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• Introduction and motivation

• Relativistic viscous hydrodynamics with angular moment

• De Hass-van Alphen effect  with  rotation 

• Summary

Outlines
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QCD  under  new  extreme conditions 

Khazeev, Liao  Nature 2021,   Becattini- Karpenko etal 2015, 2016; Jiang-Lin-Liao 2016; Deng-XGH-Ma-Zhang 2020; 

Deng-XGH 2016,  Xie-Csernai etal 2014; Pang-Petersen-Wang-Wang 2016; Xia-Li-Wang 2017,2018; Sun-Ko 2017;… … )

B, ω

Explore the new dimensions of 
the QCD phase diagram

Talks in this WS:  Edroedi,  Fukushima,  He,  LI, Yang   



Global spin polarization: Experiments

Liang, Wang, PRL(2005)

Betz, Gyaulassy, Torrieri, PRC (2007)

Becattini, Piccinini, Rizzo, PRC (2008)

Becattini et al, Annals Phys (2013) 

Becattini, Karpenko, Lisa, Upsal, Voloshin, PRC (2017)

• First measurement of    polarization by STAR@ RHIC
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STAR, Nature 548,62 (2017)

Vorticity interpretation of global Λ polarization works well!



Phase structure under rotation

Jiang,Liao: PRL117(2016)192303





Phase structure with  rotation  with hQCD

 2+1 flavor:

X.Chen, L. Zhang, D.N. Li, D. Hou , M.Huang ,JHEP 07 (2021) 132

Talks in this WS:  Song He,  DanLin LI, Jichong Yang   



Mamani  ,  Hou, Braga,  PRD 105, 126020 (2022)

The spectral function of heavy vector mesons
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Spectral function of Heavy quarkonium with B

 Spectral function:

As increasing magnetic field, the dissociation effect increases and it is stronger  for the parallel case.

Talk in this WS:  YQ Zhao , JX  Chen  
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Hydrodynamics with Angular Momentum

Florkowski, Ryblewski, Kumar, …; 

Becattini, Tinti, Buzzegoli, …; 

Hattori, Hongo, Huang, …; 

Fukushima, Pu; 

Shi, Gale, Jeon; 

Weickgenannt, Speranza, Sheng, Wang, Rischke; 

Liu, Yin, …; 

Gallegos, Gursoy, Yarom; 

Li, Stephanov, Yee;

……

Phenomenological issues?

How to incorporate the angular momentum into the 

hydrodynamic framework? 

In particular, how to include spin degrees of freedom?

[See the ref list of arXiv:2105.04060]

Talks in this WS:

Bacattini,  Rischke, Wang, 

Hattori,  Pu, Daher, Wagner 

+…





Microscopic physics enters via thermodynamic relations (i.e. EOS)

See e.g. Landau and Lifshitz

Ideal Hydrodynamics



Microscopic physics also enters via transport coefficients in viscous terms.

Navier-Stokes Viscous Hydrodynamics

See e.g. Landau and Lifshitz



Local angular momentum current

Local angular momentum density

Local angular momentum chemical potential
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Goal: Navier-Stokes Program for Ang. Mom.

We choose to deal with only the conserved quantities, i.e. 

angular momentum.



Ideal Hydro with Ang. Mom.

Generalized thermodynamics: 

It is straightforward to verify: no entropy generation



Viscous Hydro with Angular Momentum

Let us first focus on entropy current: W. Israel, J. Stewart, Annals Phys. 118, 341 

(1979)

Leading order:

Next order (2nd-gradient):



Viscous Hydro with Angular Momentum: Eckart Fram

Write down all allowed Lorentz structures 

to the correct order of gradient expansion

Plug these into the entropy current divergence and 

look for conditions of positivity:



Five new positive angular momentum

transport coefficients: 



Viscous Hydro with Angular Mom.  :      Landau Frame

Following the same procedure, one obtains

essentially the same consistent results. 
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De Hass-van Alphen Effect

W. J. De Haas and P. M. Van Alphen, in  Comm. NO. 212a from the Phys. Lab, Leiden (1930).

The dHvA effect in a degenerated system of charged fermions is the consequence  

of filling discrete but highly degenerate Landau levels in a magnetic field.



De Hass-van Alphen Effect
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In static, all degenerate states within a LL are equally probable to be occupied. 

Varying the strength of the magnetic field will cause a large number of fermions  

to jump between different discrete LLs, resulting in oscillatory dependence of  P

Without rotation (in Ultra-relativistic ) ：



Ultra-relatisvistic gas in cylindrical coordinate

Laguerre polynomial ,

(𝑀 > 0)

(𝑀 < 0)

Eigen-Value Eq.

Eqs.  For radial WFs 𝑓(𝜌) and 𝑔(𝜌) 

Normalized WFs

𝑀 = ±1/2, ±3/2, ...Eigen value 
of angular  momentum



Thermodynamic Pressure (UR.)
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Strongly degenerate，𝜇 >> T(anti-particle’s  contribution can be neglected    )

→ 0，the 3rd term vanishes in thermodyn. limits  

With rotation



De Hass-van Alphen Effect  with  Rotation  
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Zero T：

In rotation, the thermodyn Equl. is established under a  AM. The equal 

distrib. of  different  AM states within a LL is offset by the nonzero AV  

with higher AM more favored than lower ones, which amounts to lifting 

the degeneracy of  LL. The dHvA oscillation is thereby expected to be 

reduced by rotation

finite T



De Hass-van Alphen oscillation
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dHvA in NS  with rotation (R=1km)

Huge suppression of dHvA oscill.(17 order) 
due to large size 



26

dHvA oscillation in cold & dense QGP  droplet  (R=10fm)

the variation of dHvA oscillation with angular velocity 

appears detectable  (oscillation remains)
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a typical electron gas in a good metal, the variation of dHvA oscillation with AM  
appears detectable, via magnetization and/or magnetic susceptibility.
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Summary

Properties of strongly interacting matter under magnetic field and 

rotation are interesting 

• We derive the relativistic viscous Hydro with Angular momentum

• De Hass-van Alphen Effect with Rotation

Outlook: How to understand new phase structure

2-nd order viscous hydro. With AM

Compute the new transport coefficents ….

Thank you very much for your attention!





Transformation of the system of particles and the system of CM
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Canonical framework

The generalized laws of thermodynamics are

The nonequilibrium entropy current is

Power counting



Quantum statistical density operators
F. Becattini, L. Tinti, Annals Phys. 325 (2010) 1566–1594

F. Becattini, W. Florkowski, E. Speranza, Phys. Lett. B 789 (2019) 419–425

J. Hu, Phys. Rev. D 103 (11) (2021) 116015 ...
Relativistic kinetic theory

W. Florkowski, B. Friman, A. Jaiswal, E. Speranza, Phys. Rev. C 97 (4) (2018) 041901

W. Florkowski, B. Friman, A. Jaiswal, R. Ryblewski, E. Speranza, Phys. Rev. D 97 (11) (2018) 116017

W. Florkowski, A. Kumar, R. Ryblewski, Phys. Rev. C 98 (4) (2018) 044906

...
S. Shi, C. Gale, S. Jeon, Phys.Rev.C 103 (2021) 4, 044906

N. Weickgenannt, E. Speranza, X. Sheng, Q. Wang, D. H. Rischke, Phys.Rev.Lett. 127 (2021) 5, 052301;

Phys.Rev.D 104 (2021) 1, 016022

H. Peng, J. Zhang, X. Sheng, Q. Wang, Chin.Phys.Lett. 38 (2021) 11, 116701

X. Sheng, N. Weickgenannt, E. Speranza, D. H. Rischke, Q. Wang, Phys. Rev. D 104 (1) (2021) 016029 ...

Lagrangian effective field theory approach
D. Montenegro, G. Torrieri, Phys.Rev.D 94 (2016) 6, 065042

D. Montenegro, L. Tinti, G. Torrieri, Phys.Rev.D 96 (2017) 5, 056012; Phys.Rev.D 96 (2017) 7, 076016

D. Montenegro, G. Torrieri, Phys.Rev.D 100 (2019) 5, 056011 ...

Entropy-current analysis

K. Hattori, M. Hongo, X-G Huang, M. Matsuo, H. Taya, Phys.Lett.B 795 (2019) 100-106

M. Hongo, X.-G. Huang, M. Kaminski, M. Stephanov, H.-U. Yee, JHEP 11 (2021) 150.

K. Fukushima, S. Pu, Phys.Lett.B 817 (2021) 136346

S. Li, M. Stephanov, H. Yee, Phys.Rev.Lett. 127 (2021) 8, 082302

D. She, A. Huang, D. Hou, J. Liao, arXiv: 2105.04060 ...

Holography

D. Gallegos, U. Gursoy, A. Yarom, SciPost Phys. 11 (2021) 041 ...
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Deconfinement phase transition with rotation

X.Chen, L. Zhang, D.N. Li, D. Hou , M.Huang ,JHEP 07 (2021) 132


