Classification of the Near Threshold Behaviors for
a Symmetrical Coupled-Channel System
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Two COUpled Channels: CH1: J/¥n (mi1 = myg, mis =my),CH2: D'D*" (may = mp,may = mp), i =mi1 +mis

LO T-Matrix: & - Vs = (ma1 +miz)?)[s — (may —miz)?] = QLEQ\/a(cH 2m11)(8+ 2mis) (S + 50) + O(E) V3=3s+E
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Three Coupled Channels with Symmetry

3
Three Coupled Channels: cu1: J/z’(ma;,mi2), CH2 : D°D™ (my;1,my2), CH3 : DT D™ (my1,ms2), 5 = Y mi
j=1

I—O T'Matrlx ki = ! \/[S - fml,l + m12)2][3 - (ml,l - m12)2} = %22\/5(5 + 2’“1'»1,1)(5i + 2"'7?»1,2)(21 + 22) + O(E) \/E - 22 +F
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Assumption and Simplification
Assume the couplings between CH1 and CH2,3 are weak: |aja|v/2M3A > 1

Reduced determinant and T matrix elements: det ~ — [i _ ikl- { [i + ng} [i + K,?,] L }
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L_abels of different Riemann sheets

Different Riemann sheets are labeled by the signs of Imk4, Imk,, Imk3, and the labels

are same as the labels of the octants

sgn(Imk;| sgn[Imks] sgn[Imks| Number of the Riemann sheet

S + + +, Y+ + +)
‘ | _ + -+, 2 (—++)
. g
| '" ~ - +, 3~ — )
- Q‘ - - - 4™+ — +)
7 x + + —, 5 (4 4+ —)
N - - -, 6 (— + —)
VI S—— — — -, (= —-)
VI 4
+ — -, 8 (+ — —)

Labels of the octants



Pole Positions for Different a,, and |a,;|
The poles of the T matrix are the zeros of the determinant:

1 1
det = | ik | = o
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TABLE II. Pole positions for different ass and |aes| near F = 0 and E = A.

199

|aga]

Pole position

Near £ =0

Near E = A

asov2M3A > 1

|(t-23| ~ |£122|

3"9RS(— — +), 4""RS(+ — +)

TPRS(— — —), 8"RS(+ — —)

5PRS(+ + —), 6"RS(— + —)

TRRS(— — —), 8MRS(+ — —)

0 < ag2v2M3A < 1

|a-23| ~ |a22|

3"RS(— — +), 4" RS(+ — +)

5RS(4 + —), 6" RS(— + —)

5thRS(—|— + _)‘. GthRS(— + _)

.Tt.hRS(_ — —),_ SthR%(‘i‘ - _)

a220v2MsA < —1

|a-23| ~ |c122|

2MRS(— + +)

5RS(+ + —), 6"RS(— + —)

2"RS(— + +)

3IRS(— — +), 4MRS(+ — +)

—1 < asevV2MsA < 0

|(t-23| ~ |G'QQ|

39RS(— — +), 4""RS(+ — +)

5MRS(+ + —), 6"RS(— + —)

2"RS(— + +)

3"9RS(— — +), 4""RS(+ — +)
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The pole positions depend on a;; and |a,3|

|az,| = |ays]



Pole Positions for Different a,, and |a,;|
The poles of the T matrix are the zeros of the determinant:

e [ ulff2 o

aii

2022-07-29
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TABLE L
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4 53} - — ¢ =0 The pole positions depend on a;, and |a;s|
| 422 a23

Pole positions for

different as2 and |ass| near E'= 0 and F = A.

Pole position

1292 |f't93|
Near £ =0 Near E = A
laga|v/2M3sA > 1 | |ass|/2MsA < 1 no pole no pole

0 < ag2M3A < 1

|{'I-23|\;‘ 2MsA > 1

37RS(— — +) A"RS(+ — +)
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2MRS(— 4+ +)(two poles)

3"9RS(— — 4),4""RS(+ — +)

5MRS(+ + =) 6" RS(~ + —)

no pole

/HZ-Classification of the Near Threshold Behaviors

|az,| > |ays|

|az,| K |ays|



The line shapes are classified by the

Threshold Behavior of the Line Shapes ™ .\ csitions and sgnfa,]
Weak coupling limit and symmetry: |a{3|/2M3A > 1,a,, = ay3, 415 = taq3
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Threshold Behaviors Case 1: |a,,|/2M3A < 1, |ays|/2M3A > 1

Case 1: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are weak.

- - . X.-K.Dong, F.-K. Guo, B.-S. Zou
Threshold behaviors are similar to the two coupled channel case: ‘g : rev\ ett.126 152001 (2021)
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Threshold Behaviors Case 1: |ay,|/2M3A < 1, |ays|/2M3A > 1

The pole trajectories for —a,, = 0.2~1.2 fm & |a,3| = 5 fm:

The pole trajectories on the 29, 314, 61" Riemann sheet
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Threshold Behaviors Case 1: |a,,|/2M3A < 1, |ay;|/2M348 > 1

The pole trajectories for a,, = 0.2~1.2 fm & |a,3| = 5 fm: a;;=0.6fm, a;; =5fm

T{=-0.64 GeV, T, =0 GeV,

: : th Bth Qqth R;
The pole trajectories on the 4, 51 8" Riemann sheet T, = A = 0.0082 GeV
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Threshold Behaviors Case 1: |a,,|/2M3A <

Case 1:

The line shapes for three groups of a;, &
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0.6 5 1 5 —0.0258 £ 0.00007, —0.0075 4+ 0.00067 | —0.0107 £ 0.0005:| —0.0192 £ 0.00044
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Threshold Behaviors Case 1: |a,,|/2M3A <

Case 1:

a1 = 0.6 fm, aqp = 5fm
Ay = O6fm, aAr3 = 5fm
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|a23|1/ 2M3A > 1

Pole position (GeV)(the first row for ags < 0 and the second row for ase > 0)

The line shapes for three groups of a,,&|a-3]:
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0.6 5 0.6 5 —0.0666 4+ 0.00007, —0.0380 4+ 0.0011 | =0.0464 4+ 0.00077| —0.0548 4 0.00074
0.6 5 1 5 —0.0258 £ 0.0000z, —0.0075 £ 0.00067 | —0.0107 £ 0.00057| —0.0192 4+ 0.0004:
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Threshold Behaviors Case 2: |ay;|,/2M34 s 1,a,, ~ —|ay;|
Case 2: Couplings in CH2 &CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for |a3| = 0.2~0.8 fm & —22 = —0.93,—-1,—1.05 :

laz3|
The pole trajectories on the 34 Riemann shee a;; =0.6fm,a;; =5fm
0.02 - - : - - 0.02 : . . . :
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(a)ags = —0.93|a23]| (b)age = —|ass3| (c)ase = —1.05|az3)|

FIG. 13. Poles on the 3"9RS with lags| = 0.2 ~ 0.8 fm, aga &~ —|as3|. Here we use the masses of J/1mg, D°D*° and DT D*~
for channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 2a: |ax;l/2M38 < 1,a,; ~ —|ass]|

Case 2a a23 > 0 ai1(fm)|ai2(fm) |age (fm) | |ass|(fm) Pole position (GeV)
a;; = 0.6 fm, ag, = 5fm 3RS RS 6" RS
ayy = —0.3 fm1 Az = 0.3 fm 0.6 5 -0.3 0.3 [0.0122 £ 0.01317|0.0121 + 0.01317|—0.0120 + 0.00007
Ay, = —0.56 fm, ay3 = 0.6 Tm 0.6 5 —0.56 0.6 [0.0042 £ 0.00737|0.0041 + 0.00737|—0.0128 £ 0.00017
aryr = —0.63 fm, a3 = 0.6 fm 0.6 5 —0.63 0.6 [0.0130 £ 0.0075i|0.0129 + 0.00767|—0.0033 £ 0.00007

The line shapes for three groups of a,,&|a-3]:
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Threshold Behaviors Case 2a: |ax;l/2M38 < 1,a,; ~ —|ass]|

. Pole position (GeV)
Case 2a a'23 > 0 a11(fm)|a12(fm)|age(fm)||a2s|(fm)
rd th 1 th |
a;; = 0.6 fm, as, = 5fm sORS (RS 6 R
Ay, = —0.3 fm’ a3 = 0.3fm 0.6 5 —0.3 0.3 [0.0122 4+ 0.01317|0.0121 + 0.01317|{—0.0120 + 0.00007
ayy = —0.56 fm, ay3 = 0.6 m 0.6 5 —0.56 0.6 [0.0042 4+ 0.00737|0.0041 + 0.00737|—0.0128 £ 0.0001%2
aryr = —0.63 fm, a3 = 0.6 fm 0.6 5 —0.63 0.6 [0.0130 £ 0.00757|0.0129 + 0.00764 | —0.0033 £ 0.000017
The line shapes for three groups of a,,&|a-3]:
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Threshold Behaviors Case 2D: |ay:|/2M38 < 1,a,, ~ —|ays]

Case 2b: a,3 <0
a1 =0.6fm,a;p, =5fm
a, = —0.3fm,a,3 =—-0.3 fm
a, = —0.56 fm, a,3 = —0.6 fm
a, = —0.63 fm, a,3 = —0.6 fm

The line shapes for three groups of a,,&|a-3]:
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0.6 5 —0.56 0.6 0.0042 4+ 0.0073710.0041 4+ 0.00737|—0.0128 4+ 0.00011
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/HZ-Classification of the Near Threshold Behaviors 17



Threshold Behaviors Case 3: |ay;|/2M3A < 1,a,, ~ |ays]
Case 3: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for |a3| = 0.2~0.8 fm & =22 = 0.93,1,1.05 :

lazs|
The pole trajectories on the 4" Riemann sheet a;; =0.6fm,a;; =5fm
0.003 - 0.003 - 0.003 -
4"'RS|a22=0.93|a23|.|a23|=0.2~0.8fm 4"'RS,a22=|a23|,|a23|=0.2~0.8fm 4"'RS|a22=1.05|a23|.|a23|=0.2~0.8fm
0.002 ] 0002} ] 0.002
.
0.001 "™ 1 0001} . 1 0.001
S 0.000 S 0000 S 0000
L w L .
E = ) E ;‘”,J"‘
0,001} e ] -0001} L~ ] -0.001
-0.002 ] o002} o ] -0.002
~0.003 i -0.003— . -0.003 )
-0015 -0010 -0005 0000 0005 0010 0015 -0015 -0010 -0005 0000 0005 0010 0015 -0015 -0010 -0005 0000 0005 0010 0015
ReE[GeV] ReE[GeV] ReE[GeV]
(a)age = 0.93|aos)| (b)ags = |ass]| (c)ags = 1.05|aos|

FIG. 18. Poles on the 4*"RS with |agz| = 0.2 ~ 0.8 fm, asz &~ |aq3|. Here we use the masses of J/1mo, DOD*O, and DT D*™ for

channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 3: |ay;|/2M3A < 1,a,, ~ |ays]
Case 3: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

a2
lazs|

The pole trajectories for |a;3| = 0.2~0.8 fm & =0.93,1,1.05:

The pole trajectories on the 5" Riemann sheet a;; =0.6fm,a;; =5fm
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(a)ags = 0.93|aa3|

(b)agz = |azs]

(c)aga = 1.05|a23|

FIG. 19. Poles on the 5*"RS with |a2z| = 0.2 ~ 0.8 fm, ago & |az3|. Here we use the masses of J/1mo, DDD*D, and DT D*~ for
channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 3a: |a,;

Case 3a: a3 >0
a1 =0.6fm,a;p, =5fm
a, =0.3fm,a,3 =0.3fm
a, = 0.56 fm, a,3 = 0.6 fm
a; = 0.63 fm, a3 = 0.6 fm

The line shapes for three groups of a,,&|a-3]:

: __‘______‘J\/
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()| T11(E)[?/|T11(0)[?
2022-07-29

./ < ~
2M3A =~ 1, ar-» |a23|
Pole position (GeV)
a11(fm) |a12(fm) |azze (fm) | |azs|(fm)
4*h RS 5t RS 6" RS
0.6 5 0.3 0.3 —0.0111 £ 0.00167(0.0130 £+ 0.01477(0.0129 4+ 0.0114:
0.6 5 0.56 0.6 —0.0123 £+ 0.00107 [0.0043 £ 0.00827(0.0048 4+ 0.0066%
0.6 5 0.63 0.6 —0.0029 £ 0.0006%[0.0135 4+ 0.00847]0.0133 & 0.0066%
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08l 12
= =10
= = 08
@ 04t Eﬂ-ﬁ
N - 04
02t
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~0.02 -0.0 0.00 0.01 0.02 0.03 ~0.02 -0.01 0.00 0.01 0.02 0.03
E[GeV] E[GeV]
(b)|T21(E)[?/|T21(0)[? ()| T31(E)[?/|T31(0)|?
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Threshold Behaviors Case 3a: |a,;

Case 3a: a3 >0
a1 = 0.6 fm, aAqp =
ary = 0.3 fm, az3 =

5fm
0.3 fm

ary = 0.56 fm, az3 = 0.6 fm
ary = 0.63 fm, az3 = 0.6 fm

The line shapes for three groups of a,,&|a-3]:

12 ag2=0.3 fm, ap3=0.3 fm 1
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S 08
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2M3A < 1, ar-» |a23|
Pole position (GeV)
a11(fm) |a12(fm) |azze (fm) | |azs|(fm)
4™ RS 5" RS 6™ RS
0.6 5 0.3 0.3 |—0.0111 £ 0.00167|0.0130 £ 0.01477{0.0129 £ 0.01141
0.6 5 0.56 0.6 |—0.0123 £ 0.00107|0.0043 £ 0.00824|0.0048 £ 0.00661
0.6 5 0.63 0.6 |—0.0029 £+ 0.00067|0.0135 £ 0.00847|0.0133 £ 0.00667
1.4 T
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/HZ-Classification of the Near Threshold Behaviors

(£)|T21(E) — T31(E)[?/|T21(0) — T31(0)/?

21



Threshold Behaviors Case 3b: |a,.

Case 3b: a,3 <0

a1 =0.6fm,aqy
a, = 0.3 fm, a,3
a, = 0.56 fm, a,3
a, = 0.63 fm, a,3

5fm
—0.3 fm

—0.6 fm
—0.6 fm

The line shapes for three groups of a,,&|a-3]:
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a11(fm) |a12(fm) |azze (fm) | |azs|(fm)
4™ RS 5% RS 62 RS
0.6 5 0.3 0.3 —0.0111 £+ 0.00167]0.0130 + 0.01477|0.0129 £+ 0.01144
0.6 5 0.56 0.6 —0.0123 £+ 0.00107]0.0043 4+ 0.00827|0.0048 &+ 0.00667
0.6 5 0.63 0.6 —0.0029 £ 0.00067]0.0135 4+ 0.00844|0.0133 £ 0.00661
1ol 10}’ |
j-
0.8} 0.8 | i
g 0.4} % 04 K
0.2} /_ 02 |
0.0l - - : : 0ok \ - - :
0.03 -0.02 200 0.00 0.01 0.02 0.03 -0.02 001 0.00 0.01 0.02 0.03
E[GeV] E[GeV]
(b)|T21(E)|?/|T21(0)[? (c)|T31(E)|?/|T31(A)?
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Threshold Behaviors Case 4: |a,;|/2M3A < 1, a5,/2M3A > 1

Case 4: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are strong.

Take three groups of a,,&|a,3| and there are no pole near the thresholds:

TABLE IX. Pole positions for a;; = 0.6 fim, |ai12| =5 fm and three groups of a2z and |assz| in Case 4. Here the pole positions
are relative to the second threshold, and the third threshold is located at E = A = 0.00823 GeV

a11(fm) |a12(fm)|a22(fm) ||a23|(fm)|Pole position (GeV)

0.6 5 3 0.3 no pole
0.6 5 3 0.6 no pole
0.6 D 5 0.6 no pole
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Threshold Behaviors Case 4a: |a,;|/2MzA < 1,a,,/2M3A > 1

Case 4a: a3 > 0 a11(fm)|a12(fm)|a22(fm)||a23|(fm)|Pole position (GeV)
ai; = 0.61m, a;; = 51m 0.6 5 3 0.3 no pole
a22=3fm, a23:O.3fm _ _

a,, = 3 fm, ays = 0.6 fm 0.6 5 3 0.6 no pole
a, = 5fm, a3 = 0.6 fm 0.6 5 5) 0.6 no pole

The line shapes for three groups of a,,&|as3]:
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-0.02 -0.01 0.00 0.01 0.02 0.03 -0.02 -0.01 0.00 0.01 0.02 0.03 -0.02 -0.01 0.00 0.01 0.02 0.03
E[GeV) E[GeV] E[GeV]
(d)|T22(E)[?/|T22(0)[? ()| T32(E)[?/|Ta2(0)[? (£)|T21(E) — T31(£)[?/|T21(0) — T31(0)|?
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Summary

» Classification of the near threshold behaviors of the line shapes in a kind of
symmetrical-coupled-channel system (a,, = a,3, a;; = +a,3) In aweak coupling limit
lay2|\/2M3A > 1 in the ZREFT framework.

» | Ty1 — T31| have peaks in their line shapes even there is no near threshold pole.

> The poles on the 4t and 5" Riemann sheets also have observable effect on the line

shapes.

Thank you for your attention!
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Threshold Behaviors Case 2: |ay;|,/2M34 s 1,a,, ~ —|ay;|
Case 2: Couplings in CH2 &CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for |a3| = 0.2~0.8 fm & —22 = —0.93,—-1,—1.05 :

laz3|
The pole trajectories on the 4" Riemann sheet a;; =0.6fm,a;; =5fm
0.010 o 4MRS a99=-|as3],Ja23]=0.2~0.8fm o010 th
. aRs app=-093|az;|,|az3|=0.2~0.8fm o me -. . ¢ RS-322=—1-05|323|.|32i3!=[{.?-:q.3“ﬁ1‘l'
e _ e e
0.005 ootr .'_‘,,«*' 0.005
O, 0.000 o 000 S 0000
w E E
E E
0.005 -001} g . -0.005
~0.010 _ 002 - : -0.010 - : :
-0.010 -0.005 0.000 0.005 0.010 0.006 0.008 0.010 0.012 0.014 0.006 0.008 0.010 0.012 0.014
ReE[GeV] ReE[GeV] ReE[GeV]
(a)ags = —0.93|ass| (b)ass = —|aas| (c)age = —1.05|azs]|

FIG. 14. Poles on the 4'"'RS with |aas| = 0.2 ~ 0.8 fm, ass ~ —|ass|. Here we use the masses of J/vmo, D°D*°, and D+ D*~

for channel-1, channel-2, and channel-3.
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Pole Positions for Different a,, and |a,3| *: \) 'ﬂ
The pole trajectories for |ay3| = 0.2~6.2 fm & —2% = —0.93,-1,—1.05 :

lazs|
. : : T{=-0.64 GeV, T, =0 GeV,
nd — — 1 ’ 2 ’
The pole trajectories on the 2"® Riemann sheet a;; = 0.6 fm, a;; = 5fm T, = A =0.0082 GeV

0.0010 0.0010 0.0010
MRS fa99=—0.93a25),laz3/=0.2~62fm 2R ag9=—laz3| laz3=0.2~6.2fm 2MRS 9e=—1.05a23).la23/=0.2~6.2fm
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s " N
a‘.‘ \ \
3 3 ' 3 ‘
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' £ £
r
E / E / E /
e ~ e
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-0.02 -0.01 0.00 0.01 0.02 -0.02 -0.01 0.00 0.01 0.02 -0.02 -0.01 0.00 0.01 0.02
ReE[GeV] ReE[GeV] ReE[GeV]
(a)ane = —0.93|ass3)| (b)asa = —|aas| (c)aze = —1.05|az3]|

FIG. 3. Poles on the 2" RS with las| = 0.2 ~ 6.2 fm, aso &~ —|ass|. Here we use the masses of J/¢mo, D°D*°, and DT D*~
for channel-1, channel-2, and channel-3.
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Pole Positions for Different a,, and |a;|

The pole trajectories for |a;3| = 0.2~6.2 fm &

azz

laz3|

The pole trajectories on the 39 Riemann sheet a{; = 0.6 fm, a;, = 5 fm
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FIG. 4. Poles on the 3"9RS with lags| = 0.2 ~ 6.2 fm, ase =~ —|aqs|. Here we use the masses of J/v¥m, D°D*° and DTD*~ for
channel-1, channel-2, and channel-3. The transition of the pold positions as |as2|/|a23| become larger is continuous.
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Pole Positions for Different a,, and |a;|

T

The pole trajectories for |ay3| = 0.2~6.2 fm & —2% = 0.93,1,1.05 :

The pole trajectories on the 4t Riemann sheet a{; = 0.6 fm, a;, = 5 fm
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FIG. 7. Poles on the 4""RS with lags| = 0.2 ~ 6.2 fm, ass =~ |aqs|. Here we use the masses of J /i, D°D*° and DT D*~ for

channel-1, channel-2, and channel-3.
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Pole Positions for Different a,, and |a,3|

The pole trajectories for |ay3| = 0.2~6.2 fm & —2% = 0.93,1,1.05 :

The pole trajectories on the 5t" Riemann sheet a{; = 0.6 fm, a;, = 5 fm
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FIC. 8. Poles on the 5*"RS with |aag| = 0.2 ~ 6.2 fm, aso = |az3|. Here we use the masses of J/9mo, D°D*° and DTD*~ for
channel-1, channel-2, and channel-3. The transition of the pole positions as |asz|/|a23| become larger is continuous.
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Threshold Behaviors Case 4a: |a,;|/2MzA < 1,a,,/2M3A > 1

Caseda: a3 > 0
a1 =0.6fm,a;p, =5fm
a, =3 fm,a,3 = 0.3 fm
a, =3fm,a,3 =0.6fm
a, = 5fm, a3 = 0.6 fm

The line shapes for three groups of a,,&|as3]:
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Threshold Behaviors Case 4b: |a,:|/2M38 < 1, a4, /2M3A > 1

Case 4b: a,3 < 0

a1 = 0.6 fm, aAqp = 5fm
aAry = 3 fm, az3 = —0.3 fm
aAry = 3 fm, az3 = —0.6 fm

aAry = 5 fm, az3 = —0.6 fm

The line shapes for three groups of a,,&|as3]:
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Threshold Behaviors Case 1: |a,,|/2M3A <

Case 1:

0.6 fm,a;; =5fm
0.6 fm, a,3 =5 fm
1fm, a3 =5fm
—1fm, a3 =5fm

|a23|1/ 2M3A > 1

Pole position (GeV)(the first row for ags < 0 and the second row for ase > 0)
an (fm)|ar2(fm) fazs (fm) f|ass|(fm) 214 RS 3" RS 6" RS
st RS 50 RS 4" RS
0.6 5 0.6 5 —0.0666 + 0.00007, —0.0380 £ 0.0011 [ —0.0464 + 0.00077| —0.0548 £ 0.00074
0.6 5 1 5 —0.0258 £ 0.0000i, —0.0075 &£ 0.00067| —0.0107 £ 0.0005¢| —0.0192 & 0.00044
0.6 5 -1 5 —0.0262 £ 0.0009i, —0.0078 £ 0.00017| —0.0111 £ 0.00037| —0.0196 % 0.00031

The line shapes for three groups of a,,&|a-3]:
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Pole Positions for Different a,, and |a;|

TABLE II. Numerical results of pole positions for different ass and |azs| near E =0 and E = A.

Pole position

daz |l'1-23|
ReE < 0 0<ReE< A ReE>A
4 RS(+ — +) 5“"RS(+ + —)|6""RS(+ + —)
l'l-:ggl,n"|ﬂ-23| = ﬂgg, 1, 1.05 |l'1-13| =0.2~62 fm
|azs|vV2MEA = 0.13 ~ 3.97 8"RS(+ — —) 6'"RS(— + —)|6""RS(— + —)
2"RS(— + +) 3"9RS(— — +)[3"RS(— — +)
aszz /|aaz| = —0.93, -1, -1.05 laaz| = 0.2 ~ 6.2 fm
|aga|v2MzA = 0.13 ~ 3.97 6HRS(— + —) 4*RS(+ — +) |4 RS(+ — +)
|asa|v2M3A > 1 |aaz|v/2M3A < 1 no pole no pole no pole
4"MRS(+ — +)
ags = 0.2 ~ 1.2 fm |azz| = 5 fm 5Ehﬂ_5{+ +-) no pole no pole
0.13 < |ass|v2M3A < 0.76
8*'RS(+ — —)(two poles)
2"RS(— + +)(two poles)
—aag = 0.2~ 1.2 fm |azz| = 5 fm 3TdH5{_ —+) no pole no pole
0.13 < |{lgg|'\.n' ?_'1133 < .76
6""RS(— + —)

2022-07-29

/HZ-Classification of the Near Threshold Behaviors

a1 = 0.6 fm,
aAqp = 5 fm

T1 = —0.64 GeV,
T2 =0 GeV,

T, = A =0.0082 GeV
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Threshold Behaviors Case 5: |ay)/2MzA < 1, a,,/2M3A « —1

Case 5: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are strong.

Take three groups of a,,&|a,3| and there are no pole near the thresholds:

TABLE X. Pole positions for a;; = 0.6 fm, |a12| = 5 fm and three groups of azs and |ae3| in Case 5. Here the pole positions
are relative to the second threshold. and the third threshold is located at E = A = 0.00823 GeV

aiy(fm) |a12(fm)|azz(fm)||azs|(fm)|Pole position (GeV)
0.6 5 —3 0.3 no pole
0.6 5 —3 0.6 no pole
0.6 5 —5 0.6 no pole

2022-07-29
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Threshold Behaviors Case 5a: |a,;|/2M3A < 1,a,,/2M34 « —1

Case 5a: a3 > 0

ajr =
A2 =
A2 =
A2 =

0.6 fm,a;; =5fm

—3 fm, a3 = 0.3 fm
—3 fm, a3 = 0.6 fm
—5fm, a3 = 0.6 fm

The line shapes for three groups of a,,&|a»3]:

1.04] . '

1.02 \
L 100 |
5058
<
=
E 098 azy=-3 fm, ap3=0.3 fm
b~

0.94 ar>=-3 fm, a»3=0.6 fm

== agp=-5fm, ax3=0.6 fm
0.92
a11=0.6 fm, aq2=5fm
0.90L. - | - - -
-0.02 -0.01 0.00 0.01 0.02 003

2022-07-29

E[GeV]

(a)|T11(E)[?/|T11(0)]?

ZHZ-

a11(fm)|a12(fm)|a22(fm)||a23|(fm)|Pole position (GeV)
0.6 5 3 0.3 no pole
0.6 5 3 0.6 no pole
0.6 5 5 0.6 no pole
35T 6
30t
5
25
520 £
c{; o9
@ 15} )
- 2
1.0+ \ \
05 ' T Teeeee
0.0 0
-0.02 -0.01 0.00 0.01 0.02 0.03 -0.02 -0.01 0.00 0.01 0.02
E[GeV] E[GeV]
(b)|T21(E)|?/|T21(0)? (c)|Ts1(E)[*/|T31(0)?
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Threshold Behaviors Case 5a: |a,;|/2M3A < 1,a,,/2M34 « —1

Case 5a: a3 > 0

ajr =
A2 =
A2 =
A2 =

0.6 fm,a;; =5fm

—3 fm, a3 = 0.3 fm
—3 fm, a3 = 0.6 fm
—5fm, a3 = 0.6 fm

The line shapes for three groups of a,,&|a»3]:

322:—3 fm, 823:0.3 fm

121 ar>=-3 fm, a»3=0.6 fm
10t == app=-51fm, ax3=0.6 fm |
o a11=0.6 fm, a12=5fm
=
& 8f
E
<
i 6
w \
E
al
F
2t .
b f
0 ../
-0.02 -0.01 0.00 0.01 0.02 0.03
E[GeV]

(d)|T22(E)|?/|T22(0)|?

2022-07-29

20}

1.5F

[Taz (E)] “NT32(0) |

05}

0.0

1.0

a11(fm)|a12(fm)|a22(fm)||a23|(fm)|Pole position (GeV)
0.6 5 3 0.3 no pole
0.6 5 3 0.6 no pole
0.6 5 5 0.6 no pole
1.0 s |
»?-3.8 1
e ) T N NE 06 ' !. ]
& |
& K
0.2 4
-0.02 -0.01 0.00 0.01 0.02 0.03 G'G—CI.E2 -0.01 0.00 0.01 0.02 0.03
E[GeV] E[GeV]

(e)| Ta2(£)[?/|T32(0)/?
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()| T21(E) — T31(£)[?/|T21(0) — T31(0)[?
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Threshold Behaviors Case 5b: |ay:|/2M34 < 1, a,,/2M3A « —1

Case 5b: a3 < 0 a11(fm)|a12(fm)|a22(fm)||a23|(fm)|Pole position (GeV)
ai; = 0.61m, a;; = 51m 0.6 5 3 0.3 no pole
aAry = -3 fm, az3 = —0.3 fm _ _
ayy = —3 fm, azs = —0.6 fm 0.6 5 3 0.6 no pole
Ay = -5 fm, ar3 = —0.6 fm 0.6 5 5 0.6 no pole

The line shapes for three groups of a,,&|a»3]:

1.04] ' ' 25} 2

102 \ 2.0} 1.0 SN
e 1.00 . o ™ / \
= 5 S 08
- = 15} b -
= 0.98 =y e
o L 506
U 096 < ol /\ =
,i: anp=-3fm, ap3=-0.3 fm o _/__—______,/"‘ ] oy

0.94 azp=-3fm, ay3=-0.6 fm o

oozl T 822:—5 fIT‘I, 823:—0.6 fm 05 02

. a11=0.6 fm, a42=5fm

0.90 : | : 0.0 : 0.0

-0.02 -0.0 0.00 0.0 0.02 0.03 -0.02 -0.0 0.00 0.01 0.02 0.03 -0.02 -0.01 0.00 0.01 0.02 0.03
E[GeV] E[GeV] E[GeV]
(a)|T11(E)[?/|T11(0)[? (b)|T21(E)[?/|T21(0)[? (c)|T31(E)[?/|T31(0)[?
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Threshold Behaviors Case 6: |a,;|/2Mz48 > 1, a5, ~ —|ays|

Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for |a;3| = 3~5.4 fm &

a2
lazs|

The pole trajectories on the 2"d Riemann sheet

ImE[GeV]

0.0010
2"RS a594-0.93Ja3 Jaz3l=3~5.4fm

0.0005

~—
0.0000

-

-
-0.0005
~0.0010 -

-0.010 -0.005 0.000 0.005
ReE[GeV]
(a)age = —0.93|asz3|

0.010

ImE[GeV]

—0.93,—-1,-1.05:

a1 = 0.6 fm, aAqp = 5fm

0.0010
2”dRS,az_=—|323|,|323|=3-5.4fm
0.0005F
"
0.0000
- -
-0.00051
-0.0010
-0.010 -0.005 0.000 0.005
ReE[GeV]
(b)ags = —|ass|

0.010

ImE[GeV]

0.0010
2"8RS 229=-1.05a23] laz3|=3~5.4fm

0.0005

-

~

0.0000

J"“
-0.0005
-0.0010 -

-0.010 -0.005 0.000 0.005
ReE[GeV]
(c)age = —1.05|aa3)|

0.010

FIG. 27. Poles on the 2"RS with |aos| = 3 ~ 5.4fm, ags &~ —|as3|. Here we use the masses of J/1mo, D°D*° and DT D*~ for

channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 6: |ay;|/2M3a » 1,a,, ~ —|ay;|
Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for |a;3| = 3~5.4 fm &

The pole trajectories on the 34 Riemann sheet

0.002 : : : :
3RS a39=-0.93|a73], [az3|=3~5.4fm
\
0.001 \
v
i
=
[}
9 0000
L
=
¥
~0.001 {
[ ]
|
-0.002 : : ; ; :
0.000 0.002 0.004 0.006 0.008
ReE[GeV]
(a)aga = —0.93|ass)|
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ImE[GeV]
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0.002 ; . . .
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i
0.001} i
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|
-0.001} |
{
-0.002 s : s . s
0.000 0.002 0.004 0.006 0.008 0.010
ReE[GeV]
(b)aga = —|aas|

ImE[GeV]

—0.93,—-1,-1.05:

a1 = 0.6 fm, aAqp = 5fm

0.002 ; ; . .
3RS agp=-1.05|a23],|az3|=3~5.4fm
i
0.001 |
0.000
P
{
-0.001 i
1
-0.002 : ; ; : ;
0.000 0.002 0.004 0.006 0.008
ReE[GeV]
(c)age = —1.05|az3|

0.010

FIC. 28. Poles on the 3RS with |a23| = 3 ~ 5.4 fim, ase =~ —|az3|. Here we use the masses of J /1o, DDD*D, and DT D*™ for

channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 6a: |a,;|/2MzA > 1,a,, ~ —|a;]

- Pole position (GeV)
Case 6a: azz >0 a11(fm)]| a12(fm) | ase (fm) ||ass|(fm)
nd rd th th
a11—0.6fm,a12=5fm 2" RS 3" RS 4" RS 6" RS
— _ — 0.6 5 -3 3 —0.0063 £ 0.00052|0.0074 4+ 0.00132|0.0072 £ 0.001372 | —0.0010 4 0.0000z
ary = 3Tm az3 = 31tm
]
—_ — 0.6 5 —3.72 4 —0.0033 &£ 0.00032|0.0074 £ 0.00082|0.0072 £ 0.0008z | —0.0008 4+ 0.00001
aAry = 3.72 Tm az3 = 4 tm
- ]
e — 0.6 5 —4.2 4 —0.0028 £ 0.000372|0.0076 4+ 0.00077|0.0075 £ 0.000772 | —0.0006 4 0.0000:
ar-» 4.2 Tm a3 4 fm
- ]
The line shapes for three groups of a,,&|a»3]:
: : 8
T T 322=—3 fm, 323=3 fm
12 J app=-3.72 fm, ap3=4 fm
P S (A | SN N app=-4.20 fm, ap3=4 fm - 6
' '/‘*- A - — . a11=0.6 fm, a12=5 fm N
’\.Ig (\';(;? N"::.j 4
i 06 m z [\
= 04 N R A
‘ /i |
02 /
e |
i ‘ S
D-CiCITCIQ —'CIT'CI' 0.00 CICI CI.E:IE 'CI.EB -0.02 -0.01 0.00 ‘E.E1 - _-_E—EZ ----- E‘.EE‘- G—CI.UQ -0.01 CICICI 0.01 0.02 ) E-"CIB
E[GeV] E[GeV] E[GeV]

(a)|T11(E)[?/|T12(0)[?
2022-07-29

(b)|T21(E)|*/|T21(0)]?
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(¢)|T31(E)|*/|T31(A)?
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Threshold Behaviors Case 6a: |a,;|/2MzA > 1,a,, ~ —|a;]

- Pole position (GeV)
Case 6a: azz >0 a11(fm)]| a12(fm) | ase (fm) ||ass|(fm)
nd rd th th
a;; = 0.6 fm, a;, = 5fm ond RS 314 RS 4™ RS 6 RS
ay, = —3 fm, ay; = 3 fm 0.6 5 -3 3 [—0.0063 = 0.00057|0.0074 = 0.00137|0.0072 = 0.0013 —0.0010 £ 0.00007
]
ay, = —3.72 fm, ay3 = 4 fm 0.6 5 | —3.72| 4 |—0.0033 4 0.0003:|0.0074 % 0.0008:|0.0072 % 0.0008i —0.0008 % 0.0000i
- ]
ayy = —4.2 fm, ayz = 4 fm 0.6 5| —4.2 4 |=0.0028 = 0.00037|0.0076 = 0.0007:|0.0075 = 0.0007i —0.0006 £ 0.0000;
- ]

The line shapes for three groups of a,,&|a»3]:

BT L B T LI B L L —r r 1 1 1 r Tt Tt 1 T T T T ] BT T

ago=-3 fm, as3=3 fm
ar2=-3.72 fm, a23=4 fm
o™
U B I | ] | app=-4.20 fm, ag3=4 fm - 6 1 &6t
o alq =0.6 fm, a12=5 fm . E
— —_ !
g ) =
< 1T < ] < ' :
) @ - g \ f
& & - o '
| u ‘
2 - 2 - =2 i
| oy !
— o \
0 X 0 e e 0 e
-0.02 -0.01 0.00 0.01 0.02 0.03 -0.02 -0.01 0.00 0.01 0.02 0.03 ~0.02 -0.01 0.00 0.01 0.02 0.03

E[GeV] E[GeV] E[GeV]

(d)|T22(E)[?/|T22(0)? ()| T32(E)|?/|T32(0)|? (£)|T21(F) — T31(E)[*/|T21(0) — T31(0)?
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Threshold Behaviors Case 6b: |ay:|/2M38 > 1,a,, ~ —|a,s]|

" Pole position (GeV)
Case 6b a23 < 0 a1 (fm)|ai2(fm) | a2 (fm) ||azs|(fm)
nd rd th th
a11_0_6fm’a12:5fm 2" RS 3% RS 4*" RS 6" RS
ay, = —3 fm ay3 = —3 fm 0.6 5 -3 3 —0.0063 +£ 0.00057|0.0074 4 0.00137{0.0072 £ 0.00137| —0.0010 £ 0.00007
]
a, = —3.72 fm ay3 = —4fm 06 5 —3.72 4 —0.0033 &£ 0.00037|0.0074 4 0.00087|0.0072 = 0.00087 | —0.0008 £ 0.00007
" ]
Ay, = —4.2 fm Az = —4 fm 0.6 5 —4.2 4 —0.0028 £ 0.00037{0.0076 4 0.00077|0.0075 £ 0.00077| —0.0006 £+ 0.00007
" ]

The line shapes for three groups of a,,&|a-3]:
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Threshold Behaviors Case 7: |ay;|/2M3A » 1,a;; ~ |ay;|
Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for |a3| = 3~5.4 fm & —2% = 0.93,1,1.05 :

laz3|
The pole trajectories on the 4" Riemann sheet a;; =0.6fm,a;; =5fm
0.0002 0.0002 0.0002
_ 4NRS 9520 93|an3|.|aga|=3~5.4fm AMRS a55=|a23).|a23|=3~5.4fm 4MRS g95=1.05|a03|.|aga|=3~5.4fm
\ \ \
1 b 1 i
0.0001 A . 0.0001} \ ; 0.0001 A
| ] % ;‘
3 2 2
9. p.0000 9 p.0000 9, p.0000
LU i) LU
¥ - E E
-0.0001 J ] -0.0001} f ] -0.0001 f
.":
-0.0002 : : : : -0.0002 : : : : -0.0002 : : : :
-0002 0000 0002 0004 0006 0008  0.010 -0002 0000 0002 0004 0006 0008 0010 -0002 0000 0002 0004 0006 0008  0.010
ReE[GeaV] ReE[GeV) ReE[GeV]
(EL){IQQ = O.QSI{IQgI (b)agg = |a.23| (C‘.)agg = 105|023|

FIC. 33. Poles on the 4*"RS with |aas| = 3 ~ 5.4fm, ass ~ |aos|. Here we use the masses of J/imo, DDD*O, and DT D*~ for
channel-1, channel-2, and channel-3.
2022-07-29 /HZ-Classification of the Near Threshold Behaviors 45



Threshold Behaviors Case 7: |ay;|/2M3A » 1,a;; ~ |ay;|
Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for |a;3| = 3~5.4 fm &

The pole trajectories on the 5" Riemann sheet
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FIG. 34. Poles on the 5*"RS with |agz| = 3 ~ 5.4 fm, ase = |azz|. Here we use the masses of J /1o, DDD*D, and DTD*~ for

channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 7a: |ay;|/2M3A > 1,a,, ~ |ays|

CaSG 73.: a23 > 0 Pole position (GeV)
ai1(fm)|ai2(fm)|a22(fm) | |azs|(fm)
a1 =0.6fm,a;, =5fm 4'" RS 5" RS 6" RS 8" RS
Ay, = 3 fm’ ap3 = 3 fm 0.6 5 3 3 —0.0009 + 0.00012|0.0074 & 0.00152|0.0074 £ 0.0012:| —0.0061 + 0.0000z
Ay, = 3.72 fm’ ay3 = 4 fm 0.6 5 3.72 4 —0.0008 =+ 0.00012|0.0074 &+ 0.0009z|0.0074 £+ 0.0006: | —0.0032 + 0.00007
ay, = 4.2 fm, a3 =4 fm 0.6 5 4.2 4 |—0.0005 + 0.00014|0.0076 + 0.0008: |0.0076 + 0.0006i | —0.0026 + 0.0000:

The line shapes for three groups of a,,&|a-3]:
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Threshold Behaviors Case 7a: |ay;|/2M3A > 1,a,, ~ |ays|

CaSG 73.: a23 > 0 Pole position (GeV)
ai1(fm)|ai2(fm)|a22(fm) | |azs|(fm)
a1 =0.6fm,a;, =5fm 4'" RS 5" RS 6" RS 8" RS
Ay, = 3 fm’ ap3 = 3 fm 0.6 5 3 3 —0.0009 + 0.00012|0.0074 & 0.00152|0.0074 £ 0.0012:| —0.0061 + 0.0000z
Ay, = 3.72 fm’ ay3 = 4 fm 0.6 5 3.72 4 —0.0008 =+ 0.00012|0.0074 &+ 0.0009z|0.0074 £+ 0.0006: | —0.0032 + 0.00007
ay, = 4.2 fm, a3 =4 fm 0.6 5 4.2 4 |—0.0005 + 0.00014|0.0076 + 0.0008: |0.0076 + 0.0006i | —0.0026 + 0.0000:

The line shapes for three groups of a,,&|a-3]:
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Threshold Behaviors Case 7D: |ay:|/2M38 > 1,a,, ~ |ay;]

CaSG 7b a23 < 0 Pole position (GeV)
ai1(fm)|ai2(fm)|a22(fm) | |azs|(fm)
a1 =0.6fm,a;, =5fm 4'" RS 5" RS 6" RS 8" RS
a, =3 fm, a3 = -3 fm 0.6 5 3 3 |—0.0009 £ 0.0001|0.0074 £ 0.0015|0.0074 % 0.0012i| —0.0061 % 0.00004
a,, =3.72 fm, a3 = —4 fm 0.6 5 3.72 4 |—0.0008 £ 0.00014|0.0074 %+ 0.00094 |0.0074 % 0.00064 | —0.0032 + 0.00004
a, =4.2fm, a3 = —4fm 0.6 5 4.2 4 |—0.0005 + 0.0001i|0.0076 <+ 0.0008i |0.0076 <+ 0.0006i | —0.0026 + 0.00004
The line shapes for three groups of a,,&|as3]:
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Pole Positions for Different a,, and |a,3| 1 (T

azz

The pole trajectories for |ay3| = 0.2~6.2fm& ——==-0.93,—1,—-1.05:

lazs|
. : : T{=-0.64 GeV, T, =0 GeV,
th — — 1 y 4.2 )
The pole trajectories on the 4" Riemann sheet a{; = 0.6 fm, a;; = 5fm T, = A =0.0082 GeV

_ . . . : ; 0.010
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FIG. 5. Poles on the 4"™"RS with |aos| = 0.2 ~ 6.2 fm, aso ~ —|aqs|. Here we use the masses of J/vmo, D°D*° and DT D*~ for

channel-1, channel-2, and channel-3.
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Pole Positions for Different a,, and |a,3| '
The pole trajectories for |a3| = 0.2~6.2 fm & —== =

The pole trajectories on the 6t" Riemann sheet a{; = 0.6 fm, a;, = 5 fm
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FIC. 6. Poles on the 6°"RS with |a23| = 0.2 ~ 6.2 fim, ase =~ —|a23|. Here we use the masses of J/¢mo, D°D*0 and DT D*~ for
channel-1, channel-2, and channel-3.
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Pole Positions for Different a,, and |a;|

The pole trajectories for |ay3| = 0.2~6.2 fm & —2% = 0.93,1,1.05 :

The pole trajectories on the 6t" Riemann sheet a{; = 0.6 fm, a;, = 5 fm
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FIG. 9. Poles on the 6'"RS with |aos| = 0.2 ~ 6.2 fm, age = |azs|. Here we use the masses of J/imo, D°D*° and DTD*~ for
channel-1, channel-2, and channel-3. The transition of the pole positions as |agz|/|a23| become larger is continuous.
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Pole Positions for Different a,, and |a;|

The pole trajectories for |ay3| = 0.2~6.2 fm & —2% = 0.93,1,1.05 :

lazs|
. : : T{=-0.64 GeV, T, =0 GeV,
th — — 1 y 4.2 )
The pole trajectories on the 8" Riemann sheet a{; = 0.6 fm, a;; = 5fm T, = A =0.0082 GeV
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FIG. 10. Poles on the 8RS with |ags| = 0.2 ~ 6.2 fm, age & |ao3|. Here we use the masses of J/1¢mo, DOD*D, and DT D*~ for

channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 2: |ay;|,/2M34 s 1,a,, ~ —|ay;|
Case 2: Couplings in CH2 &CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for |a;3| = 0.2~0.8 fm &

The pole trajectories on the 6" Riemann sheet
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FICG. 15. Poles on the 6*"RS with laes| = 0.2 ~ 0.8 fm, a2 ~ —|as3|. Here we use the masses of J/vmo, D°D*° and DT D*~
for channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 2D: |ay:|/2M38 < 1,a,, ~ —|ays]

. Pole position (GeV)
Case 2b: a,3 <0 a11(fm) |a1(fm) |ass (fm) | [ass| (fm)
3rd RS 4th RS Gth RS
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Threshold Behaviors Case 3: |ay;|/2M3A < 1,a,, ~ |ays]
Case 3: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole trajectories for |a;3| = 0.2~0.8 fm &

The pole trajectories on the 6" Riemann sheet
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FIG. 20. Poles on the 6 RS with |ags| = 0.2
channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 3b: |a,.

1/2M3A < 1, arHy = |a23|

Case 3b: a,3 <0
a1 = 0.6 fm, aAqp = 5fm
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Threshold Behaviors Case 4b: |a,:|/2M38 < 1, a4, /2M3A > 1

Case 4b: a,3 < 0
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Threshold Behaviors Case 5b: |ay:|/2M34 < 1, a,,/2M3A « —1

Case bb: a,3 < 0

0.6 fm,a;; =5fm
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Threshold Behaviors Case 6: |ay;|/2M3a » 1,a,, ~ —|ay;|
Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

a2
lazs|

The pole trajectories for |a;3| = 3~5.4 fm & —0.93,—-1,—-1.05:

The pole trajectories on the 4" Riemann sheet a;; =0.6fm,a;; =5fm
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FIG. 29. Poles on the 4™RS with la2s| =3 ~ 5.4 fm, a2 ~ —|aas|. Here we use the masses of J/vmo, D°D*°, and D™ D*~ for
channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 6: |ay;|/2M3a » 1,a,, ~ —|ay;|
Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.
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FICG. 30. Poles on the 6*"RS with |ags| = 3 ~ 5.4 fm, age &~ —|ags|. Here we use the masses of J/1mo, DOD*D, and DT D* for

channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 6b: |ay:|/2M38 > 1,a,, ~ —|a,s]|

- Pole position (GeV)
Case 6b: azz <0 a11(fm)]| a12(fm) | ase (fm) ||ass|(fm)
nd rd th th
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a,, = —3 fm’ ay3 = —3 fm 0.6 5 -3 3 —0.0063 £ 0.00057|0.0074 £ 0.00137|0.0072 4+ 0.00137| —0.0010 £ 0.00007
a’ZZ = —-3.72 fm, a23 = —4 fm 0.6 5 —3.72 4 —0.0033 &£ 0.00032|0.0074 £ 0.00082|0.0072 £ 0.0008z | —0.0008 4+ 0.00001
ay, = —4.2 fm ay3 = —4 fm 0.6 5 —4.2 4 —0.0028 4 0.0003|0.0076 £ 0.00077|0.0075 £ 0.00077| —0.0006 + 0.0000:
" ]
The line shapes for three groups of a;,&|a,
g 71— T T gr——— 777 BT
agp=-3fm, aga=-3fm
agp=-3.712 fm, ag3=-4 fm
. aso=-4.20 fm, az3=—4 fm | . | ‘f‘D: .
a41=0.6 fm, a42=5 fm =
s e f\ [ & ‘ \
= = E ' ;
2 : 2 ’ 1 52 J \ '.
N |
0 X 0 N 0 L
~0.02 -0.01 0.00 001 0.02 0.03 ~0.02 ~0.01 0.00 0.01 0.02 0.03 ~0.02 ~0.01 0.00 0.01 0.02 0.03
E[GeV] E[GeV] E[GeV]
(d)|T22(E)[?/|T22(0)[? (€)| T32(E)[?/|T32(0)[? (f)|T21(E) — T31(E)[?/|T21(0) — T51(0)/?
62

2022-07-29 /HZ-Classification of the Near Threshold Behaviors



Threshold Behaviors Case 7: |ay;|/2M3A » 1,a;; ~ |ay;|
Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole trajectories for |a3| = 3~5.4 fm & —2% = 0.93,1,1.05 :

laz3|
The pole trajectories on the 6" Riemann sheet a;; =0.6fm,a;; =5fm
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FIG. 35. Poles on the 6*"RS with |a2s| = 3 ~ 5.4 fm, ass & |ass|. Here we use the masses of J/1mo, DDD*O, and DT D*~ for
channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 7: |ay;|/2M3A » 1,a;; ~ |ay;|
Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

a2
lazs|

=0.93,1,1.05:

The pole trajectories for |a;3| = 3~5.4 fm &

The pole trajectories on the 8" Riemann sheet a;; =0.6fm,a;; =5fm
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FIG. 36. Poles on the 8*"RS with |a23| = 3 ~ 5.4 fm, ass =~ |as|. Here we use the masses of J/1mo, D°D*° and DTD*~ for

channel-1, channel-2, and channel-3.
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Threshold Behaviors Case 7D: |ay:|/2M38 > 1,a,, ~ |ay;]

Case 7b: a,3 < 0

a1 =0.6fm,a;p, =5fm
a, =3 fm,a,3 = -3 fm
a, =3.72 fm, a,3 = —4 fm
a, =4.2fm, a3 = —4 fm

The line shapes for three groups of a,,&|as3]:

Pole position (GeV)
ai1(fm)|ai2(fm)|a22(fm) | |azs|(fm)
4*h RS 5'h RS 6" RS 8k RS
0.6 5 3 3 —0.0009 £+ 0.00012|0.0074 £+ 0.00152|0.0074 £+ 0.00127| —0.0061 + 0.0000z
0.6 5 3.72 4 —0.0008 + 0.00012{0.0074 4+ 0.00092|0.0074 + 0.00062 | —0.0032 4+ 0.00004
0.6 5 4.2 4 —0.0005 4+ 0.00017]0.0076 £ 0.00082 {0.0076 £ 0.0006z| —0.0026 &4 0.0000z

T T
1.0
322:3 fm. 323=—3 fm
a22=3.72 fm, a23=—4 fm
LR a72=4.20 fm, az3=—4 fm -
: a41=0.6 fm, aq3=0 fm
4 ol
= !
:‘, 0.8 |
.-;_ ]
rx_' |
1) |
T 0.4
!
| §
02
- \H""—-—- —
00 —
-0.02 -0.01 0.00 0.01 o0z 0.03
E[GeV]
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(d)|T22(E)|?/|T22(0)|?

1.0f
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—0.02 —o.m 0.00 0.01 0.02 0.03 —0.02 -0.0 0.00 0.1 0.02 0.03
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()| T32(E)|*/|T32(0)|?
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Duality Between the Poles for a,, < 0 and a,, > 0

The poles of the scattering amplitude are the zeros of det

det [T'l y T2, 73,011, A22,A33, @'ZSJ

1 1 1 1 1 1 1 1 2
L L e [ vy e T
aii a22 as3 A5 ajs La33 ajs [ a22 a12a13a23

Reflection of parameters: R :a; — —a;, a3 — —as3, 7 — —7ri,8=1,2,3

Reflection of determinant:

R{det[r1, 2,73, a11, ass, ass, azs|} = det[—ry, —ra, —r3, —a11, —age, —ass, —ass] = — det[ry, 72, 73, a1, ase, ass, ass]
Duality of the poles:
det|r1, 72, 73, @11, @22, ass, ass|(E) = 0 = det|—ry1, —1r2, —73, —a11, —@22, —a33, —as3|(E) = 0
I'RS(+ 4 4) 5 TPRS(— — =), 2"RS(— + +) ¢ 8MRS(+ — ),
SRS (— — +) <5 5RS(+ 4+ —), 4MRS(+ — +) <25 6PRS(— + —).
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Duality Between the Poles for a,, < 0 and a,, > 0

The symmetry of the last two channels: a,, = a3, a4, = +aq3

In the weak coupling limit |a{;|/2M3A > 1, the det reads
| ' 1 1 V2M3 A
ol o)

det[ri,ro.r3, aiy, ass] ~ —[E —irikq] Uy 'é'?‘?‘l“?][@ — iraks] — a2. az,

If |k{| > 1/|aq¢| , we have approximate reflection of parameters:
AR :aso — —aoo.r; — —1r;,t=1.2.3..
Approximate reflection of determinant:
ARA{det[ry,ro, r3, ags]} = det[—ry, —ra, —r3, —age] = —det[ry, ro, r3, ass]

Approximate duality of the poles: RS : (r,,79.13) 25 RS : (=11, 19, —13).



Line shapes of | T, — T31|% a,, = a,,
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Line shapes of | T, — T31|% a,, = a,,
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Line Shapes of |Tyq — T31|%. a,,
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Line Shapes of |Tyq — T31|%. a,,
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Line Shapes of | Ty, — T3, |?

0.03

0.0z

=]
=}
=
g
[=]
=
=
]
(%]
e
. . . . . [=]
B @ [ o o gl
- =] =] =] a =
(5]
=
(=]
[w]
8
(=]
-
9
(=]
=S
=
[=]
]
(%]
=
=
=) @ = * o 2!
— [=] [=] = = =
o
=
(=]
o
=
=
=
=
[=]
S
[=]
5
=]
1
]
g
=
]

=
ol

[ B

- -

20V -1 i | ()28 - (3022

E[GeV]

(c)Case 3a

E[GeV]

(b)Case 2b

E[GeV]

(a)Case 2a

T T 3
: 48
[] ! =]
) .
)
[
I "
[ ]
T 0
i 18
| ]
) g =
L
[
I
;o
S ;. —
\‘_ - 12
L.\H.r?u.!.hf.l o =
(=]
(=)
=
)
1%
..___.
ey
L)
A
_-.f o
AN 1=
) X y L . s [=]
=] 3] =] ] ] o] ol
o o ol - - a =
SRR EA M TE ELTRE T
T T T m
(=]

T ————

0.02

0.01

n.oo

-0.01

-D.02

D.o3

Doz

0.0

0.00

-0.01

Q
-

o © .
[=] = [=]

2 10022 ~(0)Z= |1, | (V28 -(2)224

D2

E[GeV]
(f)Case 4b

ElGeV]
(e)Case 4a

E[GeV]

(d)Case 3b

72

ZHZ-Classification of the Near Threshold Behaviors

2022-07-29



Line Shapes of | Ty, — T3, |?
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Threshold Behaviors Case 1: |a,,|/2M3A < 1, |ays|/2M3A > 1

Case 1: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are weak.

The pole positions for three groups of a,, &|a,3|:

TABLE IV. Pole positions for a1 = 0.6 fm, |ai2| = 5 fm and three groups of aso and |asz| in Case 1. Here the pole positions
are relative to the second threshold, and the third threshold is located at ' = A = 0.00823 GeV

Pole position (GeV)(the first row for ags < 0 and the second row for ass > 0)
a11(fm)|a12(fm) |ago(fm)||azs|(fm) ond Rg rd RY 6t RS
8" RS 5% RS 4" RS
0.6 5 0.6 5 —0.0666 4+ 0.0000z, —0.0380 = 0.0011 | —0.0464 £ 0.0007:| —0.0548 £ 0.00077
0.6 5 1 5 —0.0258 4 0.00007, —0.0075 &£ 0.0006z | —0.0107 £ 0.00052| —0.0192 4 0.00047
0.6 5 —1 5 —0.0262 =+ 0.00097, —0.0078 £ 0.00012|—0.0111 £ 0.0003z| —0.0196 4 0.0003
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Threshold Behaviors Case 2: |a,;|/2M3A < 1, a5 ~ —|ay;)|
Case 2: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole positions for three groups of a,, &|a,;|:

TABLE VI. Pole positions for a;1 = 0.6 fm, |a12| = 5 fm and three groups of as2 and |aqs| in Case 2. Here the pole positions
are relative to the second threshold, and the third threshold is located at E = A = 0.00823 GeV

Pole position (GeV)
ai1(fm)|aio(fm)|age(fm) ||azs|(fm)

3*4 RS 4" RS 6" RS
0.6 3 —0.3 0.3 0.0122 +0.01312{0.0121 4+ 0.01312|—0.0120 4 0.00007
0.6 D —0.56 0.6 0.0042 £ 0.00737|0.0041 4 0.00737|—0.0128 £ 0.0001z
0.6 3 —0.63 0.6 0.0130 £ 0.00752|0.0129 4 0.00762 | —0.0033 &£ 0.0000z
s Pole position

ReE <0 0<ReE <A ReE > A

6"RS(~ + —)| 3RS (= — +) 3RS(~ — +)
s/ |ass] = —0.93,—1,—1.05 |a2s| = 0.2 ~ 0.8 fm

|@2s|v/2ZMsA = 0.13 ~ 0.51 AMRS(+ — +) |[4BRS(+ — 4)
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Threshold Behaviors Case 3: |ay:|/2M34 < 1,a5, ~ |a,s]|

Case 3: Couplings in CH2 & CH3 are weak, and couplings between CH2&3 are strong.

The pole positions for three groups of a,, &|a,3|:

TABLE VIII. Pole positions for a;; = 0.6 fm, |a12| = 5 fm and three groups of as2 and |a23| in Case 3. Here the pole positions
are relative to the second threshold, and the third threshold is located at ' = A = 0.00823 GeV

Pole position (GeV)
ai1(fm)|ai2(fm) |azz2(fm) ||a2s|(fm)
4*® RS 5*% RS 6" RS
0.6 5 0.3 0.3 —0.0111 £ 0.00162{0.0130 £ 0.01472|0.0129 £ 0.01142
0.6 5 0.56 0.6 —0.0123 = 0.00107[0.0043 £ 0.00827|0.0048 £ 0.00662
0.6 5 0.63 0.6 —0.0029 4 0.00062 (0.0135 £ 0.00842|0.0133 £ 0.00662
sl Pole position
ReF < 0 0 <Rell < A Rell > A
- 7 APRS(+ — +)|5"RS(+ + —) |5 RS(+ + —)
a9 /|ass| = 0.93,1,1.05 |ass| = 0.2 ~ 0.8 fm
laos|v2MsA = 0.13 ~ 0.51 6“"RS(— + —)|6""RS(— + —)
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Threshold Behaviors Case 6: |a,;|/2MzA > 1, a55 ~ —|ays|

Case 6: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole positions for three groups of a,, &|a,3|:

TABLE XII. Pole positions for a;; = 0.6 fm, |a12| =5 fm and three groups of as2 and |ass| in Case 6. Here the pole positions
are relative to the second threshold, and the third threshold is located at ¥ = A = 0.00823 GeV

Pole position (GeV)
a11(fm)|ai2(fm)|age (fm)||ass|(fm)
2" RS 3" RS 4" RS 6" RS
0.6 5 -3 3 —0.0063 4 0.00052|0.0074 4 0.00132|0.0072 £ 0.00137 | —0.0010 4 0.00007
0.6 5 —3.72 4 —0.0033 £ 0.00032|0.0074 £ 0.00082|0.0072 £ 0.00087 | —0.0008 4+ 0.0000¢
0.6 5 —4.2 4 —0.0028 4 0.00032|0.0076 4 0.00072|0.0075 £ 0.00077 | —0.0006 4+ 0.00007

2022-07-29

a22

lazs

Pole position

ReE <0 0<ReE <A ReE>A
2" RS(— + +)[3"'RS(— — +)| no pole
(1,22/‘1123‘ :—0.93:—1,—1.05 ‘ﬂ,g;}‘ =3~54fm
lazs|v2M3A = 1.92 ~ 3.46|6""RS(— + —) |[4""RS(+ — +)| no pole
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Threshold Behaviors Case 7: |ay:|/2M38 > 1,a,5 ~ |ay;)|

Case 7: Couplings in CH2 & CH3 are strong, and couplings between CH2&3 are weak.

The pole positions for three groups of a,, &|a,3|:

TABLE XIV. Pole positions for ai1 = 0.6 fm, |a12| = 5 fm and three groups of ass and |ass| in Case 7. Here the pole positions
are relative to the second threshold, and the third threshold is located at £ = A = 0.00823 GeV

Pole position (GeV)
a1 (fm) |a12(fm) | a2z (fm) | |azs|(fm)
4*® RS 5" RS 6" RS 8" RS
0.6 5 3 3 —0.0009 £ 0.00012|0.0074 4 0.00152]0.0074 + 0.00127| —0.0061 £ 0.0000z
0.6 5 3.72 4 —0.0008 4+ 0.00017|0.0074 4 0.00092]0.0074 4+ 0.00067 | —0.0032 £ 0.0000z
0.6 5 4.2 4 —0.0005 4 0.00017|0.0076 4 0.00087]0.0076 £+ 0.00067 | —0.0026 £ 0.00007
Pole position
ass |azs|
ReE < 0 0 <ReF < A ReFE > A
A"MRS(+ — +)[5*"RS(+ + —)| no pole
a-gg/‘a23| = 093 1, 1.05 |a23| =3~54fm
|laos|vV2M3A = 1.92 ~ 3.46|8""RS(+ — —)|6""RS(— + —)| no pole
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