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What is Spin Alignment?

Spin alignment (ρ00 ̸= 1/3) ⊂ Tensor polarization

ρ00 − 1/3 = −
√

2/3T2,0

• A massive vector boson’s spin density matrix ρrs =

(
ρ1,1 ρ1,0 ρ1,−1
ρ0,1 ρ0,0 ρ0,−1

ρ−1,1 ρ−1,0 ρ−1,−1

)

ρ =
1
3

1 +
1
2

3

∑
i=1

PiSi +
2

∑
m=−2

(−1)mT2,mS2,−m (1)

Vector polarization (3 DoFs) Tensor polarization (5 DoFs)
with S2,m = ∑m1,m2 ⟨1, m1; 1, m2|2, m⟩ S1,m1S1,m2

• Strong decay, parity even ⇒ T2,m only.

		x b̂( )
		z p̂beam( )

		y −L̂( )

!meson

		n̂	 
!p
K +

	 
!p
K −

Re
ac

tio
n P

lan
e

Nuclear 
Fragments

Nuclear 
Fragments

Quark-Gluon 
Plasma

K*0 meson

		n̂	 
!p
K +

	 
!p
K +"_

!*

!*

!"

Figure 1: A schematic view of the coordinate setup for measuring global spin alignment in

heavy-ion collisions. Two nuclei collide and a tiny exploding QGP fireball, only a few fem-

tometers across, is formed in the middle. The direction of the orbital angular momentum (L̂) is

perpendicular to the reaction plane defined by the incoming nuclei when b 6= 0. The symbol ~p

represents the momentum vector of a particle. At the top-left corner, a � meson, made of s and s̄

quarks, is depicted separately as a particle decaying into a (K+, K�) pair. In this example, the

quantization axis (n̂) for study of the � meson’s global spin alignment is set to be the same as L̂.

✓⇤ is the polar angle between the quantization axis and the momentum direction of a particle in the

decay’s rest frame. A similar depiction can be found for a K⇤0 meson at the bottom-left corner.

polarization along the direction of its momentum (helicity polarization) 27, and the spin alignment

produced by fragmentation of polarized quarks 12. Both the vorticity and electromagnetic fields

can be represented as relativistic, rank-2 tensors having “electric” (space-time) and “magnetic”

(space-space) components; each contributes to the quark polarization along the quantization axis

n̂. For the ⇤ and ⇤̄ polarization in the rest frame, the only contribution is from the magnetic com-

4

Graph: STAR, Nature.614.244 (2023)
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Why Hydrodynamics?

Spin alignment

10 210 310

  (GeV)NNs

0.25

0.3

0.35

0.4

00ρ

filled: STAR (Au+Au & 20% - 60% Centrality)
open: ALICE (Pb+Pb & 10% - 50% Centrality)

 < 5.4 GeV/c)
T

    (|y| < 1.0 & 1.2 < pφ

 < 5.0 GeV/c)
T

 (|y| < 1.0 & 1.0 < p*0K
4
π 0.73 m± = 4.64 s

(y)G

Figure 3: Global spin alignment of � and K⇤0 vector mesons in heavy-ion collisions. The

measured matrix element ⇢00 as a function of beam energy for the � and K⇤0 vector mesons within

the indicated windows of centrality, transverse momentum (pT ) and rapidity (y). The open symbols

indicate ALICE results 33 for Pb+Pb collisions at 2.76 TeV at pT values of 2.0 and 1.4 GeV/c for

the � and K⇤0 mesons, respectively, corresponding to the pT bin nearest to the mean pT for the 1.0

– 5.0 GeV/c range assumed for each meson in the present analysis. The red solid curve is a fit to

data in the range of
p
sNN = 19.6 to 200 GeV, based on a theoretical calculation with a �-meson

field 2. Parameter sensitivity of ⇢00 to the �-meson field is shown in Ref. 5. The red dashed line

is an extension of the solid curve with the fitted parameter G(y)
s . The black dashed line represents

⇢00 = 1/3.

8

Λ’s global polarization 8

 [GeV] NNs
10 210

 [%
] 

HP

0

1

2

3

STAR Au+Au 20%-50%

Nature548.62 (2017)

 Λ  Λ

PRC76.024915 (2007)

 Λ  Λ

this analysis 

 Λ  Λ

ΛUrQMD+vHLLE, 
primary primary+feed-down

ΛAMPT, 
primary primary+feed-down

FIG. 4. Global polarization of Λ and Λ̄ as a function of
the collision energy

√
s
NN

for 20-50% centrality Au+Au col-
lisions. Thin lines show calculations from a 3+1D cascade
+ viscous hydrodynamic model (UrQMD+vHLLE) [15] and
bold lines show the AMPTmodel calculations [16]. In the case
of each model, primary Λ with and without the feed-down
effect are indicated by dashed and solid lines, respectively.
Open boxes and vertical lines show systematic and statistical
uncertainties, respectively. Note that the data points at 200
GeV and for Λ̄ are slightly horizontally shifted for visibility.

most of the models calculate the spin polarization from
the local vorticity at the freeze-out hypersurface. How-
ever it is not clear when and how the vorticity and polar-
ization are coupled during the system evolution and how
much the hadronic rescattering at the later stage affects
the spin polarization.
We also performed differential measurements of the po-

larization, versus the collision centrality, the hyperon’s
transverse momentum, and the hyperon’s pseudorapid-
ity. The vorticity of the system is expected to be smaller
in more central collisions because of smaller initial source
tilt [8, 33], and/or because the number of spectator nucle-
ons becomes smaller. Therefore, the initial longitudinal
flow velocity, which would be a source of the initial an-
gular momentum of the system, becomes less dependent
on the transverse direction [12]. Figure 5 presents the
centrality dependence of the polarization. The polariza-
tion of Λ and Λ̄ is found to be larger in more peripheral
collisions, as expected from an increase in the thermal
vorticity [43]. With the given large uncertainties, it is
not clear if the polarization saturates or even starts to

drop off in the most peripheral collisions.

Centrality [%] 
20 40 60 80

 [%
] 

HP

0

0.5

1

Λ

Λ

 = 200 GeVNNsSTAR Au+Au 

<6 GeV/c
T

|<1, 0.5<pη|

FIG. 5. Λ (Λ̄) polarization as a function of the collision cen-
trality in Au+Au collisions at

√
s
NN

= 200 GeV. Open boxes
and vertical lines show systematic and statistical uncertain-
ties. The data points for Λ̄ are slightly shifted for visibility.

Figure 6 shows the polarization as a function of pT
for the 20%–60% centrality bin. The polarization de-
pendence on pT is weak or absent, considering the large
uncertainties, which is consistent with the expectation
that the polarization is generated by a rotation of the
system and therefore does not have a strong pT depen-
dence. One might expect a decrease of the polarization at
lower pT due to the smearing effect caused by scattering
at the later stage of the collisions, and/or a decrease of
polarization at higher pT because of a larger contribution
from jet fragmentation, but it is difficult to discuss such
effects given the current experimental uncertainties. Cal-
culations for primary Λ from a hydrodynamic model with
two different initial conditions (ICs) [44] are compared to
the data. The pT dependence of the polarization slightly
depends on the initial conditions, i.e. Glauber IC with
the initial tilt of the source [8, 9] and the initial state
from the UrQMD model [45]. The UrQMD IC includes a
pre-equilibrium phase which leads to the initial flow, but
the Glauber IC does not include it, and the initial energy
density profile is different between the two ICs, both of
which would affect the initial angular momentum. The
data are closer to the UrQMD IC, but on average are
slightly higher than the calculations.
Figure 7 presents the pseudorapidity dependence of the

polarization for Λ and Λ̄. It is consistent with being con-
stant within uncertainties. The vorticity is expected to
decrease at large rapidities, but might also have a lo-
cal minimum at η = 0 due to complex shear flow struc-
ture [15, 43, 46]. Due to baryon transparency at higher

Graph: STAR, Nature.614.244 (2023)

ϕ mean field: X. Sheng et al., PRD.101.096005 (2020)

Glasma: A. Kumar et al., PRD.107.076025 (2023)

Graph: STAR, PRC.98.014910 (2018)

I. Karpenko, F. Becattini, EPJC.77.213 (2017)

H. Li et al., PRC.96.054908 (2017)
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Overview

• Diagram scheme

• Leading order of tensor polarization comes from O(∂2)

(∂β)(∂β), (∂β)µ, µµ, ∂∂β, ∂µ

Thermal current βν(x) ∼ O(1) Spin potential µρσ(x) ∼ O(∂)

Z.-H. Zhang, X.-G. Huang (FDU) Spin Alignment Formula July 19 4 / 16
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LEDO

• Free Lagrangian for neutral vector bosons L = − 1
4 Fµν Fµν + 1

2 m2 Aµ Aµ

• Local equilibrium density operator (LEDO)

ρ̂LE =
1

ZLE
exp

{
−

∫
Σ(τ)

dΞµ(y)
[
T̂µν(y)βν(y)−

1
2

Ŝµρσ(y)µρσ(y)
]}

(2)

Thermal current βν(y) ∼ O(1) Spin potential µρσ(y) ∼ O(∂)

Canonical operator Tµν = −Fµρ∂ν Aρ − gµνL, Sµρσ = −Fµρ Aσ + Fµσ Aρ

• LEDO maximizes the entropy

S[Σ(τ)] = −Tr(ρ̂LE ln ρ̂LE), (3)

under constraints t̂µTµν(x) = t̂µ

〈
T̂µν(x)

〉
LE

[β, µ], t̂µSµρσ(x) = t̂µ

〈
Ŝµρσ(x)

〉
LE

[β, µ]

D. Zubarev et al., Theo. and Math. Phys..40.821 (1979)

C. van Weert, Ann. of Phys..140.133 (1982)

F. Becattini et al., Particles.2.197 (2019)
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MVSD and Cumulant Expansion

• LEDO ρ̂LE = 1
ZLE

exp
{
−
∫

Σ(τ) dΞµ(y)
[
T̂µν(y)βν(y)− 1

2 Ŝµρσ(y)µρσ(y)
]}

• Matrix-valued spin-dependent distribution (MVSD)

f̂rs(x,k) =
∫ d 3q

(2π)3 e−iq·x âs†
k− q

2
âr
k+ q

2
(4)

frs(x,k) = Tr
[
ρ̂LE f̂rs

]
= Tr

[
eÂ+B̂ f̂rs(x,k)

]
/Tr

[
eÂ+B̂

]
(5)

“Gaussian” term Â = −βν(x)P̂ν = βν(x)
∫

dΞµ(y)T̂µµ(y)

“Perturbative” terms B̂ = −
∫

dΞµ(y)
[
T̂µν(y)(βν(y)− βν(x))− 1

2 Ŝµ,ρσ(y)µρσ(y)
]

• Cumulant expansion eÂ+B̂ = eÂ ∑∞
n=0 B̂n, with B̂0 = 1, B̂n ∼ O(∂n),

frs(x,k) =
∑∞

n=0

〈
B̂n f̂rs(x,k)

〉
0

∑∞
n=0

〈
B̂n

〉
0

(6)

with
〈

Ô
〉

0
= Tr

(
eÂÔ

)/
Tr

(
eÂ

)
. And

〈
Ô
〉

0
easy to derive.

Z.-H. Zhang, X.-G. Huang (FDU) Spin Alignment Formula July 19 6 / 16
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Zeroth-Order Result

• Cumulant expansion: f (0)rs (x,k) =
〈

f̂rs(x,k)
〉

0

• “Free” distribution: 〈
âs†
k âr

q

〉
0 = (2π)3δrsδ(3)(k− q)nB(β(x) · k)

Bose-Einstein distribution: nB(x) = 1/(ex − 1)

• Zeroth-order: Nothing but Bose-Einstein distribution.

f (0)rs (x,k) =
∫ d 3q

(2π)3 e−iq·x
〈

âs†
k− q

2
âr
k+ q

2

〉
0
= δrsnB(β(x) · k) (7)

Z.-H. Zhang, X.-G. Huang (FDU) Spin Alignment Formula July 19 7 / 16
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1st-Order Diagrams
Cumulant expansion: f (1)rs (x,k) =

〈
B̂1 f̂rs(x,k)

〉
0,c

f (1)rs (x,k) = ∂α1 βν1 (x)
∫ 1

0
dλ1

∫
dΞµ1 (y1)(y1 − x)α1

〈
−T̂µ1ν1 (y1 − iλ1 β(x)) f̂rs(x,k)

〉
0,c

+µρ1σ1 (x)
∫ 1

0
dλ1

∫
dΞµ1 (y1)

〈
1
2

Ŝµ1,ρ1σ1 (y1 − iλ1 β(x)) f̂rs(x,k)
〉

0,c
(8)

f (1)rs |T(x,k) = n̂µ1 ∂α1 βν1 (x)

{ }

f (1)rs |S(x,k) = n̂µ1 µρ1σ1 (x)

{ }

f
s

r
Dα1

(1) Tµ1ν1
(1) + f

s

r
Dα1

(1) Tµ1ν1
(1)

f
s

r
Sµ1ρ1σ1
(1) + f

s

r
Sµ1ρ1σ1
(1)

Z.-H. Zhang, X.-G. Huang (FDU) Spin Alignment Formula July 19 8 / 16
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Diagram Rules

f (x,k)

s

r

Dα1
(1) Tµ1ν1

(1)

p1γ1

p2γ2

=
∫ 1

0
dλ1Dα1

(1)t
µ1ν1
(1) γ1γ2

(p1,−p2)(nB(β · p1) + 1)nB(β · p2)ϵ
γ1
s (p1)ϵ

γ2∗
r (p2)

∣∣∣∣
p1=k,p2=k

t
µl νl
(l) γi γj

(pi , pj) =
e−λl n̂·(pi+pj ) n̂·β√

2Epi 2Epj

[
− p

µl
i p

νl
j ηγi γj + pi,γj p

νl
j η

νl
γi

+
1
2
(pi · pj)η

µl νl ηγi γj −
1
2

pi,γj pj,γi ηµl νl +
1
2

m2ηµl νl ηγi γj

]
Dαm

(l) =− i

[
1
2 ∑

i
σ
(l)
i

(
ηαmζm − p̂αm

i n̂ζm
) ∂

∂pζm
i

− λl ∆αmζm βζm

]
, σ

(l)
i = ±1, p̂αm

i = pαm
i /(n̂ · pi)

• Inner lines: nB(β · pi)(−ηγiγj + pγi
i p

γj
j /m2) or [nB(β · pi) + 1](−ηγiγj + pγi

i p
γj
j /m2)

• Adaptability (higher-order results, additional operators in LEDO, fermions)

Vertex B-E distributions from lines

Polarization vectors from lines

Momentum conservation

Z.-H. Zhang, X.-G. Huang (FDU) Spin Alignment Formula July 19 9 / 16
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1st-Order Result

Using FeynCalc, V. Shtabovenko et al., Comput.Phys.Commun..256.107478 (2020)

f (1)rs |T(x,k) =
i
2

nB(1 + nB)[∂
⊥
α1

βν1 ](x)
[

γk(γk − 1)
γk + 1

(es · k̂)eα1∗
r k̂ν1 − h.c.(r ↔ s)

]
(9)

f (1)rs |S(x,k) =
i
2

nB(1 + nB)µρ1σ1 (x)

[
eρ1

s eσ1∗
r + (es · k̂)eρ1∗

r

×
(

2γk
γk + 1

n̂σ1 +
γk(γk − 1)

γk + 1
k̂σ1

)
− h.c.(r ↔ s)

]
(10)

with γk = Ek/m and eµ
±1 = −(0, i, 0,±1)/

√
2, eµ

0 = (0, 0, 1, 0).

• Herimit: f (1)rs (x,k) = f (1)∗sr (x,k)

• Space-time reversal (PT) odd: f (1)r,s (x,k) = −(−1)r+s f (1)−s,−r(x,k)

Z.-H. Zhang, X.-G. Huang (FDU) Spin Alignment Formula July 19 10 / 16
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From MVSD to Tensor Polarization

• Space-time reversal property caused by power counting rules

f (n)r,s = (−1)r+s+n f (n)−s,−r (11)

with f (n)r,s the n-order MVSD.
• Spin density matrix in phase space ρrs(x,k)

frs(x,k) = ρrs(x,k) f (x,k) (12)

with f (x,k) = ∑r frr(x,k) the scalar distribution
• The leading order of polarization (y-axis as the spin axis){

Px , Py, Pz
}
=

2
3nB

{√
2 Im f (1)01 , f (1)11 ,

√
2 Re f (1)01

}
{T2,0, T2,1, T2,2} =

1
3nB

{√
2
3
( f (2)11 − f (2)00 ), −

√
2 f (2)01 , f (2)1−1

}

ρ00 −
1
3
=

2
9nB

( f (2)00 − f (2)11 ) (13)

Z.-H. Zhang, X.-G. Huang (FDU) Spin Alignment Formula July 19 11 / 16



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

f (2)rs |TT(x,k) = n̂µ1 n̂µ2 ∂α1 βν1 (x)∂α2 βν2 (x)

{
f

s

r
Dα1

(1) Tµ1ν1
(1) Dα2

(2) Tµ2ν2
(2) + other 15 diagrams

}

f (2)rs |TS(x,k) = n̂µ1 n̂µ2 ∂α1 βν1 (x)µρ2σ2 (x)

{
f

s

r
Dα1

(1) Tµ1ν1
(1) Sµ2ρ2σ2

(2) + other 15 diagrams
}

f (2)rs |ST(x,k) = n̂µ1 n̂µ2 µρ1σ1 (x)∂α2 βν2 (x)

{
f

s

r
Sµ1ρ1σ1
(1) Dα2

(2) Tµ2ν2
(2) + other 15 diagrams

}

f (2)rs |SS(x,k) = n̂µ1 n̂µ2 µρ1σ1 (x)µρ2σ2 (x)

{
f

s

r
Sµ1ρ1σ1
(1) Sµ2ρ2σ2

(2) + other 15 diagrams
}

f (2)rs |T(x,k) = n̂µ1 ∂α1 ∂α2 βν1 (x)

{
f

s

r

Dα1
(1)D

α2
(1)T

µ1ν1
(1) + the other diagram

}

f (2)rs |S(x,k) = n̂µ1 ∂α1 µρ1σ1 (x)

{
f

s

r
Dα1

(1)S
µ1ρ1σ1
(1) + the other diagram

}
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16 Diagrams
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Take-Home Message

• Leading order of tensor polarization comes from O(∂2)

(∂β)(∂β), (∂β)µ, µµ, ∂∂β, ∂µ

∂µ βν = Thermal vorticity + Thermal shear, µρσ − Spin potential

• The diagram scheme has been checked at global nonrelativistic equilibrium
(with small vorticity) and vector mesons’ k = 0.

Thank you!
Z.-H. Zhang, X.-G. Huang (FDU) Spin Alignment Formula July 19 14 / 16
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Analogy to Feynman’s Path Intergral

Starting point of diagram scheme

frs(x,k) =
∑∞

n=0

〈
B̂n f̂rs(x,k)

〉
0

∑∞
n=0

〈
B̂n

〉
0

∼
⟨Ω| T ϕ(x1)ϕ(x2) |Ω⟩

≈ ⟨0| T ei
∫

d4zLint(z)ϕ(x1)ϕ(x2) |0⟩
⟨0| T ei

∫
d4zLint(z) |0⟩

Both denominators cancel out the vacuum fluctuation.
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Cumulant Expansion

Cumulant expansion: eÂ+xB̂ = eÂ ∑∞
n=0 xn B̂n, as x → 0

B̂0 = 1 (14)

B̂1 =
∫ 1

0
dλ1 B̂(λ1) (15)

· · ·

B̂n =
∫ 1

0
dλ1

∫ λ1

0
dλ2 · · ·

∫ λn−1

0
dλn B̂(λ1)B̂(λ2) · · · B̂(λn) (16)

with B̂(λi) = e−λi Â B̂eλi Â.
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