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High-dimensional Operators

The dimension-6 operators in the SMEFT have been enumerated
in 19861, yet the complete and independent basis (barring flavor
structure) has not been presented until 2010, known as the
Warsaw basis2.

1W. Buchmuller and D. Wyler. “Effective Lagrangian Analysis of New Interactions and Flavor Conservation”.
In: Nucl. Phys. B 268 (1986), pp. 621–653. doi: 10.1016/0550-3213(86)90262-2.

2B. Grzadkowski et al. “Dimension-Six Terms in the Standard Model Lagrangian”. In: JHEP 10 (2010), p. 085.
doi: 10.1007/JHEP10(2010)085. arXiv: 1008.4884 [hep-ph].
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High-dimensional Operators

Traditional Method:
One need to enumerate all possible operators, and remove
redundant ones among them. The redundancies include equation
of motion (EOM), covariant derivative commutator (CDC),
integration by parts (IBP) and algebraic identities.

• EOM.

DµDµϕ+ Jϕ = 0, iD/ψ + Jψ = 0, DµFµν + JνA = 0.

• CDC.
[Dµ,Dν ] = −iFµν .

• IBP.
X DµY ∼ −DµX Y .

• Algebraic identities. Schouten identity, Bianchi identity, Fierz
identity.
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High-dimensional Operators

Hilbert Series in the SMEFT3:

3Brian Henning et al. “2, 84, 30, 993, 560, 15456, 11962, 261485, ...: Higher dimension operators in the SM
EFT”. In: JHEP 08 (2017). [Erratum: JHEP 09, 019 (2019)], p. 016. doi: 10.1007/JHEP08(2017)016. arXiv:
1512.03433 [hep-ph].
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High-dimensional Operators

Young tensor method456:
A systematical method to obtain the complete and independent
operator basis of EFT that can be applied to generic models. The
method was implemented in a Mathematica package: ABC4EFT.

• Pros:
1 The operator bases are complete and independent, with flavor

structure taken into account.
2 The operator bases are on-shell, so operators in which are in

one-to-one correspondence with on-shell amplitudes.
3 The method can relate two different bases by giving the

conversion matrix between them modulo the EOM and the
CDC.

4Hao-Lin Li et al. “Complete set of dimension-eight operators in the standard model effective field theory”. In:
Phys. Rev. D 104.1 (2021), p. 015026. doi: 10.1103/PhysRevD.104.015026. arXiv: 2005.00008 [hep-ph].

5Hao-Lin Li et al. “Complete set of dimension-nine operators in the standard model effective field theory”. In:
Phys. Rev. D 104.1 (2021), p. 015025. doi: 10.1103/PhysRevD.104.015025. arXiv: 2007.07899 [hep-ph].

6Hao-Lin Li et al. “Operators for generic effective field theory at any dimension: on-shell amplitude basis
construction”. In: JHEP 04 (2022), p. 140. doi: 10.1007/JHEP04(2022)140. arXiv: 2201.04639 [hep-ph].
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On-shell Spinors as Building Blocks

Eg. Decompose D2ϕ into irreducible representations of Lorentz
group:

(D2ϕ)αβα̇β̇︸ ︷︷ ︸
( 1
2
, 1
2
)×( 1

2
, 1
2
)×(0,0)

=
1

2
ϵαβϵα̇β̇DµDµϕ︸ ︷︷ ︸

(0,0)

− i
4
ϵα̇β̇σ

µν
αβ [Dµ,Dν ]ϕ︸ ︷︷ ︸
(1,0)

− i
4
ϵαβσ̄

µν

α̇β̇
[Dµ,Dν ]ϕ︸ ︷︷ ︸

(0,1)

+
1

4
(D2ϕ)(αβ)(α̇β̇)︸ ︷︷ ︸

(1,1)

EOM: DµDµϕ. CDC: [Dµ,Dν ]ϕ. Highest weight: (1, 1).
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On-shell Spinors as Building Blocks

• The highest weight of a field with derivatives on it
corresponds to a set of non-vanishing on-shell spinors.

(D2ϕi)(αβ)(α̇β̇) ∼ λiαλ̃iα̇λiβλ̃i β̇ .

(Dψi)(αβ)α̇ ∼ λiαλ̃iα̇λiβ .

(DFLi)(αβγ)α̇ ∼ λiαλ̃iα̇λiβλiγ .

• The lower weights of a field with derivatives on it, which
involve the EOM or the CDC, automatically vanish when
using on-shell spinors as building blocks.

DµDµϕi ∼ λαi λ̃iα̇λiαλ̃
α̇
i = 0.

Dα
α̇ψiα ∼ λαi λ̃iα̇λiα = 0.

Dα
α̇FLiαβ ∼ λαi λ̃iα̇λiαλiβ = 0.
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Semi-standard Young tableaux as the Lorentz Y-basis

Eg. The one-to-one correspondence between Young tableaux and
on-shell amplitudes78.

1 1 1 3
2 2 2 4

∼ ⟨12⟩⟨12⟩⟨34⟩[34]

∼ FL1
αβFL2αβ (Dϕ3)γ α̇ (Dϕ4)γ

α̇.

1 1 1 2
2 2 3 4

∼ ⟨12⟩⟨13⟩⟨24⟩[34]

∼ FL1
αβFL2α

γ (Dϕ3)βα̇ (Dϕ4)γ
α̇.

7Brian Henning and Tom Melia. “Constructing effective field theories via their harmonics”. In: Phys. Rev. D
100.1 (2019), p. 016015. doi: 10.1103/PhysRevD.100.016015. arXiv: 1902.06754 [hep-ph].

8Hao-Lin Li et al. “Complete set of dimension-eight operators in the standard model effective field theory”. In:
Phys. Rev. D 104.1 (2021), p. 015026. doi: 10.1103/PhysRevD.104.015026. arXiv: 2005.00008 [hep-ph].
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Semi-standard Young tableaux as the Lorentz Y-basis

In group theory, the semi-standard Young tableaux form a
complete and independent basis for certain kind of Young tableaux,
and the algebraic relations between them are Fock’s condition.

• Fock’s condition as the IBP.

1 1 1 3
2 2 2 4

= 3 1 1 1
2 2 2 4

+ 1 1 1 2
3 2 2 4

,

⟨12⟩⟨12⟩⟨34⟩[34] = −⟨12⟩⟨12⟩⟨14⟩[14]− ⟨12⟩⟨12⟩⟨24⟩[24].

• Fock’s condition as the Schouten identity.

1 1 1 3
2 2 2 4

= 1 1 3 1
2 2 2 4

+ 1 1 1 2
2 2 3 4

,

⟨12⟩⟨12⟩⟨34⟩[34] = ⟨12⟩⟨32⟩⟨14⟩[34] + ⟨12⟩⟨13⟩⟨24⟩[34].
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Littlewood-Richardson Rule and the Gauge Y-basis

Eg. The SU(2) representation of fields: τ I
ijW I ∼ i j , Lk ∼ k

, Hl ∼ l , H†
mH†

n ∼ m n .

i j k
−−→ i j k l

−−→
i j k
l m n

−−−−−→
i j k
l m n

i j k
−−→

i j
k l

−−→
i j l
k m n

−−−−−→
i j l
k m n

ϵilϵjmϵknτ I
ijW ILkHlH†

mH†
n, ϵikϵjmϵlnτ I

ijW ILkHlH†
mH†

n

Construction of Operator Bases in Effective Field Theory 15 / 25
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From Y-basis to Flavor tensors

Eg. Y-basis of Q3L

O1 = ϵabcϵikϵjl (LpiQraj) (QsbkQtcl)

O2 = ϵabcϵikϵjl (LpiQsbk) (QrajQtcl)

O3 = ϵabcϵijϵkl (LpiQsbk) (QrajQtcl)

O4 = ϵabcϵijϵkl (LpiQraj) (QsbkQtcl)

Each operator in y-basis is indeed a flavor tensor,
p, r , s, t = 1, . . . , nf . Suppose that nf = 1, how many independent
operators are there for one generation of fermions?

Construction of Operator Bases in Effective Field Theory 17 / 25
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Permutation Group and the P-basis

Totally symmetric Young Symmetrizer of the S3 group:

Y [3] =
1

3!
(E + (12) + (13) + (23) + (123) + (132)) .

Y [3]


O1

O2

O3

O4

 =


−1/6 1/3 1/3 −1/6
−1/3 2/3 2/3 −1/3
−1/3 2/3 2/3 −1/3
−1/6 1/3 1/3 −1/6




O1

O2

O3

O4

 .

The matrix is rank 1. So there is only 1 independent operator in
Q3L. For three generation of fermions, it is more complicated but
the main idea is the same910.

9Hao-Lin Li et al. “Complete set of dimension-nine operators in the standard model effective field theory”. In:
Phys. Rev. D 104.1 (2021), p. 015025. doi: 10.1103/PhysRevD.104.015025. arXiv: 2007.07899 [hep-ph].

10Hao-Lin Li et al. “Operators for generic effective field theory at any dimension: on-shell amplitude basis
construction”. In: JHEP 04 (2022), p. 140. doi: 10.1007/JHEP04(2022)140. arXiv: 2201.04639 [hep-ph].
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Conversion among different bases

The Young tensor method include a systematical treatment for the
IBP and the Schouten identity, which allow one to expand any
operator onto the generated basis. Here are what one can do with
the method:

• The conversion matrix of two different bases can be obtained
throughout the y-basis.

• A basis can be expanded on the y-basis and check its
completeness and independence. If the basis is over-complete,
it can be reduced.

• For operators which involve repeated fields, a basis can be
expanded on the p-basis, which automatically symmetrizes the
operators in the basis, and the flavor relations of the basis can
be easily found.
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Conversion among different bases
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Conclusion

1 We present a general procedure to construct the independent
and complete operator bases for generic Lorentz invariant
EFTs, which is implemented into a publicly available
Mathematica package: ABC4EFT (Amplitude Basis
Construction for Effective Field Theories).

2 The Young tensor basis provides a modern view of the EFT
operators from the on-shell perspective.

3 The method provide conversions between different operator
bases, making it possible to compare results from various
literature. Although the conversions can only be done inside a
certain operator type modulo the EOM and the CDC now, the
full conversions including all types at a certain dimension will
be supported in the near future.
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ABC4EFT
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Thanks!
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