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Background
Two Coupled Channels: 

LO T-Matrix:

Production in CH1:

Threshold Behaviors:

Case 1:                              driving

Case 2:                              driving

X.-K. Dong, F.-K. Guo, B.-S. Zou                         
Phys.Rev.Lett.126,152001(2021)
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Three Coupled Channels with Symmetry
Three Coupled Channels: 

LO T-Matrix:
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Assumption and Simplification 
Assume the couplings between CH1 and CH2,3 are weak:  

Reduced determinant and T matrix elements:
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Labels of different Riemann sheets
Different Riemann sheets are labeled by the signs of Im𝒌𝒌𝟏𝟏, Im𝒌𝒌𝟐𝟐, Im𝒌𝒌𝟑𝟑, and the labels 

are same as the labels of the octants
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Labels of the octants



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The poles of the T matrix are the zeros of the determinant:
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The pole positions depend on 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|

|𝒂𝒂𝟐𝟐𝟐𝟐| ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The poles of the T matrix are the zeros of the determinant:
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The pole positions depend on 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|

|𝒂𝒂𝟐𝟐𝟐𝟐| ≫ |𝒂𝒂𝟐𝟐𝟐𝟐|

|𝒂𝒂𝟐𝟐𝟐𝟐| ≪ |𝒂𝒂𝟐𝟐𝟐𝟐|



Threshold Behavior of the Line Shapes
Weak coupling limit and symmetry: 𝒂𝒂𝟏𝟏𝟏𝟏 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 = 𝒂𝒂𝟐𝟐𝟐𝟐,𝒂𝒂𝟏𝟏𝟏𝟏 = ±𝒂𝒂𝟏𝟏𝟏𝟏

Reduced determinant and T matrix elements:

Case a: 𝒂𝒂𝟐𝟐𝟐𝟐 > 𝟎𝟎, Case b: 𝒂𝒂𝟐𝟐𝟐𝟐 < 𝟎𝟎;  (𝒂𝒂𝟏𝟏𝟏𝟏 = 𝒂𝒂𝟏𝟏𝟏𝟏)

Case a ⟺ Case b;  (𝒂𝒂𝟏𝟏𝟏𝟏 = −𝒂𝒂𝟏𝟏𝟏𝟏)   
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The line shapes are classified by the
pole positions and sgn[𝒂𝒂𝟐𝟐𝟐𝟐]



Threshold Behaviors Case 1: |𝒂𝒂𝟐𝟐𝟐𝟐| 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏, |𝒂𝒂𝟐𝟐𝟐𝟐| 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 1: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are weak.

Threshold behaviors are similar to the two coupled channel case:
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X.-K. Dong, F.-K. Guo, B.-S. Zou                         
Phys.Rev.Lett.126,152001(2021)



Threshold Behaviors Case 1: |𝒂𝒂𝟐𝟐𝟐𝟐| 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏, |𝒂𝒂𝟐𝟐𝟐𝟐| 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

The pole trajectories for − 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟏𝟏.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm:
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The pole trajectories on the 2nd, 3rd, 6th Riemann sheet

𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm

𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Threshold Behaviors Case 1: |𝒂𝒂𝟐𝟐𝟐𝟐| 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏, |𝒂𝒂𝟐𝟐𝟐𝟐| 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟏𝟏.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm:
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The pole trajectories on the 4th,  5th,  8th Riemann sheet

𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm

𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Threshold Behaviors Case 1: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏, 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 1:
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟏𝟏 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟏𝟏 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 1: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏, 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 1:
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟏𝟏 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟏𝟏 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 2: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 2: Couplings in CH2 &CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟎𝟎.𝟖𝟖 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 3rd Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 2a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 2a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟓𝟓𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 2a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 2a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟓𝟓𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 2b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 2b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟓𝟓𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 3: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 3: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟎𝟎.𝟖𝟖 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 4th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 3: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 3: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟎𝟎.𝟖𝟖 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 5th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 3a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 3a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟓𝟓𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 3a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 3a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟓𝟓𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 3b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 3b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟓𝟓𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 4: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 4: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are strong.

Take three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟑𝟑| and there are no pole near the thresholds:

2022-07-29 ZHZ-Classification of the Near Threshold Behaviors 23



Threshold Behaviors Case 4a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 4a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Summary

 Classification of the near threshold behaviors of the line shapes in a kind of 

symmetrical-coupled-channel system (𝒂𝒂𝟐𝟐𝟐𝟐 = 𝒂𝒂𝟐𝟐𝟐𝟐, 𝒂𝒂𝟏𝟏𝟏𝟏 = ±𝒂𝒂𝟏𝟏𝟏𝟏)  in a weak coupling  limit

|𝒂𝒂𝟏𝟏𝟏𝟏| 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏 in the ZREFT framework. 

 |𝐓𝐓𝟐𝟐𝟐𝟐 − 𝐓𝐓𝟑𝟑𝟑𝟑| have peaks in their line shapes even there is no near threshold pole.

 The poles on the 4th and 5th Riemann sheets also have observable effect on the line 

shapes.

Thank you for your attention!
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Back up
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Threshold Behaviors Case 2: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 2: Couplings in CH2 &CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟎𝟎.𝟖𝟖 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 4th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟔𝟔.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐

𝒂𝒂𝟐𝟐𝟐𝟐
= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 2nd Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm 𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟔𝟔.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐

𝒂𝒂𝟐𝟐𝟐𝟐
= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 3rd Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm 𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟔𝟔.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐

𝒂𝒂𝟐𝟐𝟐𝟐
= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 4th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm 𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟔𝟔.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐

𝒂𝒂𝟐𝟐𝟐𝟐
= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 5th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm 𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Threshold Behaviors Case 4a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 4a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 4b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 4b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 1: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏, 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 1:
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟏𝟏 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟏𝟏 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm,
𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm

𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 
𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Threshold Behaviors Case 5: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≪ −𝟏𝟏

Case 5: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are strong.

Take three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟑𝟑| and there are no pole near the thresholds:
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Threshold Behaviors Case 5a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≪ −𝟏𝟏

Case 5a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 5a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≪ −𝟏𝟏

Case 5a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 5b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≪ −𝟏𝟏

Case 5b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 6: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑~𝟓𝟓.𝟒𝟒 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 2nd Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 6: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑~𝟓𝟓.𝟒𝟒 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 3rd Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 6a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑.𝟕𝟕𝟕𝟕 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒.𝟐𝟐 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 6a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑.𝟕𝟕𝟕𝟕 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒.𝟐𝟐 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 6b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑.𝟕𝟕𝟕𝟕 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒.𝟐𝟐 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 7: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑~𝟓𝟓.𝟒𝟒 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 4th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 7: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑~𝟓𝟓.𝟒𝟒 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 5th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 7a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑.𝟕𝟕𝟕𝟕 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒.𝟐𝟐 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 7a: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7a: 𝒂𝒂𝟐𝟐𝟑𝟑 > 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑.𝟕𝟕𝟕𝟕 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒.𝟐𝟐 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 7b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑.𝟕𝟕𝟕𝟕 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒.𝟐𝟐 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟔𝟔.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐

𝒂𝒂𝟐𝟐𝟐𝟐
= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 4th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm 𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟔𝟔.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐

𝒂𝒂𝟐𝟐𝟐𝟐
= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 6th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm 𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟔𝟔.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐

𝒂𝒂𝟐𝟐𝟐𝟐
= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 6th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm 𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Pole Positions for Different 𝒂𝒂𝟐𝟐𝟐𝟐 and |𝒂𝒂𝟐𝟐𝟐𝟐|
The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟔𝟔.𝟐𝟐 fm & 𝒂𝒂𝟐𝟐𝟐𝟐

𝒂𝒂𝟐𝟐𝟐𝟐
= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 8th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm 𝑻𝑻𝟏𝟏 = −𝟎𝟎.𝟔𝟔𝟔𝟔 GeV, 𝑻𝑻𝟐𝟐 = 𝟎𝟎 GeV, 
𝑻𝑻𝟑𝟑 = 𝚫𝚫 = 0.0082 GeV



Threshold Behaviors Case 2: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 2: Couplings in CH2 &CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟎𝟎.𝟖𝟖 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 6th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 2b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 2b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟓𝟓𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm

The lineshapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 3: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 3: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟐𝟐~𝟎𝟎.𝟖𝟖 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 6th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 3b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 3b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎

2022-07-29 ZHZ-Classification of the Near Threshold Behaviors 57

𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟓𝟓𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟎𝟎.𝟔𝟔𝟔𝟔 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 4b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 4b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 5b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≪ −𝟏𝟏

Case 5b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟓𝟓 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟎𝟎.𝟔𝟔 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 6: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑~𝟓𝟓.𝟒𝟒 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 4th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 6: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑~𝟓𝟓.𝟒𝟒 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= −𝟎𝟎.𝟗𝟗𝟗𝟗,−𝟏𝟏,−𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 6th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 6b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑.𝟕𝟕𝟕𝟕 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒.𝟐𝟐 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Threshold Behaviors Case 7: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑~𝟓𝟓.𝟒𝟒 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 6th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 7: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑~𝟓𝟓.𝟒𝟒 fm & 𝒂𝒂𝟐𝟐𝟐𝟐
𝒂𝒂𝟐𝟐𝟐𝟐

= 𝟎𝟎.𝟗𝟗𝟗𝟗,𝟏𝟏,𝟏𝟏.𝟎𝟎𝟎𝟎 :
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The pole trajectories on the 8th Riemann sheet 𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm



Threshold Behaviors Case 7b: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7b: 𝒂𝒂𝟐𝟐𝟑𝟑 < 𝟎𝟎
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𝒂𝒂𝟏𝟏𝟏𝟏 = 𝟎𝟎.𝟔𝟔 fm, 𝒂𝒂𝟏𝟏𝟐𝟐 = 𝟓𝟓 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟑𝟑 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟑𝟑.𝟕𝟕𝟕𝟕 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒 fm
𝒂𝒂𝟐𝟐𝟐𝟐 = 𝟒𝟒.𝟐𝟐 fm, 𝒂𝒂𝟐𝟐𝟐𝟐 = −𝟒𝟒 fm

The line shapes for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟐𝟐|:



Duality Between the Poles for 𝒂𝒂𝟐𝟐𝟐𝟐 < 𝟎𝟎 and 𝒂𝒂𝟐𝟐𝟐𝟐 > 𝟎𝟎
The poles of the scattering amplitude are the zeros of det

Reflection of parameters: 

Reflection of determinant: 

Duality of the poles: 
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Duality Between the Poles for 𝒂𝒂𝟐𝟐𝟐𝟐 < 𝟎𝟎 and 𝒂𝒂𝟐𝟐𝟐𝟐 > 𝟎𝟎
The symmetry of the last two channels: 𝒂𝒂𝟐𝟐𝟐𝟐 = 𝒂𝒂𝟑𝟑𝟑𝟑,𝒂𝒂𝟏𝟏𝟏𝟏 = ±𝒂𝒂𝟏𝟏𝟏𝟏

In the weak coupling limit  𝒂𝒂𝟏𝟏𝟏𝟏 𝟐𝟐𝑴𝑴𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏, the det reads 

If |𝒌𝒌𝟏𝟏| ≫ 𝟏𝟏/|𝒂𝒂𝟏𝟏𝟏𝟏| , we have approximate reflection of parameters: 

Approximate reflection of determinant: 

Approximate duality of the poles: 
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Line shapes of 𝐓𝐓𝟐𝟐𝟐𝟐 − 𝐓𝐓𝟑𝟑𝟑𝟑 𝟐𝟐 ,𝒂𝒂𝟏𝟏𝟐𝟐 = 𝒂𝒂𝟏𝟏𝟏𝟏
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Line shapes of 𝐓𝐓𝟐𝟐𝟐𝟐 − 𝐓𝐓𝟑𝟑𝟑𝟑 𝟐𝟐 ,𝒂𝒂𝟏𝟏𝟐𝟐 = 𝒂𝒂𝟏𝟏𝟏𝟏
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Line Shapes of 𝐓𝐓𝟐𝟐𝟐𝟐 − 𝐓𝐓𝟑𝟑𝟑𝟑 𝟐𝟐 ,𝒂𝒂𝟏𝟏𝟐𝟐 = −𝒂𝒂𝟏𝟏𝟏𝟏
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Line Shapes of 𝐓𝐓𝟐𝟐𝟐𝟐 − 𝐓𝐓𝟑𝟑𝟑𝟑 𝟐𝟐 ,𝒂𝒂𝟏𝟏𝟐𝟐 = −𝒂𝒂𝟏𝟏𝟏𝟏
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Line Shapes of 𝐓𝐓𝟐𝟐𝟐𝟐 − 𝐓𝐓𝟑𝟑𝟑𝟑 𝟐𝟐
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Line Shapes of 𝐓𝐓𝟐𝟐𝟐𝟐 − 𝐓𝐓𝟑𝟑𝟑𝟑 𝟐𝟐
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Threshold Behaviors Case 1: |𝒂𝒂𝟐𝟐𝟐𝟐| 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏, |𝒂𝒂𝟐𝟐𝟐𝟐| 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏

Case 1: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are weak.

The pole positions for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟑𝟑|:
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Threshold Behaviors Case 2: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 2: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole positions for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟑𝟑|:
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Threshold Behaviors Case 3: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≲ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 3: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole positions for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟑𝟑|:
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Threshold Behaviors Case 6: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ −|𝒂𝒂𝟐𝟐𝟐𝟐|

Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole positions for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟑𝟑|:

2022-07-29 ZHZ-Classification of the Near Threshold Behaviors 77



Threshold Behaviors Case 7: 𝒂𝒂𝟐𝟐𝟐𝟐 𝟐𝟐𝟐𝟐𝟑𝟑𝚫𝚫 ≫ 𝟏𝟏,𝒂𝒂𝟐𝟐𝟐𝟐 ≈ |𝒂𝒂𝟐𝟐𝟐𝟐|

Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole positions for three groups of 𝒂𝒂𝟐𝟐𝟐𝟐&|𝒂𝒂𝟐𝟐𝟑𝟑|:
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