
Origin of Neutrino Mass on Convex
Cone of Positivity

黎栩
高能物理研究所

报告基于与周顺研究员合作的文章：arXiv: 2202.12907

十一届高能物理分会--中微子、天体粒子物理学和宇宙学分
会场--八月十日



Motivation
非零中微子质量 à
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大气中微子，太阳中微子
，反应堆中微子的振荡…

有效算符

SM 不是一个完整理论而是一个有效理论
Weinberg算符的树图完成: type-I seesaw, type-II seesaw, type-III seesaw,…

几种Seesaws 模型在五维中是不可区分的
对低能可观测量的模型依赖的预测出现在更高的维度中…

新物理 (UV) 非常有可能耦合到 L 和 H 二重态

目标: 使用模型无关的方法在更高维的空间来对seesaw模型进行区分

Ø凭借SMEFT的框架，近年发展起来的正定性约束的几何方法将
会有帮助

[P. Minkowski,PLB(1977)] [W. Konetschny and W. Kummer, PLB(1977)] [R. Foot, et al, ZPC 44(1989)]
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SMEFT, 正定性和锥

SMEFT 框架: 通过积掉重自由度，用更高维的算符来描述“紫外完成”的红外行
为,

正定结构: 利用量子场论的基本原理，如因果性，幺正性，洛伦兹对称性的等 -> 获得对
Wilson系数的约束

2对2振幅:

c2 > 0; 或者在SMEFT中: C(8) > 0

对于更高s依赖性的约束可见：
近期发展: [S. Ghosh et al., 2204.07617] [L.-Y. Chiang et al., 2204.07140] [S. D. Bakshi et al., 
2205.03301] [D. Chowdhury et al., 2205.13762] [G. N. Remmen, N. L. Rodd, 2206.13524] 

几何观点: 紫外态作为更高维算符的树图完成，在凸锥中是可分辨的

[A. Adams et al., JHEP 06]

[C.Zhang and S.-Y. Zhou, PRL(2020)]



幺正性 -> 光学定理:

主公式

因果性 -> 柯西积分公式

…  +  s<->u 交叉+ +=

s2
(dim-8)
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[C. Zhang and S.-Y. Zhou, 
PRL(2020)]

对于𝑖𝑗 → 𝑘𝑙的2对2向前散射(𝑡 = 0) :



凸锥

两个重点:

Mijkl 是 的正线性组合

1. Mijkl 处于凸锥中

2. 当 X 属于不可约表示时，Mijkl 可以成为棱

Clebsch-Gordan (CG)系数.

生成元:
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E1 E2

E3

锥内的任何矢量总是能被写成Ei的正线性组合

(Edge)

[C. Zhang and S.-Y. Zhou, 
PRL(2020)]
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锥的棱

E1 E2

E3

X

由生成元构造的锥 高维算符的树图完成

UV完成和锥

可能对应于

不可约表示中的紫外态
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E1 E2

E3

不可约表示中的紫外态

1 3 3

Type-I Type-II Type-III

Seesaw 模型

(不可约
表示)seesaws能出现在八

维否?

[L.-F. Li, PRD(1980)] [E. Ma, PRL(1998)]

锥的棱

可能对应于

UV完成和锥

由生成元构造的锥



L,H 被分配到不可约表示2 :
则 X 可被分配到 1 或 3

CG 系数:

得到生成元!

[C. Zhang, 2112.11665]

[H.-L. Li, et al. PRD(2021)],
[C. W. Murphy, JHEP(2020)]

x 是HH和LL之间耦合的相对大小
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[C. Zhang, 2112.11665]

7

[H.-L. Li, et al. PRD(2021)],
[C. W. Murphy, JHEP(2020)]

L,H 被分配到不可约表示2 :
则 X 可被分配到 1 或 3

CG 系数:
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x 是HH和LL之间耦合的相对大小



[C. Zhang, 2112.11665]
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[H.-L. Li, et al. PRD(2021)],
[C. W. Murphy, JHEP(2020)]
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[C. Zhang, 2112.11665]
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[H.-L. Li, et al. PRD(2021)],
[C. W. Murphy, JHEP(2020)]

L,H 被分配到不可约表示2 :
则 X 可被分配到 1 或 3

CG 系数:

得到生成元!

x 是HH和LL之间耦合的相对大小



八维的树图紫外完成

特征矢量

三种seesaws模型作为紫外完成的子集出现
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玻色子类型和费米子类型的紫外态分别处于七维空间中两个不同的子空间

玻色子

费米子
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特征矢量

八维的树图紫外完成
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seesaw lives on one of two edges. On the other hand,
the type-II seesaw lives in the five-dimensional subspace
of LLLL and HHHH and appears in the convex cone,
as shown in its three-dimensional projection in Fig. 2.
To better visualize the convex cone and the UV models,
we have chosen a particular two-dimensional direction as
explained in the caption of Fig. 2.

FIG. 2. The 3D cross section of the 5D LLLL+HHHH sub-
space. To best visualize the B1 state represented by the red
line, we have chosen a particular direction to project the UV
states with (x, y, z) = (�0.7C3 + 0.69C4 + 0.11C5 + 0.13C6 +
0.057C7, 0.031C3 + 0.85C5 � 0.5C6 � 0.16C7,�0.019C3 +
0.31C6 � 0.95C7)/(C3 + 2C4 � 2C5 � 3C6 � C7), and the
UV states (⌅1,B,WI) are projected as points by specifying
x
2 = (1/4, 1, 1/4).

Another practical application of the convex geometry
is to solve the inverse problem [31, 34], as any UV com-
pletion must have net dim-8 e↵ects that cannot be com-
pletely lifted by the contributions from other possible
UV completions. Then we proceed to explain how to
infer the information about the UV physics. Once the
collider experiments observe the benchmark point that
fixes the vector ~C = (�3/2, 0), it should be a positive
combination of the generator vectors, i.e., ~C =

P
i !i~ci

with i = E,N,⌃,⌃1 and ci being the vector correspond-
ing to each UV state in the C1-C2 plane. The coe�-
cients !i = g2i /M

4
i are positive, and they carry the very

information about the UV theory, namely, the relevant
couplings and masses, .

For instance, if the measured data point is located ex-
actly on the edge represented by ~c = (�1/2, 1/2), then
one can pin down the existence of N , i.e., the UV state
in the type-I seesaw. At the same time, the existence of
other UV states E,⌃,⌃1 can be excluded. These conclu-
sions are guaranteed by the salient feature of the ER of
the convex cone. If the data point lies on the edge, the
associated vector cannot be decomposed into any other
vectors. Therefore, the only possible UV state X should
be the one in the irrep r corresponding to that edge.

~C0 E ⌃1 N ⌃

(�1/2, 1/2) 1 1 � 1.0 1
(�3/2, 0) � 0.9 � 1.07 � 0.9 � 1.07

(�3/2, 0) with � = 0.1 � 0.85 � 1.0 � 0.85 � 1.0

(0, 0) with � = 0.1 � 1.22 � 1.5 � 1.22 � 1.5

TABLE II. The derived lower bounds on Mi/
p
gi in units

of TeV for each UV state with i = E,N,⌃,⌃1. The mea-
sured data are represented by two points in the first two rows,
whereas by the allowed ranges in Eq. (14) with � = 0.1 in
the last two rows.

Generally, the measured data point may be not on the
edge but inside the cone. In reality, the experimental re-
sults of the WCs are usually reported as a region bounded
by the multidimensional ellipsoid, which is determined by
the ��2-value. Then the question is how to extract the
constraints on !i from experimental data. The solution
has been provided in Refs. [31, 34]. If the experimental
result is represented by a point ~C0 in the C1-C2 plane,
then the upper bound on !i can be derived by finding the
maximal value of � such that the following vector breaks
the positivity condition

~C(�) ⌘ ~C0 � �~ci =
X

j 6=i

!j~cj + (!i � �)~ci . (13)

The value of � can be stated as the maximum possibility
for the UV state i to exist and explain the experimental
data. Unlike the numerical solution in Refs. [31, 34], we
find that this can be identified as a conic optimization
problem, thanks to the convex nature of the WC space.
Given the uncertainty as a multidimensional ellipsoid,

the upper bound on !i can be determined since the conic
optimization reduces to the second-order cone program

maximize �

subject to ~C � �~ci ⇢ C

( ~C � ~C0) ·A · ( ~C � ~C0)  �

(14)

where A is the covariant matrix from the �2-analysis, ~C0

is the best-fit point, and � is determined by the desired
confidence level and by the number of free parameters. If
the � constraints are absent, the problem automatically
reduces to the linear optimization program. Both these
two optimization problems can be solved by the well-
established computer algorithms.
For illustration, we take the best-fit point ~C0 =

(�3/2, 0) and the constraint as the disc (C1 + 3/2)2 +
C2

2  0.1, whose boundary has been plotted as the dashed
circle in Fig. 1. In Table II, we summarize the results by
solving Eq. (14) in such a simple setup. The bounds on
!i for the benchmark point ~C0 = (�3/2, 0) and that for
the point on the edge ~C0 = (�1/2, 1/2) have been de-
rived and then converted into the bounds on Mi/

p
gi in

紫外态是费米子 紫外态是玻色子

锥的子空间截面
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凸优化

测量到的点

凸优化：

反向提取紫外态能标的下限：[C. Zhang, 2112.11665]
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紫外态是费米子



UV states are Fermions

突破边界
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凸优化

凸优化：

反向提取紫外态能标的下限：[C. Zhang, 2112.11665]



总结

EFT 系数空间在八维会出现正定结构, 这来自于量子场论的基本原理.

为了实现Weinberg算符，新物理非常可能耦合到L和H，所以构建出包
含LLHH的八维空间的凸结构，非常有利于我们探测该新物理。

对称性的不可约表示可以形成凸锥， seesaw模型作为SU(2)的不
可约表示，会很自然地出现在锥中。

反向探测紫外态的能标下限能够由完善的凸优化程序实现。
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Backups

12



To formulate this approach, symmetries of the system help
(will also discuss cases without symmetries)

Make use of symmetries of the problem (SM symmetries, helicities)

Dispersion relation:

Becomes:

is the projective operator of an irrep r, obtained by CG coefficients.

The generators are simply (subset of)

Dynamics

Symmetry

i(j|k|l): j,l symmetrized

Talk by Cen Zhang (HEP 2021)



Infer UV model from EFT measurements

Inverse problem: Given the measured values of the operator coefficients around the 
electroweak scale, to what extend can we possibly determine the nature of the new physics 
beyond the SM? [Gu, Wang, 2008.07551]
see also [S. Dawson et al. 2007.01296] [N. Arkani-Hamed et al. hep-ph/0512190]

Positivity bounds

Many BSM models

More UV 
DoFs

Less UV DoFs

Less UV DoFs

SM +
particle 1

SM +
particle 2

SM +
particle 4SM +

particle 3

SM + 2
particles
(3&4)

No UV

No UV No UV

[CZ and S.-Y. Zhou 2005.03047]
[2009.02212 B. Fuks, Y. Liu, CZ, S.-Y. Zhou]

Talk by Cen Zhang (HEP 2021)



Testing and confirming the SM: Null result of measurements at dim-6 does 
not exclude all BSM, but does at dim-8 by using positivity bounds

Dim-6: no positivity, different states may 
cancel each other’s effects.

E.g., scalar and vector generate 4-
fermion operators with opposite signs.

No UV particle can be absolutely 
excluded.

SM

Zero D6

Zero D8

Dim-8: with positivity, different states are 
not allowed to cancel.

All states can be exclude to some 
absolute scale. (by using posi. bound)

Unlike dim-6 cannot lift this limit by 
adding more and more BSM states.

A robust confirmation of the SM.

[Gu, Wang, 2008.07551]

[2009.02212 B. Fuks, Y. Liu, CZ, S.-Y. Zhou]
Talk by Cen Zhang (HEP 2021)


