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Hadrons scattering process

• (hadrons) measured by experiment

• (partons) calculated by perturbative theory 

• Requirement: uncertainty of  perturbative calculations<=uncertainty 

of  experiments 

• Test Standard Model or find new physics

Initial

hadrons
Intermediate

partons

Final

hadrons

PDFs FFs

Experiemt,

Lattice
Experiment,EFT

Perturbative 

calcualtions

Collins,Soper,Sterman 1989
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Perturbative calculation process

Generate scattering amplitude expressed by 

Feynman integrals(FIs)

Reduce the FIs to master integrals (MIs) by 

integration-by-part(IBP) identities

Calculate master integrals

• One-loop order: solved problem 

• Higher-loop order?
[’t Hooft,Veltman 1979] 

[Oldenborgh,Vermaseren 1990]

Relatively easier

Much harder

Hard

Feynman diagram method

Laporta’s algorithm

Syzygy equations

Block trianglular

Sector decomposition

Canonical form

Auxiliary mass flow

[Laporta, hep-ph/0102033] 

[Gluza, et al, 1009.0472] 

[Guan,Liu,Ma, 1912.09294] 

[Binoth,Heinrich, hep-ph/0004013] 

[Henn, 1304.1806] 

[Liu,Ma,Wang, 1711.09572] 
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Difficulties of perturbative calculations
Baikov, et al,1606.08659

Five-loop running of  QCD coupling constant

• Involving Feynman integrals(FIs) 

up to 5 loops

• 7 months of  running time by 

computer with about 160 cores

• How to calculate these FIs efficiently?

• How about 6-loop FIs?

4 loop(1997)

3 loop(1980)

5 loop(2016)
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Auxiliary mass flow method

 Introduce an auxiliary mass to some 

propagator

• The limit is taken through following three steps:

(1) Set up                 of  modified integral

(2) Determination of  boundary conditions(BCs) at

(3)  Evolution of      from  

Liu,Ma,Wang, 1711.09572

Liu,Ma, 2107.01864

• Physical integral

𝜂 −DEs

𝜂 = ∞

𝜂 ∞ to i0 −
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Merits and demerits

Advantages

• No arbitrary accuracy at more than three loops

• Can’t handle FIs containing linear propagators

(often appear in many physical problems)  

• Systematic and efficient for any loop FIs(given BCs)

• Simple BCs input: single mass vacuum Feynman integrals

• Arbitrary accuracy 

Deficiencies

Some single mass vacuum FIs up to 5 loops

(known analytic expressions up to 3 loops) 
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Arbitrary accuracy for any loops 

Loop-drop technique

Use AMF and Loop-drop by turns

A L-loop single mass vacuum FI is equivalent to 

a (L-1)-loop massless propagator integral(p-integral).

⇔

(L-1)-loop p-integrals

(L-1)-loop single mass tadpoles 

(L-2)-loop p-integrals

⇓

⇓

⇓
0-loop p-integrals(=1)

AMF

Loop-drop

(AMF+Loop-drop)L-2

⇒ Loop integrations 

totally bypassed!

ZFL,Ma, 2201.11637
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New viewpoint

Feynman integral is Linear algebra!

FIs Linear algebra       Vacuum integrals≜ ⊕

FIs Linear algebra

⇓
≜

(2017-2021)

(2022)

• Only input is integration-by-part(IBP) identities(to set up               )

• No other input

• No kinematics

• No loops

𝜂 −DEs

ZFL,Ma, 2201.11637
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For linear propagators

Change linear to quadratic propagators
ZFL, Ma, 2201.11636

• Quadratic integrals at finite          calculated by AMF

for any loops

• Original linear integrals obtained by taking 

1) Set up                ; 2) BCs at        by AMF; 3) Solve

• A new method to calculate linear integrals systematically 

and efficiently

• Useful in effective field theory and region expansion

𝑥0

𝑥 → 0+：

𝑥 − DEs 𝑥0 𝑥 − DEs
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Application to four loops

Results of  all four-loop MIs of  vacuum 

integrals containing a gauge link for the 

first time

• Higher precision and higher orders in     achieved easily

• Useful for studying parton distribution functions

ZFL, Ma, 2201.11636

The most complex diagram
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Summary and outlook

Summary

• Use Loop-drop technique to make AMF calculate its BCs 

automatically and surprisingly find that FIs calculation can 

be reduced to Linear algebra

• Use quadratic integrals to calculate linear integrals 

systematically and efficiently

• Feynman integrals are just Linear algebra

Outlook

• Deeper understanding of  FIs calculation from Linear algebra

• A wide range of  applications of  AMF for all purposes(any 

loops, any dimension, linear propagators, ……)
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Thank you!
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Definition of FIs

A family of  Feynman integrals

• irreducible scalar products;                       non-positive 

integers

Difficulties of  calculating FIs

• Analytical: known special functions are insufficient to express FIs

• Numerical: UV or IR divergence at 
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Calculate p-integrals
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New workflow

LZF,YQM,2201.11637



18/12

A five-loop example

with about 130 significant digits

LZF,YQM,2201.11637
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2203.08271
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Summary and outlook

Summary

• Use Loop-drop technique to make AMF calculate its BCs 

automatically and surprisingly find that FIs calculation can 

be reduced to linear algebra

• Use quadratic integrals to calculate linear integrals 

systematically

• Automation calculation of  all kinds of  FIs has be

implemented in the package AMFlow(2201.11669)

Outlook

• Deeper understanding of  FIs calculation from linear algebra

• A wide range of  applications of  AMF for all purposes(any 

loops, any dimension, linear propagators)


