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Boltzmann equation

Boltzmann equation is an equation to describe phase space distribution, which is 
affected by particle flow，force and collision term.

Wigner function
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The Lagrange function for vector interaction and axial interaction:

The mean-field approximation:

The covariant kinetic equation:
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Equation of motion for the Wigner function

7

Wigner function is a 4×4 matrix and satisfies the relationship . It can be 
decomposed in term of 16 independent generations of Clifford algeba.

γ0W+γ0 = W

So we can get 10 equations Constraint equation

Semi-classical expansion：
expand by  order. ℏ

W = W(0) + W(1)ℏ + …
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Transport equation
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The 0-th order
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Transport equation
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On-shell condition

The tensor components can be expressed by the scalar and pseudoscalar components

Constraint equation

 V(0)
+v = V(0)

ν + A(0)
ν

V(0)
−v = V(0)

ν − A(0)
ν
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Transport equation
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The transport equation for chiral components 

Where    and  p̃xμ = pμ + xJ(0)
xμ Jxμ = JVμ

+ xJAμ

The chiral fermion distribution function is 

Where  is chiral component and  is the particle number density. uχμ = J(0)
χμ /nχ nχ
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Transport equation
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The equilibrium condition at zeroth order

Where the shear tensor  depend on particle density.∂μ(uυ/T) + ∂ν(uμ/T)

When the particle number density is a constant, the equilibrium condition can be reduced 
as 

(the killing condition)
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Transport equation
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Then we consider the constraint equation. 

we can get the constrain for chiral current

By Taylor expansion, we get

Therefore when , the constraint equation has only trivial solution . When 
, there are two additional opposite non-zero solutions

GT2 < 0.05 n = 0
GT2 ≥ 0.05
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Transport equation
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The transport equation of  orderℏ

The solution of  to  orderVxμ ℏ
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Transport equation
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The transport equation for   : fx

We do not consider 
vorticity and shear tensor 
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Transport equation
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Then we consider  to be zore, so  become J(0)
Aμ

Vχμ

When we do not consider vorticity,   become   Aμ
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Summary
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1. The right-hand and left-hand component has different on-shell condition in zero 
order, which can be viewed as a shift of masses or as the modification of mechanical 
momenta.  

2. By the constraint equation, we know the relationship between particle number 
density and temperature, which mean the non-zero solution of particle number 
density will serve as local fluctuations with zero chemical potential.

3. The shear tensor play an important role in our theory. The shear tensor depends on 
whether the particle number density changes. The spin polarization will be produced 
by the non-zero shear tensor.
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