: Goal: Property:

(1) Equations known (except f) (1) Trajectory interpolation Time-independence
d fss. v, (2) Infer force function f
oY =
dt (Vj) <Zz’;&j fij)

fij = f(T@j)% where rij = X; — X

(2) Given Initial (t=0) and final (t=1) states (positions+velocities)

0.0 0.0
A initial
~0.5 ® final =0.51
41 == Truth
=1.0 -1.0
A A —— PAL Learned
3-
-15 =15 -~ PIL Learned
(]
-2.0 -2.0 t) 21
(@]
\ !
=25 & =25 —
1-
-3.04 -3.0
-35 I S S =35 e o 01
-10 =05 00 05 1.0 1.5 20 25 3.0 35 -1.0 =05 0.0 05 1.0 15 20 25 3.0 35

O.E)O 0.'25 O.'SO 0.'75 1.60 1.'25 1.50 1.'75 2.60
r(distance between two body)

Ground Truth PAL & PIL (b) Force
(a) Trajectory



Brainstorm Questions:

Are there examples
1. there is a manifold and the dimensionality matters (dof).

e 2. one needs to learn a dynamic model from data. The dynamics is

non-conservative, the origin could be dissipation, driven force or
unknown interaction.

* 3. one has a "messy” tensor field and want to find a new coordinate
such that the transformed tensor field manifests some nice
properties, e.g. symmetries.

* 4. Know some knowledge about a system, but not all knowledge.
Experimental data can help us learn more about the system.



