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» Our understanding of hadron structure has greatly advanced since deep-inelastic
scattering experiments showed that the proton contains much smaller point-like

objects (Feynman's partons) "

R. Feynman
Nobel prize in 1965

\

* Ultra-relativistic (1D, pie shape):
Quarks and gluons “frozen” in the transverse plane due to the time
dilation effect.

e Parton model (1969, R. Feynman):

During a hard collision, the proton can be approximate as a beam of

free particles that Feynman called partons.



L- Introduction

» Color confinement and asymptotic freedom
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> Hadron distribution amplitudes (DAs) are F ve
important inputs in the description of hard »[€ .
exclusive processes o - *
— W

» At leading-twist, they represent the distribution of longitudinal momentum
among quarks in the leading Fock state of a hadron

» Among these, the simplest one is the pion DA

/dg— TPV <0‘¢1(0 n - 775U(0 6 '(pz ’W(p)> — Zf7r )

27
» It is important for many phenomenological applications, e.g.
* Bonlv,B -, ... e B K*ltl™
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» Numerical simulation in discretized 4D Euclidean space-time;

» Lattice QCD: action
1 6 _ \ :
O q /
Wilson gauge action Lattice fermion action
» Correlation functions: o i
[[DU]e™ Fslue [, det (Dltty, + amg) O(U)

O U7 q7 q_ = latt
( ( )> f[DU]e_Sglue Hq det (Di?tt’)’p & amQ)

> Monte Carlo simulation:

* The integration is performed for all link variables: n3X n; X Neglor X Ngpin

latt

* Importance sampling: e~ ¢ (U) [ [ det (D (U)y, + amy)
q

* Therefore { Moo _ @ % ‘ 5 G
(O(U,4,9)) = 6 (u®) .

coordinate color spin
k=1




L- Large-Momentum effective theory m
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» DAs/PDFs are defined from correlation functions on the light-cone:

o £ £t
infinite-momentum frame t
[/ e %{ DA/PDF (or more general parton physics):
o » _ _ Minkowski space, real time
Light-like correlator z

infinite momentum frame, on the light-cone

Light-cone DA:

@) = [ e (oo ()b (-5 ) |[Pr) ~ Ol P wer) )

t+ . .
Light-like coordinates: & = ﬁz Cannot deal by Lattice QCD directly !




L- Large-Momentum effective theory m
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» Define a lattice calculable, equal-time correlation: quasi-DA

» Effective field theory:

 Instead of taking P? — oo calcuation, one can perform an expansion for large
but finite P*:

70 P ) = [ ey aom +E9((Pz)2>

LCDA
Matching kernel Power suppressed by m?/(P?)"2, A?/(P?)"2
9




l - Pion Light cone distribution m
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Light cone distribution by LaMET

» Pion LCDA: I. Calculate the bare quasi-DA correlation
h(z,a, P,) = (0]#,0)n, - yrsU0,2)yx(2) | 2(P))

II. Non-perturbative renormalization

h(z,a,P,) = Z(z,a)hgr(z,a,P,)

II1. Fourier transform (Extrapolation)

Y dy —ixzP,
ifnr(x, P,) = f Z_[e zhg(z,a = 0, F,)
IV. Matching to light clone

éﬂ(x’ PZ) = deZ(x9y’ PZ,ﬂ)¢(x,/l) +p .C.
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> We simulate on MILC ensembles at 3 lattice spacings: a = 0.12, 0.09, 0.06 fm

and physical point
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* The main reason for the deviations of different izP,
lattice spacings is the linear divergence e 2 H,(z),Bare
1041 ¥ a=0.06fm
. II $ a=0.09fm
o 7 < ¥ a=0.12fm
Matrix element: TS - ;
(Pll/)(O)U(O,Z)l/)(Z)lP) AP Dy £
0.6 3
0.4 - E
Cla)z £
M(z) ~exp| — " f(2) - =
z : non-local separation - x
0.0 p=========mmmmmmmm e §-¥-§ FEE E R 5 B Jdad
* Linear divergence comes from self-energy 0 2 4 §=ZP : 10 12
of gauge link

NPB969(2021)115443 12



l ‘ IT. Non-perturbative renormalization m
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* The quasi-LF correlation operator is multiplicatively renormalized
[T W(z,0)w(0)]p = e”"Z [j(2)T W(z,0)p (0)]

(PlY (2)TW(z,0)y(0)| P) /{X|Y(z) T W(z,0)(0)| X)is UV finite

Some proposals: ®

e RI/MOM: Alexandrou et al, NPB 17°, Stewart, Zhao, PRD 18’
X)) is chosen as a single off-shell quark state
Free from power-divergent mixings
e Ratio: Radyushkin, PRD 17’
1X) is chosen as a zero momentum hadron state
Cancellation of discretization effects
e VEV: Braun et al, PRD 19’
1X) 1s chosen as the vacuum
Without compilicated external state 13



l . IT. Non-perturbative renormalization m

» To solve to problem: Undesired IR effects(Residual linear divergence)
at large distances h(z)

Possible Solution: self renormalization LPC (Huo, Su et al (LPC), NPB 21°)

* Fitting the bare matrix elements at multiple lattice spacings to 0 Zs :
k 3C In[1/(aAgep)] d
In M(z,a) = b mtg ()H@a+ =L In [ Qeb 1+ ]
a ln[aAQCD] b() ln[ H / AQCD] ln(aAQCD)

* The pieces other than g'(z) are renormalization factors

* Renormalon ambiguity m, can be determined by matching the renormalized
matrix element to the continuum MS result at short distance

* Such renormalized matrix element can then, in principle, be matched to the

light-cone distribution using the MS matching
14



l l IT. Non-perturbative renormalization m
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» To solve to problem: Undesired IR effects(Residual linear divergence)
at large distances

The only possible solution : self renormalization 1.PC(Huo, Su et al, NPB 21°)
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L l IT. Non-perturbative renormalization m
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» Application of Self renormalization: pion DA

* Renormalized quasi-DA of difference lattice spacings

izP, &
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» Truncated FT introduces high frequency oscillations(systematic) uncertainty
2.5 . T ——————— —
D =8 uasi-PDF I ) ]
zmaxiz =47 D45 Q 1‘5__ QuaSI-DA """ Zmax=0.96fm ]
ZmaxPz = 5.9 I 4 'V Zian=1:2fm
10- ;':" = — Znax=1.44fm
:SIN”
S
25 21 0 1 2 3
X
R. Zhang et al, PRD 20’
-20-15-10-05 00 05 10715 20
e. g . Backus — Gilbert method & Bayes — Gauss — FT
17

Alexandrou et al, PRD 21’
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»> Extrapolation to asymptotic distance Jictal, NPB 21’

» Lattice data (available up to limited z,,,,,/2,,4,) May be supplemented with
physics-based extrapolation

> Application in Vector DA: wpee oot L
0.8 1 ' <}> Eig;c:e:tai:)\ﬁll

* Asymptotic behavior at x~0,1:

4 Polynomial A;=12.5

0.6 4

P(x) ~ x4(1 —x)°

* Two extrapolation form: 0.2

0.0 ~

-0.2 1

- C1 iy C2 _A
(P = | o+ g
axd C1 i\ 62 T T T T T T T v
H(Z,Pz) = (—i—)\)a +e' (’i)\)b, ° 2 4 6 /\8=sz10 12 14 16
Jun et al (LPC), PRL 21’ T
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» From quasi — light cone

t
A

n,& —
V2

‘Q
Ny

EFT

» Factorization or matching formular

3 l AZC AZC
qCx, P%p) = [ dyC=1(x,y, P%, )Gy, ) +.0 (( L o

: z\2'’ — z
LCDA Perturbative Quasi-DA ' xP2)= (L =x)P )_

calculation

Large momentum expansion breaks done in end point region:
xP?~Aogcp; (1 —x)P?~ANgcp; For P7,, = 2.15GeV, reliable region: (0.1, 0.9)

19
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> MILC, 3 lattice spacings:
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20
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» Precise knowledge of meson LCDAs are important for understanding
various hard exclusive processes

» LaMET and Lattice QCD now allow to do ab initio calculations of these
meson DAs and make a comparison with measurements

» Self renormalization scheme have been applied to avoid undesired IR
effects

» Extrapolation strategies have been applied to facilitate FT to momentum
space

Thank yow for your attentions!
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G
1
This work | o (") = / dz (2x — 1)n¢7r(x7.u2) )
0
0.303(29) \
HOPE TMR
HOPE Mom | = ’ . ¢« Renormalization
L A //—‘—‘)
Zhang(]Z%tza(\)I) g methOd
sal et ol | o « Extrapolation in the
coordinate space
Arthur et al. |
(2011)
Del Debbio et al. [ N
(2003)

0.12 0.13
<&?>(u=2GeV)
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Linear Renormalon Residual || Discretization
dlvergencie ambiguity : error i i

In {1/ aAQCD)]
In Mz, ) = —o— mg K W fa ) > L In ( o [H : ]
aln [aAQCD] bO In [ﬂ/ AQCD] In (aAQCD)

| Resummation of /

log divergence
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