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Conservation vs symmetry
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“Every differentiable symmetry of the action of a physical 
system with conservative forces has a corresponding 
conservation law.”

-- Emily Noether

“It is only slightly overstating the case to say 
that physics is the study of symmetry.”

-- Philip Anderson
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AI Poincare

“Machine Learning Conservation Laws from Trajectories”, Ziming Liu and Max Tegmark. 

Phys. Rev. Lett. 126, 180604

6 conserved quantities out of 12 dof !
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Henri Poincaré (1854-1912)



What is conservation in physics?
Definition: the total value of a physical quantity or parameter (such as energy, mass, 
linear or angular momentum) remains constant in a system which is not subject to 
external influence.
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Warmup: 1D Harmonic Oscillator
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𝑥

𝑝

ሶ𝑥 = 𝑝
ሶ𝑝 = −𝑥

Hamiltonian is conserved:

𝐻 =
1

2
(𝑥2 + 𝑝2)

Trajectory Dimension: 1

𝑥

𝑝
Hamiltonian Iso-surface

𝑠 = (𝑥, 𝑝)

1 = 2 − 1
dim(𝑠) dim(𝑡𝑟𝑎𝑗𝑒𝑐𝑡𝑜𝑟𝑦)#(𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛)



Warmup: 2D Kepler Problem

𝑥

𝑦

ሶ𝑥 = 𝑝𝑥, ሶ𝑦 = 𝑝𝑦

ሶ𝑝𝑥 = −
𝑥

𝑥2 + 𝑦2
3
2

, ሶ𝑝𝑦 = −
𝑦

𝑥2 + 𝑦2
3
2

Three Conserved Quantities:
(1) Hamiltonian
(2) Angular Momentum
(3) Runge-Lenz Vector 

(Orientation of major axis)Trajectory Dimension: 1
𝑠 = (𝑥, 𝑦, 𝑝𝑥 , 𝑝𝑦)

3 = 4 − 1
dim(𝑠) dim(𝑡𝑟𝑎𝑗𝑒𝑐𝑡𝑜𝑟𝑦)#(𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛) 10



Conservation Law & Manifold
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Given a trajectory 𝑥 𝑡 ∈ 𝑅𝑁, assume the dynamical system has 𝑛 conserved quantities

such that 𝐻𝑗 𝑥 𝑡 ≡ ℎ𝑗 (𝑗 = 1,2,⋯ , 𝑛). Then 𝑥 𝑡 lives on a 𝑁 − 𝑛 -dimensional manifold.

#(Conserved Quantities) 
= Dim(Phase Space) - Dim(Trajectory Manifold)

Already know Manifold Learning
(AI Poincare)



Learning Dim(Manifold): Literature
• Principal Component Analysis: Linear method, Fail for nonlinear 

manifold

• Auto-encoder: No clear sign of “phase transition” due to topological 
problem

• Fractal Method: Extremely expensive and failure for high-dimensional 
problem

10

Auto-encoder

2 → 1 → 2
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Think like Mathematician!

Dim(Global Manifold) = Dim(Local Tangent Space)

However, we only have discrete 
data points on the manifold (point cloud)!



12

0
1

2

Think like Mathematician!

Dimensionality is a renormalized 
quantity wrt length scales.

Obtain Samples on tangent space
by walk and pull 

…Then apply PCA (locally) to obtain explained ratios



How to design the loss function?
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Manifold

Noise
Pull

What we want

What we impose What we actually get

A X

A A X B

N

N
N



Explained Ratio Diagram
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𝑛𝑒𝑓𝑓 =෍

𝑖=1

𝑁

𝑐(𝜋𝑁𝜔𝑖) , 𝜔: Explained ratio

𝑐 𝑥 ≡ cos 𝑥 𝑥 <
𝜋

2
, 0 (𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒)

Number of conserved quantities



Compare with Baselines
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𝑛𝑒𝑓𝑓 =෍

𝑖=1

𝑁

𝑐(𝜋𝑁𝜔𝑖) , 𝜔: Explained ratio

𝑐 𝑥 ≡ cos 𝑥 𝑥 <
𝜋

2
, 0 (𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒)

Number of conserved quantities Magnetic 
Mirror
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𝑛𝑒𝑓𝑓 =෍

𝑖=1

𝑁

𝑐(𝜋𝑁𝜔𝑖) , 𝜔: Explained ratio

𝑐 𝑥 ≡ cos 𝑥 𝑥 <
𝜋

2
, 0 (𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒)

Number of conserved quantities

(1) (2)

(3) (4)

(4)

(3)

(2)

(1)

Double
Pendulum
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𝑛𝑒𝑓𝑓 = σ𝑖=1
𝑁 𝑐(𝜋𝑁𝜔𝑖) , 𝜔: Explained ratio

𝑐 𝑥 ≡ cos 𝑥 𝑥 <
𝜋

2
, 0 (𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒)

Number of conserved quantities Kepler
Problem

𝐹 ∝
1

𝑟2+𝜀
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𝑛𝑒𝑓𝑓 =෍

𝑖=1

𝑁

𝑐(𝜋𝑁𝜔𝑖) , 𝜔: Explained ratio

𝑐 𝑥 ≡ cos 𝑥 𝑥 <
𝜋

2
, 0 (𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒)

Number of conserved quantities Three-body
Problem
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Neural New-Physics Detector (NNPhD)
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Machine-Learning Non-Conservation for New-Physics Detection
Ziming Liu, Bohan Wang, Qi Meng, Wei Chen, Max Tegmark and Tie-Yan Liu

Joint work by MIT/IAIFI and Microsoft
arXiv:2106.00026, Accepted by Physical Review E



What is conservation in physics?
Definition: the total value of a physical quantity or parameter (such as energy, mass, 
linear or angular momentum) remains constant in a system which is not subject to 
external influence.
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Non-conservation leads to “New Physics”!



Friction
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Explanation:
The kinetic energy is transferred to kinetic energy
of “table” atoms (heat).

Observation: 
The kinetic energy is lost when no push!



Neptune
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Observation: 
The mechanical energy of the Sun-Uranus
system changes over time. (orbit precession)

Explanation:
Something out there (Neptune) is interacting
with the two-body system.

Sun
Uranus

Neptune

Sun
Uranus
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ML for conservative dynamics…

Lagrangian Neural Network Hamiltonian Neural Network

Euler-Lagrange Equation Canonical Equation

LNN/HNN can preserve energy better than baseline models (e.g., MLP).
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What about non-conservative dynamics?

Total force = Conservative force + Non-Conservative force

𝑓 𝑥, ሶ𝑥 = −𝑥 − 𝛾 ሶ𝑥

1D damped oscillator

−𝑥 −𝛾 ሶ𝑥+
0 −𝑥 − 𝛾 ሶ𝑥

+𝑥 − 𝛾 ሶ𝑥−2𝑥

A

B

C

+
+

Question: Intuitively, we want A. How to encourage A?
Answer: Minimizing non-conservative force (functional norm).

𝑘𝑥 − 𝛾 ሶ𝑥
2
= 𝑘2 𝑥

2

2
+ 𝛾 ሶ𝑥

2

2

𝑥, ሶ𝑥 are orthogonal (under some metric)

min 𝑘 = 0

d
am

p
er

, 
𝛾

𝛾 = 0, ideal

𝛾 > 0, damped



NNPhD: Neural New Physics Detector

𝑓 = 𝑓𝑐 + 𝑓𝑛

Conservative,
LNN

Non-Conservative,
MLP

𝐿 = 𝐿𝑒 + 𝝀𝐿𝑏
𝐿𝑒 = ||𝑓 − (𝑓𝑐 + 𝑓𝑛)||

𝐿𝑏 = ||𝑓𝑛||

Loss Function
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Phase Transition of 𝜆

Theory: Check out the Theorem 1 of our paper!

𝐿𝑒 = 0

𝐿𝑏 = 0
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Phase Transition of 𝜆 detects non-conservation

Non-Conservative

Conservative
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Task1: Symbolic formulas of “new physics”
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Note: We cheated a little bit by 
(1) Training: Constraining LNN form (MLP no inductive bias)
(2) Explaining:  Nonlinear constrained fitting rather than symbolic regression



Task2: Trajectory Prediction

Damped Double Pendulum

(a) Predicting 𝜃1 (b) Predicting total energy
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Machine-Learning Hidden 
Symmetries

“Machine-learning hidden symmetries”, Ziming Liu and Max Tegmark.
arXiv: 2109.09721



Why symmetry is important in physics?
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“It is only slightly overstating the case to say 
that physics is the study of symmetry.”

-- Philip Anderson



Symmetries can be hidden

Schwarzschild black hole
Euclidean coordinates

Gullstrand-Painleve (GP) coordinates

Translation/rotational invariance



Symmetries can be hidden

FRW (Expanding Universe) with 𝑘 = −1

Minkowski space

Poincare symmetry



Symmetry <-> PDE <-> Operator ෠𝐿
Example: Lie Equivariance Symmetry Definition

Differential equation

෠𝐿𝑓
2

measures Breakdown of symmetry

෠𝐿𝑓 = 0



Symmetries

ሶ𝑧 = 𝑓(𝑧)

𝑓 = 𝑀𝛻𝐻

𝐽 ≡
𝜕𝑓

𝜕𝑧
is block-diagonal



Searching for manifest coordinates



Toy example: 1D Harmonic oscillator



Examples



Results



Physics-Augmented Learning

Based on arXiv: 2109.13901 

By Ziming Liu, Yunyue Chen, Yuanqi Du and Max Tegmark



Goal: How to integrate inductive biases in ML

Inductive bias?
An object f has a property P.



Discriminator & Generator

Warmup example: additive separability 𝑓 𝑥1, 𝑥2 = 𝑓1 𝑥1 + 𝑓2(𝑥2)

Generator: How to generate a two variable function that is additively separable?

Discriminator: How to determine if a two variable function is additively separable?



Discriminator & Generator

Warmup example: additive separability 𝑓 𝑥1, 𝑥2 = 𝑓1 𝑥1 + 𝑓2(𝑥2)

Generator: How to generate a two variable function that is additively separable?

𝑓 𝑥1, 𝑥2 = 𝑓1 𝑥1 + 𝑓2(𝑥2)

𝒙𝟏 𝒙𝟐

Generator

𝑥1, 𝑥2



Discriminator & Generator

Warmup example: additive separability 𝑓 𝑥1, 𝑥2 = 𝑓1 𝑥1 + 𝑓2(𝑥2)

Discriminator: How to determine if a two variable function is additively separable?

𝑓 𝑥1, 𝑥2 = 𝑓1 𝑥1 + 𝑓2(𝑥2)

𝜕2𝑓

𝜕𝑥1𝜕𝑥2
= 0

Discriminator

𝑓

𝜕2𝑓

𝜕𝑥1𝜕𝑥2
= 0 ?





Venn Diagram

Discriminative
Property

Generative
Property

Neither discriminative nor generative

generative & 
discriminative

Additive
Separability



Physics-informed Learning
Goal: Solve PDE 𝑔 𝑢 = 0

“Physics-Informed Machine Learning”
https://www.nature.com/articles/s42254-021-00314-5.pdf

Method:
(1) Guess a solution 𝑢 (with NN)
(2) Check if the solution satisfies PDE
[Note: The PDE itself is a discriminator]

Takeaway:
Physics-informed learning can apply to PDE
because P=[PDE satisfiability] is discriminative! 



Physics-Informed Learning (PIL)



Venn Diagram

Discriminative
Property

Generative
Property

Neither discriminative nor generative

generative & 
discriminative

PIL ???



Physics-Augmented Learning (PAL)



Venn Diagram

Discriminative
Property

Generative
Property

Neither discriminative nor generative

generative & 
discriminative

PIL PAL

???



Example: Generative & Non-discriminative



Numerical Experiments



Symbolic Regression

PAL is able to decompose a function 𝑓 = 𝑓+ + 𝑓−
where 𝑓+ satisfies the property (hence can be exploited by AI Feynman)
And 𝑓− is the (minimal) violation part.



Dynamics
Problem Setting:
(1) Equations known (except 𝑓) 

(2) Given Initial (t=0) and final (t=1) states (positions+velocities) 

Goal:
(1) Trajectory interpolation
(2) Infer force function 𝑓

Property:
Time-independence



Brainstorm Questions:

Are there examples 

• 1. there is a manifold and the dimensionality matters (dof).

• 2. one needs to learn a dynamic model from data. The dynamics is 
non-conservative, the origin could be dissipation, driven force or 
unknown interaction.

• 3. one has a ”messy” tensor field and want to find a new coordinate 
such that the transformed tensor field manifests some nice 
properties, e.g. symmetries.

• 4. Know some knowledge about a system, but not all knowledge. 
Experimental data can help us learn more about the system.


