Renormalization of the flavor-singlet axial-vector current
and its anomaly in dimensional regularization
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The Adler-Bell-Jackiw anomaly

The anomalous axial-vector divergence equation e ss; sei, saciw es)
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The intriguing axial anomaly in QFT

e Gauge/internal anomalies must cancel !
> The Standard Model is anomaly free
» Constraints on gauge couplings of New particles
> Anomaly matching [t Hooft et al. 80, Spontaneous chiral symmetry breaking ...

o Global/external anomalies are allowed and important

> 7T =YY decay [Steinberger 49; Sutherland, Veltman 67; Adler 69; Bell, Jackiw 69]
> U(l)A/W, problem [Weinberg 75; 't Hooft 76]
> Strong CP problem and Axion [peccei, Quinn 7] ...

e Practical applications of renormalization of anomalous "5y

> Treatment of the singlet axial-current operator in heavy-top EFT (chetyrin, kiinn 91 93;
LC, Czakon, Niggetiedt 21]

» Structure of the non-decoupling heavy-quark-mass logarithms [coliins, ilczek, zee 78;
Chetyrkin, Kiihn 93; LC, Czakon 22]

» Polarized structure and spllttlng functions [Matiounine, Smith, Neerven; Moch, Vermaseren, Vogt;
Blimlein, Marquard, Schneider, Schénwald; Tarasov, Venugopalan...]



Calculating the axial anomaly in DR

%zW%fﬁl

is intrinsically a D = 4 dimensional object.

The axial anomaly

iy + O

“vanishes” with translational invariant loop integrals and an anticommuting s.

Within the Dimensional Regularization, two classes of «; prescriptions:

@ A non-anticommuting vs (constructively given)

['t Hooft,Veltman 72; Breitenlohner,Maison 77; Larin,Vermaseren 91 ...]

@ An anticommuting v (with a careful re-definition of “y;-trace”)
[Bardeen 72, Chanowitz et al. 79; Kreimer 90; Zerf 20 ...]



The <5 prescription in use

The HV/BM 279 prescription of 5 in dimensional regularization:
i
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where the €/'f? is treated outside the R-operation formally in D dimensions (Larin, vermaseren 91; Ziistra,
Neerven 92] (Larin’s prescription).

The properly renormalized singlet axial current reads
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Operator mixing under renormalization

The all-order axial-anomaly equation iader 6s: Ader, Bardeen 69]

[aV]?]R =asng Tr [FF]R

in terms of renormalized local composite operators with FF = —eMPIE Fog
in QCD with ny massless quarks.

@ The renormalization of the Operators involved: [Adler 69; Espriu, Tarrach 82; Breitenlohner,Maison,Stelle 84;

Bos 92; Larin 93 ... ]
([a#l?]R) _ (Z] © ) . ([aulgh)
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@ with the matrix of anomalous dimensions:

e ()= (3 0) - (3)




Vacuum-Gluon matrix elements

Determine Z; via computing the 2-gluon matrix elements of [0, | , = as n; Tr [FF|,

Tt pa) = [ dbadtye =9 (o[ [J4(y) AL (x) AX* (0)] 0) amp

Form factor decomposition:

ThEHe (s, pa) = Fypettaka(pi=po)
P ppapripa _ M2 Ui p1pa
+ F,(pi'e p2 €

+ F3 (p’fzeyylplrh _pzleyy2p1p2)

Uit (pr,pa) = 2Fy el lapibe

taking into account the odd parity and Bose symmetry w.r.t gluons (p; <> p., p1 <> Uz).
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The zero momentum insertion limit

Evaluating M at g = o with off-shell gluon momenta p? # o:

ijha 1 M2 P1
ThE¥2(py, —p1) = —2F; etttarr,

i v
Pupap, = — 6p1 pr Epupapv P1s

[Ahmed,LC,Czakon 21]
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@ possible IR divergences nullified owing to the IR-rearrangement yiadimirov 7¢)

@ 4-loop massless propagator-type master integrals available (smimov, Tentyukov 10, Baikov,

Chetyrkin 10; Lee, Smirnov, Smirnov 11]

@ gauge-dependent M = UV renormalization of gauge parameter ¢ !




The non-Abelian Adler-Bardeen theorem

The equality verified to 4-loop in QCD (anmed,Lc czakon 211

Zpp = Za, I

The ABJ equation in QCD in terms of the bare fields:
(Z) — ny Tras Zpy) [0,J5] y = s Tr [FE]

@ In an Abelian theory with Pauli-Villar regularization (with an AC -5),
the coefficient is 1 to all orders [adier 69; Adler, Bardeen 69]

@ The coefficient is not 1 with a NAC +5 in DR in QCD,
but the LHS current remains RG-invariant (albeit in D=4 limit):
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Y= W gE = B, Ysle=o = 1¢ Tras viy -

@ An all-order argument of the non-Abelian extension was sketched [sreitenionner, Maison, Stelle 84];
A proof is completed only recently [Luscher, weisz 21]

@ However, Z; = Z{; Z7* needs to be computed order by order ...
ZJ; at O(a2) from 4-loop AVV-amplitude [ahmed Lc Czakon 21]



Vacuum-Quark matrix elements

Much more efficient to extract Z; by using the off-shell Ward-Takahashi identity
for an axial current with a non-anticommuting 7 (Lc czakon 21)

The anomalous Ward-Takahashi identity:

quThs(p',p) = —asny TEA(Y,p) + 1557 (p) + 57 (P) s,

o
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» Ng ¢/

”
e g can not be 0 to have a non-zero anomaly

e Either p’ or p’ should be 0 to reduce to the propagator-type integrals

e 75 on the RHS does not require any renormalization!




Results for Z; up to O(a3)

@ Results for ZJ;:

> O(a2) from 3-loop AVV-amplitude [Larin o3
> O(a?) from 4-loop AVV-amplitude anmed,Lc Czakon 21]
> O(a?) from 4-loop off-shell AWI [Lc,czakon 21]

@ Results for Z5ms:

> O(a?) from UV-poles in Zgq-vertex (projected to tree with p = p') Larin s
> O(a?) from 4-loop off-shell AWI Lc,czakon 21]
O(ﬂg) in the calculation of Ellis-Jaffe sum rule [Larin, Ritbergen, Vermaseren 97]

° Zg”s at O(a]) using ABJ equation with Zrp = Zg, ILC, Czakon 22]

it dinZ

> IS at O(a?) requires v and Z/: up to 4-loop [Lc, Czakon 21, 22]
> Zé at O(a3) not known yet



Summary and Outlook

@ We have described a very efficient way for computing the renormalization
constants of axial-vector currents in QCD with a non-anticommuting s in
dimensional regularization.

@ We have verified explicitly up to 4-loop order Z ; = Z,_ in the MS scheme, from
which follows s = as iy Tr 7, valid to O(af).

@ A proof of Zz = Z,, in dimensionally regularized QCD to all orders is recently
completed Lischer, weisz 211.

@ We have extended the result of Z; of the flavor-singlet axial-vector current to
O(ad), with its MS part to O(a3) by the virtue of ABJ equation

@ Needed for resumming the non-decoupling heavy-quark-mass logarithms and in
the calculation of polarized splitting functions at high orders...
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Treatment of the operator FF

The axial-anomaly (topological-charge density) operator FF with the Chern-Simons current KV

FF = 9,K*

1
=9, <—4€””‘7‘7 <A‘L’/BPA’(’, + g gf”bCA’{/Af,Af,))

by the virtue of total antisymmetry of €#'*” [Bardeen 741.
Unlike ]?, the current K* is not gauge-invariant.

The Feynman Rules in use:
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Feynman diagrams

The Work Flow:

> ngerating Feynman diagrams DiaGen Qerat

D|aGen/|dSO|Ver [Czakon] ‘o o
. o Lhs rhs Lhs, rhs

» Applying Feynman Rules, - ; ; - 5
Dirac/Lorentz algebra, Color algebra ; " - " ”

» IBP reduction of loop integrals (rkachov s1; 3 2 1361 wr Lass
Chetyrkin,Tkachov 81] 4 11302 37730 11714 40564

» Inserting Master integrals
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IBP reduction and master integrals

Loop integrals in diagrams, reduced by IBP (rkachov 81; Chetyrkin, Tkachov 81;

Analytic I’eSU|tS Of p-master integrals, Up tO 4 |00p [Baikov, Chetyrkin 10; Lee, Smirnov,Smirnov 12].

("] DiaGen/ldSOIVer [Czakon] + Forcer [Ruijl,Ueda,Vermaseren]
> Amplitude projection: about 3 + 6 days @ 24 cores (Intel® Xeon® Silver 4116)

> Forcer (pre-solved IBP): about 12 + 24 hours @ 8 cores (Intel® Xeon® E3-1275 V2)

"] QGRAF [Nogueira] + FORM [Vermaseren] + Reduze 2 [Manteuffel, Studerus] + FIRE [Smirnov] Combined
with LiteRed Lee)

> IBP (by Laporta): about one month @ 32 cores (Intel® Xeon® Silver 4216)
> a few hundred GB RAM

At 4-loop: ~ 105 loop integrals in Feynman amplitudes reduced to 28 masters.

The analytical results were found to be identical between the two set-ups.



Light quark form factors in the heavy top limit

Appearance of the non-decoupling m;-logarithms (coliins, wikzek, zee 78; Ghetyriin, kihn 93]
- -4, ~Anpc
FLP(my — 00) = FL3 () + FLpo° (i, ),

= FA () - fcp + ;lcFL,, - iCpL; + O(1/m?)

OC (a5, my, ) — Fh(@s, me, pt)

mp—r00

= Fi(as, 1) = Colas u/mi) (Fibas, ) + 1 Fib@s, w) + O(a/m).

The renormalized low-energy effective Lagrangian

n
e — (Zns Y 9P s 9P + 4y Zs 5], — n-flavor massless part

i=1

+at Cuo(as, w/me) (Zns + m Zs) UﬁB)ZV ,

with J5 = T firys .
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Resuming the non-decoupling m; logarithms

RG equation of the Wilson coefficient

d
Vzdyz Cuw(as, u/mi) = s — n;¥s Co(as, p/m),

12 s (5] x = 7 8] with J§ = L, = Gy sy and p2 $ = 7 (Zus + 11 Z2).

The solution for

d
P‘zdyzct(ﬁmﬂ/mt) = m s Ce(as, p/my),

7 _ pa % (1) —n; s (as) das
Ce(as(u), p/mi) = Ct(“s(mt)rl)exp(/ﬁs(mt) WZ) ’

in Larin’s scheme.

The solution can also be done by numerically solving the RGE.
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From [Baikov, Chetyrkin, Kiihn, Rittinger, arXiv:1201.5804]
The decay rate of the Z-boson into hadrons in massless QCD up to O(a?):

GrM;,
24704/2
R™ =20.1945 + 20.1945 &g

+ (28.4587 — 13.0575 4 0) a?

nc

Iz =T R =

+ (—257.825 — 52.8736 — 2.12068) a2
+ (—1615.17 + 262.656 — 25.5814) af ,

The three terms in the brackets display separately non-singlet, axial singlet and vector
singlet contributions.
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