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Motivation

Track-based measurements offer:
® Superior angular resolution
® Pileup mitigation

® One problem: Track-based
calculations are not IR safe in
perturbation theory.

|

Track Functions
> |R divergences are absorbed Iinto

universal non-perturbative functions.
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v Track functions introduced and studied at O(«,).
[H. Chang, M. Procura, J. Thaler, W. Waalewijn, 1303.6637, 1306.6630]

® Complicated:

observables. For all of these observables, the uncertainties for the track-based observables are significantly
smaller than those for the calorimeter-based observables, particularly for higher values of 5, where more
soft radiation is included within the jet. However, since no track-based calculations exist at the present

time, calorimeter-based measurements are still usetul for precision QCD studies. Gussseeslencl ol adeadd
the selection of charged particle jets. Note that track-based observables are IRC-unsafe. In general, p

nonperturbative track functions can be used to directly compare track-based measurements to analytical

calculations [67H69]; however, such an approach has not yet been developed for jet angularities. Two

. . : . : . ALICE Collaboration, 2107.11303
techniques are used, described 1n the following subsections, to apply the nonperturbative corrections. " |

0.4 and 0.8. For each quantity, we define a variant where the observables is calculated using
only the charged constituents in anti-kt algorithm (“charged”). While observables computed
with both charged and neutral constituents can be described more easily from first-principle
calculations, the charged variants can be measured with a better resolution as a result of the
high efficiency and precision of the tracking detector. [CMS Collaboration, 2109.03340]

v This talk: Track function formalism beyond leading order.
4+ New: Results for the non-linear x-space evolution at @(asz). [To appear soon]

v Evolution of track functions in moment space and track energy correlators on tracks at @(asz).
[PRL, arXiv:2108.01674; JHEP, arXiv:2201.05160]
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https://arxiv.org/abs/2201.05166

Outline

® |ntroduction to Track Functions
® Calculational Techniques & Results

® Reduction to DGLAP and Multi-hadron

Fragmentation

® Summary

V1 —— p=10 GeV, T,= 12x*(1-x)
5/ —— LO, u=100 GeV

NLO, =100 GeV
LO, u=1000 GeV

NLO, 1=1000 GeVp\ |




Introduction to Track Functions

R N AN A B
4.0 —— 100 - 1000 GeV -
~ ---- Pythia 1000 GeV :
"~ —— Pythia 100 GeV
3.0 .... Pythia 10 GeV
- —— 100 - 10 GeV




TraCk FunCtionS Z(X, Iu) [H. Chang, M. Procura, J. Thaler, W. Waalewijn,

1303.6637, 1306.6630]
Definition

e The track function 7 (x, 1) describes

the total momentum fraction x of all
charged particles (tracks) in a jet

initiated by a hard parton 1.

P} =xp+0(AqQcp) -0 <x<1).

e This formalism applies to other f
subsets of particles (positively-
charged, strange, etc). 4‘,



Track Functions

Features [H. Chang, M. Procura, J. Thaler, W. Waalewijn, 3.0 ... Pythia 10 GeV

1303.6637, 1306.6630]

® A generalization of the
fragmentation function (FF).

o |ndependent of hard process.

o Fundamentally non-perturbative,

with a calculable scale (u)
dependence.

O |ncorporating correlations

multi-hadron FFs.
]

© Sum rU|e: [ dx Z(xa //t) — 1 I

0

40F — 100> 1000GeV -

[ ---- Pythia 1000 GeV i

- —— Pythia 100 GeV P

- 10 GeV )

2.0F [N -

Tg(.x, Il/t) i 3 N\ i
1.0F —

0.0L - 5

0.0 0.2 0.4 0.6 0.8 1.0

between final-state hadrons, like €T © The probability of a parton to produce a

® The single-hadron fragmentation function:

single-hadron state considered.

O The momentum sum rule:

dz z D;_;(z,p) = 1.




Incorporating Tracks

[1303.6637]
e For a o-function type observable e

measured using partons:

d d l )
9 _ ZJdHN ON 5 e —e(p!)

full functional
y formofT

do doy 5 _
& §[ anf | C e )

[Chen, Moult, Zhang, Zhu, 2004.11381]

I(1)E;

T(DE

® Energy correlators: E.g., 2-point
correlator (EEC)

dX Lk
= ) (cos — COS ) d
dcos y ZJ 02 1 Lij | 40

- [dxi Y}(Xi)xan in

= T{(n)E]
only Mellin moments

moments of T
EE

dx
( ) ZT(l)T(l)J—é <COS)(—COS)(U> do
dcosy /4y vy 0?
Track EEC

E2
Z Tk(Z)J—é (COS)(— 1) do
- Q-



Track Functlon Evolution
dln,u ZZ H / dzm 5(1_ sz)Ki_){if}({Zf})

M {ig} m =l

X H/dwm ... I T, 5<x—izmazm)

(0= g u, i, d, )

® Nonlinear, involving contributions
from all branches of splittings.

® For fragmentation functions: Only
one branch observed — Linearity

Di—>h(-x) — Z D]—>h ® P]?(X)
J

® | O evolution:

d In p?
d (0)
Ii(x,p) = a(u) Z JdZIdZZ K (21, )01 —z; — )
dIn u?

£ T (%)

X deldX27}(xl, //l)Tk(X2, /1)5[)6 — ZIXI_ZZ.Xz] . 1%
Involving contributions from both Z, T (% )

the branches of the splitting. ¥,




Calculational Techniques
& Results

3.0, 1=10 GeV, T,= 12x*(1-x)
5! LO, u=100 GeV

| — NLO, =100 GeV
T LO, u=1000 GeV
R 150 ---- NLO, 1=1000 GeV,
= /

00 02 04 06 08 10
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Track Jet Functions

To calculate directly...
The definition for track jet functions is that

Joi(8,%) = ZZ/d‘I’ 6(s — 8 )oi iy ({ird {sssr 8 )/—

N {ir}
E.g., the quark case:

- >

[G. Sborlini, D. Florian, G. Rodrigo: arXiv:1310.6841]

11

In DR: T® = bare
; i

LO track jet function:
JO = 5(s)T”
l l

N
5(:10 — Z :cmzm>
m=1

[S. Catani, M. Grazzini: arXiv:hep-ph/9908523]




Calculation of Track Jet Functions

After integration over angular variables,
1

Jtr,i(S’ X) D [dxldxzdx3j dzld22d235(1 — <] T Z3)Pi—>i1i2i3(zl’ {0 Zg)

0 have not been expanded in €
X 7;(10)(361)7;(20)(362) 7;(30)(363)5()6 — Z21X] — 20Xy — 23X3)

o Forz; <z <z (i, 13 = 1,2,3), do the coordinate transformation
) 2t ) z 1
) 21 ?
14+z+2t""2 " 14z4+2t""7  14z+ 2t
[Sector decomposition (Heinrich, arXiv:0803.4177)]
e Forl — n+ 1 splitting P,_,,. (21,2, ***,Z,41) » We can set
% %y
g <7, <<z <z and L7 b=l

%) Zl3 Zln+1

<11

n

to divide the integration region and then separate the singularities.

1 = 9 eplitt Z 1
» For 1l — 2 splittings, z; — — Z;, = — forz; <z .
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RGSU"IS in e/’/ — 4 SYM a: 1’ Hooft coupling constant

d : 1 1 1 | 1 »
dlsz(;p): {Kgl (a:)—}—/ d:cl/ dxz/ dz KV, (2) T(21)T(z2) 6 R il e

/ dxl/ d.’L'Q/ da:;;/ dz/ dt K£1_)>3 t) T(x1)T(x2)T (x3)

zt
X0|x—
(x $11—|—z—|—zt 1—|—z—|—zt 1—|—z—|—zt>}

where

1 2
K1Y, = 25, K, (2) = gﬂ % )  941n iz+ 1) 16In(z) in(z—l— 1)
K, (2 1) =8 {4111“2 £ 1] [ (4 ] _ lnd_ 7iaf +t>>
LY A+ | %= i 14
2[In(1+1t2) —In(1+2+tz)] 10[In(l1+2+tz)—In(l1+2)]  In(1+tz2)
1+ +2)(1 +t2) | - A D200+ 2)
7TIn(1+tz) In(

In(1+%)—Int In(l+2)+In(1+%) In(1+ 2) zIn(1 + 2) }
tz A+t +tz) A+t (1 +2) (14+t)z (1+2)(1 +t2)
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Results in QCD

E.g. Gluon case: For brevity, a? = [a,(u)/(4m)]* is suppressed.

d
zTg(x) _T (1)

dlnp
/ dxlf d:BQ/ dzo (az—m 51721_7_2> [Tg(xl)T( )Kg(;)l( )
2Ty

Ty(wa) + Ty(m2)Ty(1)) K 2, (2)

/da71/ dzo d:z;3/ dz/ dt5<x—x1 Zl = 27 ZZ = Y37 zt Zt)
X { 6.5\ ) () Tl )Kg)ﬂ( t)

+Z[Tg(m3)(Tq(fE2)Tq(a?1)+Tq($1)T( 2)) Kg(izzll( t)

+ Ty (@2) (Ty(ws) Ty(a1) + Ty(w1) Ty(es)) Kby (2,1

+ Ty(x1) (Ty(23) Tg(z2) + To(z2)Th(xs)) Ké}]ZI?)( )] }

14



Solving the RGEs Numerically

® Suppose that the track function at any scale,

e A toy model: at y, = 10 GeV,
T(x) = 12x*(1 = x) (i = ¢, g)

of which the first moment is

0.6 ~ that in real world QCD.

p=10 GeV, T,= 12x*(1-x)

LO, u=100 GeV
--- NLO, =100 GeV
LO, u=1000 GeV :

-3
NLO, =1000 GeV/ ‘

00

02 04 06

08

1.0

I(x, p1;), can be well described by a

polynomial of some degree. T(x, ,uj) can be
restored from a finite number of its moments.

15

300 2' -
- —— pu=10 GeV, T ;= 12x“(1-x)
25

LO, u=100 GeV
NLO, u=100 GeV
LO, u=1000 GeV
NLO, u=1000 GeV,
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Reduction to DGLAP and
Multl hadron Fragmentatlon




Fragmentation Functions

U. P. Sukhatme and K. E. Lassila, Phys.Rev.D 22 (1980) 1184]

- . [
Slngle' and Multi-hadron cases [de Florian, Vanni: arXiv:0310196]

e The single-hadron fragmentation function D;_,,(y) gives the probability of

finding in a jet a single hadron /4 with momentum fraction y of that possessed
by the jet-initiating parton 1 (a quark, antiquark or gluon).

e The N-hadron fragmentation function D;_,;, ; ..., (¥}, Y5, ***, V) for

fragmentation of parton 1 into /V hadrons which carry fractions y;, y,, +-, yy of
the momentum carried by the initial parton.

e N = 2: Di-hadron fragmentation function D,_,;, ; (v}, ).

17



Notation
dh(liﬂz Ii(z) = Z Z _i—l /Oldzm: 5(1 - ﬁ/lj Zm)Kia{if}({Zf})

M {if} -

- M il B
X H /0 A L. (X, )
o 5 it )

d
ZTZ(QZ‘) — Z Ki—>i1i2-~iM X TilTig e TiM (.CE)
dIn u VTR
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Reduction to DGLAP

e For notational simplicity, set M < 3. 17i->4

19



Reduction to DGLAP

® [he NLO evolution

d
& Din(@)
Ti 9 1—h

dIn p2 () dIn M(l)

— 1) T, (x) = K; {;Din(z)
o 1—1 1)

Z K(l) X T Z K’L—ﬂlzz &) [Dil—m(xl) T ng—>h($2)]

1—>1119 (i}

{ir}

Zf (1) _I_ Z Kz(iZzlzgzg ® [Dzléh(xl) _I_ D22—>h(m2)
_I_ Z—>212223 {Zf}

v ‘|‘Dz’3—>h($3)]

equivalent to '

d T
— E (1)
dIn 2 Do) = 2, Djon ® £ (0)

J

20



Reduction to Di-hadron Fragmentatlon

e For notational simplicity, set M < 3.




Reduction to Di-hadron Fragmentation

e For notational simplicity, set M < 3.

22



RTethlEgtlc?n to Di-hadron Fragmentation
® e evolution:

d ! .
d1n 'u2 Di—>h1h2 (yla y2) — {K,L(_ZzDi—)hth (:‘/17 y2) + Z KZ(_221Z2 X [Di1—>h1h2 —- D’ig—)hlhg]

{ir}

1
+ § , gzmz?, L sahs T sl T Di3—>h1h2]}
{ir}

T { Z K’&(izzlzz & [Di1—>h1 Diy—hy + Diy—h, Dig—)hl]

{is}
1
T Z z(—zzlzgz?, ’&1—>h1 Di2—>h2 T Di1—>h2 Di2—>h1
lif}

—I_Dil —)hl Di3—>h2 _|_ Di1—>h2 Dig—)hl

—|—Di2_)h1 Di3—)h2 T D’ig—)hQ D23—>h1] }
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Summary & Outlook

® T[rack functions offer a QFT approach to calculating track-based observables.
This formalism allows IR-safe observables to be computed on any subset of
final-state hadrons specified by some particular guantum numbers.

e The full result of the nonlinear x-space evolution at ﬁ(asz).
© Numerical implementation.

® [he equation can be thought of as the most general equation for collinear

evolution at NLO. From that, one can derive the NLO corrections to single- and
multi-hadron fragmentation functions.

® Precision phenomenology with tracks using track functions; application of the
multi-hadron fragmentation functions.

24
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