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▪ QCD PHASE TRANSITION

▪ FUNCTIONAL RENORMALAZATION APPROACH

▪ QUARK-MESON MODEL AND FRG FLOW EQUATION 

▪ NUMERICAL RESULTS FROM THE FRG FLOW EQUATION

▪ THE EFFECT OF ACCELERATION

▪ OUTLOOK
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The Hot QCD White Paper (2015) 

Ω ~ 0.01 − 0.1 𝐺𝑒𝑉

Chiral condensate < 𝜓𝜓 >

QGP phase < 𝜓𝜓 >=0

Hadronic Phase < 𝜓𝜓 >=finite

neutron star
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Ω ~ 0.01 − 0.1 𝐺𝑒𝑉

Chiral condensate < 𝜓𝜓 >

QGP phase < 𝜓𝜓 >=0

Hadronic Phase < 𝜓𝜓 >=finite

neutron star

A schematic phase diagram of QCD matter in the 3-dimensional 

parameter space spanned by the temperature−baryon chemical 

potential−rotation axes
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Y. Jiang and J. Liao, Phys. Rev. Lett. 117, 192302 (2016) 
[arXiv:1606.03808 [hep-ph]].

Braguta V V, Kotov A Y, Kuznedelev D D, et al. arXiv:2110.12302, 2021.

▪ Imaginary angular velocity suppress the pseudocritical temperature, if performs the analytical to real rotation which will mean 

T increasing with real angular velocity (Lattice QCD)

▪ Real angular velocity suppress the pseudocritical temperature(NJL model)
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𝑍𝑘 𝐽 = න 𝐷𝜒𝑒−𝑆 𝜒 𝑥+
 𝜒 𝑥 𝐽 𝑥 −Δ𝑆𝑘 𝜒

Δ𝑆𝑘 𝜒 =
1

2


𝑑𝑑𝑞

2𝜋  𝑑 𝜒∗ 𝑞 𝑅𝑘 𝑞 𝜒 𝑞

Functional integral with an IR regulator 

regulator 

Legendre transformation:

Γ𝑘 𝜙 = −𝑊𝑘 𝐽 + න
𝑥

 𝜙 𝑥 𝐽 𝑥 + Δ𝑆𝑘 𝜙

flow equation

C. Wetterich, PLB, 301 (1993) 90 6



𝐿 = 𝜙 − −𝜕𝜏 + Ω𝐿𝑧
2

− ∇2 𝜙 + 𝑈 𝜙

+ത𝑞 𝛾0 𝜕𝜏 − Ω መ𝐽𝑧 − 𝑖𝛾𝑖𝜕𝑖 + 𝑔 𝜎 + 𝑖𝜋 ⋅ Ԧ𝜏𝛾5 𝑞
𝑈 𝜙 =

𝑚2

2
𝜙2 +

𝜆

4
𝜙4 − 𝑐𝜎

𝐿𝑧 = (−𝑖 Ԧ𝑟 × ∇)𝑧
መ𝐽𝑧 = 𝐿𝑧 + መ𝑆𝑧

The QM model Lagrangian in Euclidean spacetime with rotation:

Γ𝑘
𝐵 =

1

2
𝑙 𝑛 𝑑 𝑒 𝑡 − −𝜕𝜏 + Ω𝐿𝑧

2
− ∇2 +

𝜕2𝑈

𝜕𝜙𝑖𝜕𝜙𝑗

=
1

2
න𝑑4 𝑥𝐸𝑇 

𝑛

න
𝑑𝑝𝑧

2𝜋

1

2𝜋


𝑙,𝑖

1

𝑁𝑙,𝑖
2 𝑡 𝑟 𝑙 𝑛 − 𝑖𝜔𝑛 + Ω𝑙𝑙 2 + 𝑝𝑙,𝑖

2 + 𝑝𝑧
2 + 𝑅𝜙,𝑘 +

𝜕2𝑈

𝜕𝜙𝑖𝜕𝜙𝑗
𝐽𝑙 𝑝𝑙,𝑖𝑟

2

Effective action for mesons:

Γ𝑘
𝐹 = −

1

2
𝑙 𝑛 𝑑 𝑒 𝑡 𝐷𝑘𝛾5𝐷𝑘

†𝛾5

= −
1

2
𝑡 𝑟 𝑙 𝑛 − 𝜕𝜏 − Ω መ𝐽𝑧

2
− ∇2 + 𝑅𝑞,𝑘

2 + 𝑔𝑀𝑀†

= −
1

2
න𝑑4 𝑥𝐸𝑇 

𝑛

න
𝑑𝑝𝑧

2𝜋

1

2𝜋


𝑙,𝑖

1

𝑁𝑙,𝑖
2 2𝑁𝑐𝑁𝑓𝑙 𝑛 𝜈𝑛 + 𝑖Ω𝑗 2 + 𝑝2 + 𝑅𝜙,𝑘 + 𝑔2𝜙2 𝐽𝑙 𝑝𝑙,𝑖𝑟

2
+ 𝐽𝑙+1 𝑝𝑙,𝑖𝑟

2

effective action for fermion:

𝑔𝜇𝜈 =

1 − 𝑟2Ω2 𝑦Ω −𝑥Ω 0
𝑦Ω −1 0 0

−𝑥Ω 0 −1 0
0 0 0 −1
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The QM model Lagrangian in Euclidean spacetime with rotation:

Γ𝑘
𝐵 =

1

2
𝑙 𝑛 𝑑 𝑒 𝑡 − −𝜕𝜏 + Ω𝐿𝑧

2
− ∇2 +

𝜕2𝑈

𝜕𝜙𝑖𝜕𝜙𝑗

=
1

2
න𝑑4 𝑥𝐸𝑇 

𝑛

න
𝑑𝑝𝑧

2𝜋

1

2𝜋


𝑙,𝑖

1

𝑁𝑙,𝑖
2 𝑡 𝑟 𝑙 𝑛 − 𝑖𝜔𝑛 + Ω𝑙𝑙 2 + 𝑝𝑙,𝑖

2 + 𝑝𝑧
2 + 𝑅𝜙,𝑘 +

𝜕2𝑈

𝜕𝜙𝑖𝜕𝜙𝑗
𝐽𝑙 𝑝𝑙,𝑖𝑟

2

Effective action for mesons:

Γ𝑘
𝐹 = −

1

2
𝑙 𝑛 𝑑 𝑒 𝑡 𝐷𝑘𝛾5𝐷𝑘

†𝛾5

= −
1

2
𝑡 𝑟 𝑙 𝑛 − 𝜕𝜏 − Ω መ𝐽𝑧

2
− ∇2 + 𝑅𝑞,𝑘

2 + 𝑔𝑀𝑀†

= −
1

2
න𝑑4 𝑥𝐸𝑇 

𝑛

න
𝑑𝑝𝑧

2𝜋

1

2𝜋


𝑙,𝑖

1

𝑁𝑙,𝑖
2 2𝑁𝑐𝑁𝑓𝑙 𝑛 𝜈𝑛 + 𝑖Ω𝑗 2 + 𝑝2 + 𝑅𝜙,𝑘 + 𝑔2𝜙2 𝐽𝑙 𝑝𝑙,𝑖𝑟

2
+ 𝐽𝑙+1 𝑝𝑙,𝑖𝑟

2

effective action for fermion:

Γ𝑘 =  𝑑4𝑥
1

2
𝜙[− −𝜕𝜏 + Ω𝐿𝑧

2 − ∇2]𝜙 + 𝑞[𝛾0(𝜕𝜏 − 𝑖Ω𝐽
^

𝑧) − 𝑖𝛾𝑖𝜕𝑖 + 𝑔(𝜎 + 𝑖𝜏
→

⋅ 𝜋
→

𝛾5)]𝑞 + 𝑈𝑘(𝜌)
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𝜕𝑘𝑈𝑘 =
1

𝛽𝑉
𝜕𝑘Γ𝑘

𝐵 + 𝜕𝑘Γ𝑘
𝐹

=
1

𝛽𝑉
න𝑑4 𝑥𝐸

1

൫2𝜋 )2


𝑙,𝑖

1

𝑁𝑙,𝑖
2 t r

𝑘 𝑘2 − 𝑝𝑙,𝑖
2

𝜀𝜙

1

2
cot h

𝛽 𝜀𝜙 + Ω𝑙

2
+ cot h

𝛽 𝜀𝜙 − Ω𝑙

2
𝐽𝑙 𝑝𝑙,𝑖𝑟

2

ൢ− 

𝑙,𝑖

1

෩𝑁𝑙,𝑖
2 2𝑁𝑐𝑁𝑓

𝑘 𝑘2 − 𝑝𝑙,𝑖
2

𝜀𝑞

1

2
tan h

𝛽 𝜀𝑞 + Ω𝑗

2
+ tan h

𝛽 𝜀𝑞 − Ω𝑗

2
𝐽𝑙 𝑝𝑙,𝑖𝑟

2
+ 𝐽𝑙+1 𝑝𝑙,𝑖𝑟

2

𝜀𝜎 = 𝑘2 + 2 ഥ𝑈′ + 4𝜌 ഥ𝑈′′ = 𝑘2 + 𝜕𝜎
2 ഥ𝑈,

𝜀𝜋 = 𝑘2 + 2 ഥ𝑈′ = 𝑘2 + 𝜕𝜎 Τഥ𝑈 𝜎 ,

𝜀𝑞 = 𝑘2 + 𝑔2𝜌,

Regulator for mesons:

𝑅𝜙,𝑘 = 𝑘2 − 𝑝2 𝜃 𝑘2 − 𝑝2
𝜕𝑘Γ𝑘

𝐵 =
1

2
න𝑑4 𝑥𝐸𝑇 

𝑛

න
𝑑𝑝𝑧

2𝜋

1

2𝜋


𝑙,𝑖

1

𝑁𝑙,𝑖
2 t r

2𝑘𝜃 𝑘2 − 𝑝2

− 𝑖𝜔𝑛 + Ω𝑙 2 + 𝑘2 +
𝜕2𝑈

𝜕𝜙𝑖𝜕𝜙𝑗

𝐽𝑙 𝑝𝑙,𝑖𝑟
2

Flow equation for mesons:

𝜕𝑘Γ𝑘
𝐹 = −

1

2
න𝑑4 𝑥𝐸𝑇 

𝑛

න
𝑑𝑝𝑧

2𝜋

1

2𝜋


𝑙,𝑖

1

෩𝑁𝑙,𝑖
2

2𝑁𝑐𝑁𝑓

𝜕𝑘𝑅𝜙,𝑘

𝜈𝑛 + 𝑖Ω𝑗 2 + 𝑝2 + 𝑅𝜙,𝑘 + 𝑔2𝜙2
𝐽𝑙 𝑝𝑙,𝑖𝑟

2
+ 𝐽𝑙+1 𝑝𝑙,𝑖𝑟

2

Flow equation for fermions:Regulator for fermions:

𝑅𝜓,𝑘 = −𝑖𝛾𝑖𝜕𝑖

𝑘

−∇2
− 1 𝜃 𝑘2 + ∇2

Flow equation:
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FIG. 1. The quark mass 𝑚𝑞 as a function of Ω and T at r = 0.9R in QM model. FIG. 2. The pesudo-critical temperature Tc as a function of Ω at r = 0.9R 
from fRG and MFA in QM model.

▪ Parameters chosen as:

𝑈Λ =
𝑚Λ

2

2
𝜙2 +

𝜆Λ

4
𝜙4 − 𝑐𝜎▪ initial condition:

𝑚Λ = 0.794𝛬
𝜆Λ = 2

𝑐 = 0.00175Λ−3

▪ Using the grid method

▪ Rotation effect almost invisible in low temperature

▪ Rotation effect suppress the chiral condensate 
10



FIG. 1. The quark mass 𝑚𝑞 as a function of Ω and T at r = 0.9R in QM model. FIG. 2. The pesudo-critical temperature Tc as a function of Ω at r = 0.9R 
from fRG and MFA in QM model.

▪ Using the grid method

▪ Rotation effect almost invisible in low temperature

▪ Rotation effect suppress the chiral condensate 

▪ 𝑻𝒄 defined in where chiral susceptibility reach 

maximum

▪ 𝑻𝒄 decreases with increasing rotation 𝛀
11



FIG. 3. Meson masses and quark mass as functions of Ω at T = 120 
MeV from QM model FRG.

FIG. 4. Meson masses and quark mass as functions of Ω at T = 120 MeV 
from QM model MFA.

▪ 𝒎𝝅 and 𝒎𝝈 have a tendency become degenerate

▪ rotational effect is milder in our FRG calculation compared to the mean-field approximation
12



FIG. 5. The quark mass as a function of the radius r at different Ω at T = 
160 MeV.

FIG. 6. T − μ phase diagram near the critical end point at different angular 
velocity.

▪ Fig 6 choose the parameters: 𝛬 = 500𝑀𝑒𝑉,
𝑚Λ = 0,
𝜆Λ = 10,

𝑐 = 0.

▪ Rotational suppression is strong near the boundary 

▪ The fermions feel a effective chemical potential of 𝛀/𝟐

▪ The CEP shifting into low T and 𝝁 with increasing angular velocity
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Ji-Chong Yang and Xu-Guang Huang 
arxiv:2307.05755

FIG. 7. The quark mass as a function of the square of the 

rotating angular velocity at T = 160 MeV and r = 0.9R from 

fRG calculation

▪ Quark mass is a smooth function of 𝛀𝟐 which provide a condition for analytic continuation

▪ The behavior with increasing imaginary angular velocity is contrary
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𝑔𝜇𝜈 =

൫1 + 𝑎𝑧 )2 − 𝜔2𝑟2 𝜔𝑦 −𝜔𝑥 0

𝜔𝑦 −1 0 0
−𝜔𝑥 0 −1 0

0 0 0 −1

𝑆 = න𝑑4 𝑥 ത𝜓 𝑖𝛾ෝ𝜇𝜕𝜇 + 𝑖𝒂 ⋅ 𝒙𝛾 Ƹ𝑖𝜕𝑖 +
𝑖

2
𝒂 ⋅ 𝛾 + 𝛾0𝝎 ⋅ 𝑱 − 𝑚𝜙 𝜓 + 𝐺𝜙 ቀ ത𝜓𝜓 )2 + ത𝜓𝑖𝛾5𝜓 2

1 =
𝐺

2


𝑙,𝑘,±

න𝑑 𝛺
1

4 Ω ±
𝑖
2 𝑎

tanh
Ω ±

𝑖
2 𝑎 + 𝜔𝑗 ±

𝑖
2 𝑎

2𝑇
+ tanh

Ω ±
𝑖
2 𝑎 − 𝜔𝑗 ±

𝑖
2 𝑎

2𝑇

1

𝑁Ω
∓2 𝐾𝑖Ω

𝑎 ∓
1
2

2 𝛼𝜙1

1

𝑁𝑙,𝑘
2 𝐽𝑙

2 𝑝𝑙,𝑘𝑟 + 𝐽𝑙+1
2 𝑝𝑙,𝑘𝑟 2𝑁𝑐𝑁𝑓

The gap equation:

NJL model action in rotation and acceleration frame:
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FIG. 10. Critical acceleration 𝑎𝑐 as a function of 
angular velocity 𝜔

FIG. 9. chiral condensate as a function of 
acceleration  obtained form gap equation 

▪ Acceleration suppress the chiral condensate at large value

▪ Critical acceleration suppressed with increasing angular velocity 16



▪ Calculate the chiral condensate using FRG approach under rotating QM model 

▪ Rotation will suppress chiral condensate at non-zero temperature which agree with the 
NJL model calculation

▪ Work out chiral condensate as function of acceleration

▪ Outlook: 

▪ Consider the contribution from gluon

▪ Studying the effect by using rotation PNJL model

▪ Calculate some current in rotation and acceleration frame
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