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Dokshitzer-Gribov-Lipatov-Altarelli-Parisi Equation

• How to improve the accuracy of DGLAP?


• How to generalize DGLAP?

Two Questions

Relevant for PDFs, initial branching

Relevant for FFs, jet fragmentation
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Completion of three-loop corrections to DGLAP

Space-like evolution Time-like evolution
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Completion of three-loop corrections to DGLAP

Space-like evolution Time-like evolution
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Moch, Vermaseren, Vogt, NPB 2004
Three-loop corrections

Method:

Optical theorem + OPE
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Completion of three-loop corrections to DGLAP

Space-like evolution Time-like evolution
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<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2

<latexit sha1_base64="uQREdvl0tzr4n1lRBzZagasUEEU=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUgSqpKmAAqRJLxyLRh9SGyHHd1qrjBNtBqqJ8Agu/wsIAQqyMbPwNbpoBWo5k6fice6+vjxcyKpVlfRu5peWV1bX8emFjc2t7x9zda8kgEpg0ccAC0fGQJIxy0lRUMdIJBUG+x0jbG19P/fYDEZIG/FZNQuL4aMjpgGKktOSax3EvHRJ7LCIJvL+rwCtYCl0bnsLQrZzo+yW0YOKaRatspYCLxM5IEWRouOZXrx/gyCdcYYak7NpWqJwYCUUxI0mhF0kSIjxGQ9LVlCOfSCdOd0ngkVb6cBAIfbiCqfq7I0a+lBPf05U+UiM5703F/7xupAYXTkx5GCnC8eyhQcSgCuA0HdingmDFJpogLKjeFeIREggrnWFBh2DPf3mRtCpl+6xcvakWa/Usjjw4AIegBGxwDmqgDhqgCTB4BM/gFbwZT8aL8W58zEpzRtazD/7A+PwBEo+aDA==</latexit>

q2 = (p1 � p2)
2 < 0

<latexit sha1_base64="T/ZHst9Bp2dlJce3QtsYVYEDyho=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsCGWmFHWjFNx0WcE+oB2HTJq2oZnMmGSEMswnuPFX3LhQxK1Ld/6N6XQW2nogcHLOvTc3xwsZlcqyvo3c0vLK6lp+vbCxubW9Y+7utWQQCUyaOGCB6HhIEkY5aSqqGOmEgiDfY6Ttja+nfvuBCEkDfqsmIXF8NOR0QDFSWnLN47iXDok9FpEE3t9V4CUsha4NT2HoVk70/QpaMHHNolW2UsBFYmekCDI0XPOr1w9w5BOuMENSdm0rVE6MhKKYkaTQiyQJER6jIelqypFPpBOnuyTwSCt9OAiEPlzBVP3dESNfyonv6UofqZGc96bif143UoMLJ6Y8jBThePbQIGJQBXCaDuxTQbBiE00QFlTvCvEICYSVzrCgQ7Dnv7xIWpWyfVau3lSLtXoWRx4cgENQAjY4BzVQBw3QBBg8gmfwCt6MJ+PFeDc+ZqU5I+vZB39gfP4AEn2aDA==</latexit>

q2 = (p1 + p2)
2 > 0

Moch, Vermaseren, Vogt, NPB 2004
Three-loop corrections

Method:

Optical theorem + OPE

No complete 3-loop 
results until 2020

<latexit sha1_base64="uq1sIWr0yr9TEryKNiKE/s6NFiM="></latexit>

µ2 @

@µ2

✓
Dq

Dg

◆
=

✓
Pqq 2nfPqg

Pgq Pgg

◆
⌦
✓
Dq

Dg
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H. Chen, T.Z. Yang, HXZ, Y.J. Zhu, 
CPC 2021

Cannot be 
fixed by 
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Completion of three-loop corrections to DGLAP

Space-like evolution Time-like evolution

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q
<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2

<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2

<latexit sha1_base64="uQREdvl0tzr4n1lRBzZagasUEEU=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUgSqpKmAAqRJLxyLRh9SGyHHd1qrjBNtBqqJ8Agu/wsIAQqyMbPwNbpoBWo5k6fice6+vjxcyKpVlfRu5peWV1bX8emFjc2t7x9zda8kgEpg0ccAC0fGQJIxy0lRUMdIJBUG+x0jbG19P/fYDEZIG/FZNQuL4aMjpgGKktOSax3EvHRJ7LCIJvL+rwCtYCl0bnsLQrZzo+yW0YOKaRatspYCLxM5IEWRouOZXrx/gyCdcYYak7NpWqJwYCUUxI0mhF0kSIjxGQ9LVlCOfSCdOd0ngkVb6cBAIfbiCqfq7I0a+lBPf05U+UiM5703F/7xupAYXTkx5GCnC8eyhQcSgCuA0HdingmDFJpogLKjeFeIREggrnWFBh2DPf3mRtCpl+6xcvakWa/Usjjw4AIegBGxwDmqgDhqgCTB4BM/gFbwZT8aL8W58zEpzRtazD/7A+PwBEo+aDA==</latexit>

q2 = (p1 � p2)
2 < 0

<latexit sha1_base64="T/ZHst9Bp2dlJce3QtsYVYEDyho=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsCGWmFHWjFNx0WcE+oB2HTJq2oZnMmGSEMswnuPFX3LhQxK1Ld/6N6XQW2nogcHLOvTc3xwsZlcqyvo3c0vLK6lp+vbCxubW9Y+7utWQQCUyaOGCB6HhIEkY5aSqqGOmEgiDfY6Ttja+nfvuBCEkDfqsmIXF8NOR0QDFSWnLN47iXDok9FpEE3t9V4CUsha4NT2HoVk70/QpaMHHNolW2UsBFYmekCDI0XPOr1w9w5BOuMENSdm0rVE6MhKKYkaTQiyQJER6jIelqypFPpBOnuyTwSCt9OAiEPlzBVP3dESNfyonv6UofqZGc96bif143UoMLJ6Y8jBThePbQIGJQBXCaDuxTQbBiE00QFlTvCvEICYSVzrCgQ7Dnv7xIWpWyfVau3lSLtXoWRx4cgENQAjY4BzVQBw3QBBg8gmfwCt6MJ+PFeDc+ZqU5I+vZB39gfP4AEn2aDA==</latexit>

q2 = (p1 + p2)
2 > 0

Moch, Vermaseren, Vogt, NPB 2004
Three-loop corrections

Method:

Optical theorem + OPE

No complete 3-loop 
results until 2020

<latexit sha1_base64="uq1sIWr0yr9TEryKNiKE/s6NFiM="></latexit>

µ2 @
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✓
Dq

Dg
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=
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Pqq 2nfPqg

Pgq Pgg

◆
⌦
✓
Dq
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H. Chen, T.Z. Yang, HXZ, Y.J. Zhu, 
CPC 2021

Cannot be 
fixed by 
previous 
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Establishing analytic continuation relation for DGLAP

Space-like evolution Time-like evolution

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q
<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2

<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2
<latexit sha1_base64="Y55T7Em7fpdlM+gCqaSp2FC0kPc=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0IamERsEkZwXxAcoa9zV6yZG/v3J0TQsiPsLFQxNbfY+e/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZuJ7+7t39wWDg6bpo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrczv/XEtRGxusdxwv2IDpQIBaNopdbjQ5ncELdXKLoldw6ySryMFCFDvVf46vZjlkZcIZPUmI7nJuhPqEbBJJ/mu6nhCWUjOuAdSxWNuPEn83On5NwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG89idCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJpS3IXjLL6+SZrnkXZYqd5VitZbFkYNTOIML8OAKqlCDOjSAwQie4RXenMR5cd6dj0XrmpPNnMAfOJ8/oyiOfA==</latexit>

q2 < 0
<latexit sha1_base64="16goZlKfSbxKZTkFK7/15Vx7NpM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1JMEvOQYwTwgWcPsZDYZMju7zvQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777aytb2xubed28rt7+weHhaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvzW09cGxGrexwn3I/oQIlQMIpWaj0+lMkNcXuFolty5yCrxMtIETLUe4Wvbj9macQVMkmN6Xhugv6EahRM8mm+mxqeUDaiA96xVNGIG38yP3dKzq3SJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMNrfyJUkiJXbLEoTCXBmMx+J32hOUM5toQyLeythA2ppgxtQnkbgrf88ipplkveZalyVylWa1kcOTiFM7gAD66gCjWoQwMYjOAZXuHNSZwX5935WLSuOdnMCfyB8/kDpjSOfg==</latexit>

q2 > 0

Essentially local operator correlation Intrinsic non-local operator correlation
<latexit sha1_base64="nIchNxiBBBv2bR5F1EwVuZzrM/g="></latexit>Z

dy� eip
+y�/zh0| (y�)|hXihhX|�+ (0)|0i

<latexit sha1_base64="/AwgTgh8iW5hjEmPank4TRWlOT4="></latexit>Z
dy� eip

+zy�
hP | (y�)�+ (0)|P i
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Establishing analytic continuation relation for DGLAP

Space-like evolution Time-like evolution

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q
<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2

<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2
<latexit sha1_base64="Y55T7Em7fpdlM+gCqaSp2FC0kPc=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0IamERsEkZwXxAcoa9zV6yZG/v3J0TQsiPsLFQxNbfY+e/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZuJ7+7t39wWDg6bpo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrczv/XEtRGxusdxwv2IDpQIBaNopdbjQ5ncELdXKLoldw6ySryMFCFDvVf46vZjlkZcIZPUmI7nJuhPqEbBJJ/mu6nhCWUjOuAdSxWNuPEn83On5NwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG89idCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJpS3IXjLL6+SZrnkXZYqd5VitZbFkYNTOIML8OAKqlCDOjSAwQie4RXenMR5cd6dj0XrmpPNnMAfOJ8/oyiOfA==</latexit>

q2 < 0
<latexit sha1_base64="16goZlKfSbxKZTkFK7/15Vx7NpM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1JMEvOQYwTwgWcPsZDYZMju7zvQKIeQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777aytb2xubed28rt7+weHhaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvzW09cGxGrexwn3I/oQIlQMIpWaj0+lMkNcXuFolty5yCrxMtIETLUe4Wvbj9macQVMkmN6Xhugv6EahRM8mm+mxqeUDaiA96xVNGIG38yP3dKzq3SJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMNrfyJUkiJXbLEoTCXBmMx+J32hOUM5toQyLeythA2ppgxtQnkbgrf88ipplkveZalyVylWa1kcOTiFM7gAD66gCjWoQwMYjOAZXuHNSZwX5935WLSuOdnMCfyB8/kDpjSOfg==</latexit>

q2 > 0

Essentially local operator correlation Intrinsic non-local operator correlation
<latexit sha1_base64="nIchNxiBBBv2bR5F1EwVuZzrM/g="></latexit>Z

dy� eip
+y�/zh0| (y�)|hXihhX|�+ (0)|0i

<latexit sha1_base64="/AwgTgh8iW5hjEmPank4TRWlOT4="></latexit>Z
dy� eip

+zy�
hP | (y�)�+ (0)|P i

<latexit sha1_base64="eQKd6nU5qFo5pnoVimBejvR8LWM="></latexit>

�timelike
± (N) = �spacelike

± (N � �timelike
± (N))

H. Chen, T.Z. Yang, HXZ, Y.J. Zhu, CPC 2021
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Generalizing DGLAP?

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q

<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2
DGLAP

<latexit sha1_base64="zCifoBp0szWxchBlpIjTbvedTng=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dnNzKwJEr7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AO39jQ0=</latexit>z

<latexit sha1_base64="EpoBXm9Fb6cOl1fmiMOPYfdL0SE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXnqsYGqhDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxdBnsYhVO6QaBZfoG24EthOFNAoFPoTj25n/8IhK81jem0mCQUSHkg84o8ZKvkcuyFOvXHGr7hxklXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgtdVONCWVjOsSOpZJGqINsfuyUnFmlTwaxsiUNmau/JzIaaT2JQtsZUTPSy95M/M/rpGZwE2RcJqlByRaLBqkgJiazz0mfK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVtC6r3lW1dler1Bt5HEU4gVM4Bw+uoQ4NaIIPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fcs2N0w==</latexit>

1� z
<latexit sha1_base64="QkA82tNit80XwrGvf+JHPnUy30s=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8NJjBfsBbSyb7aZdutmE3Y1SQ/+HFw+KePW/ePPfuGlz0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTW5Sv/NApWKhuNPTiLoBHgnmM4K1ke6bqIyeLpAaJE51dj4oluyKPQdaJU5GSpChOSh+9YchiQMqNOFYqZ5jR9pNsNSMcDor9GNFI0wmeER7hgocUOUm86tn6MwoQ+SH0pTQaK7+nkhwoNQ08ExngPVYLXup+J/Xi7V/7SZMRLGmgiwW+TFHOkRpBGjIJCWaTw3BRDJzKyJjLDHRJqiCCcFZfnmVtKsV57JSu62V6o0sjjycwCmUwYErqEMDmtACAhKe4RXerEfrxXq3PhatOSubOYY/sD5/APn9kOk=</latexit>

P (z, s12)

7



Generalizing DGLAP?

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q

<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2
DGLAP

<latexit sha1_base64="zCifoBp0szWxchBlpIjTbvedTng=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dnNzKwJEr7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AO39jQ0=</latexit>z

<latexit sha1_base64="EpoBXm9Fb6cOl1fmiMOPYfdL0SE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXnqsYGqhDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxdBnsYhVO6QaBZfoG24EthOFNAoFPoTj25n/8IhK81jem0mCQUSHkg84o8ZKvkcuyFOvXHGr7hxklXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgtdVONCWVjOsSOpZJGqINsfuyUnFmlTwaxsiUNmau/JzIaaT2JQtsZUTPSy95M/M/rpGZwE2RcJqlByRaLBqkgJiazz0mfK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVtC6r3lW1dler1Bt5HEU4gVM4Bw+uoQ4NaIIPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fcs2N0w==</latexit>

1� z
<latexit sha1_base64="QkA82tNit80XwrGvf+JHPnUy30s=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8NJjBfsBbSyb7aZdutmE3Y1SQ/+HFw+KePW/ePPfuGlz0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTW5Sv/NApWKhuNPTiLoBHgnmM4K1ke6bqIyeLpAaJE51dj4oluyKPQdaJU5GSpChOSh+9YchiQMqNOFYqZ5jR9pNsNSMcDor9GNFI0wmeER7hgocUOUm86tn6MwoQ+SH0pTQaK7+nkhwoNQ08ExngPVYLXup+J/Xi7V/7SZMRLGmgiwW+TFHOkRpBGjIJCWaTw3BRDJzKyJjLDHRJqiCCcFZfnmVtKsV57JSu62V6o0sjjycwCmUwYErqEMDmtACAhKe4RXerEfrxXq3PhatOSubOYY/sD5/APn9kOk=</latexit>

P (z, s12)

<latexit sha1_base64="Ay45lMX6LOZ9j+fJF56jTsplUVM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBS48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5V9fLuslKr53EU4QRO4Rw8uIYa1KEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMTeI2x</latexit>z1

<latexit sha1_base64="pthAnU3eLtMShlkVgbRgGGxcPq4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjhilEcCGzI79MKE2dnNzKwJEj7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSwfzCRBP6JDyUPOqLHS/VO/0i+W3LK7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5albJ3Va7eVUu1ehZHHs7gHC7Bg2uoQR0a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz8U/I2y</latexit>z2

<latexit sha1_base64="guTRjfuzTv6nsl4kjpEJnIsNItM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEcSLxwxyiOBDZkdZmHC7OxmptcECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+65FrI2L1gOOE+xEdKBEKRtFK90+9y16x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDGnwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqaF2Xvqly5q5SqtSyOPJzAKZyDB9dQhRrUoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AFoCNsw==</latexit>z3

<latexit sha1_base64="Vak7oN5Rug7mddciE4W5eLKy35w=">AAACEXicbVDLSgMxFM34rPU16tJNsAgVSpmZFhXcFNx0WcE+oB2GTJppQzMPkozQDvMLbvwVNy4UcevOnX9jpp2Fth5I7uGce0nucSNGhTSMb21tfWNza7uwU9zd2z841I+OOyKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrTm4zv/tAuKBhcC+nEbF9NAqoRzGSSnL0cqs8c 8wKnDlWdtVuoHAS00orWbVqi1oz0wtHLxlVYw64SsyclECOlqN/DYYhjn0SSMyQEH3TiKSdIC4pZiQtDmJBIoQnaET6igbIJ8JO5hul8FwpQ+iFXJ1Awrn6eyJBvhBT31WdPpJjsexl4n9eP5betZ3QIIolCfDiIS9mUIYwiwcOKSdYsqkiCHOq/grxGHGEpQqxqEIwl1deJR2ral5W63f1UqOZx1EAp+AMlIEJrkADNEELtAEGj+AZvII37Ul70d61j0XrmpbPnIA/0D5/AClrmiE=</latexit>

P (z1, z2, z3; s12, s23, s31)Generalized DGLAP
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Generalizing DGLAP?

<latexit sha1_base64="ubqzjEwXa8uAIxmqZrX3tt90+ns=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOBZjQQ=</latexit>q

<latexit sha1_base64="XbUMD3f2x+w4YGpTT+oirq2BVMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpIRl4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOtnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVe+6WruvVeqNPI4inME5XIIHN1CHBjShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAEPI2n</latexit>p1

<latexit sha1_base64="n2rEqmsFHNjAueTzWzGkus6Ujn8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuk8GtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTq3pX1fpdvdJo5nEU4QzO4RI8uIYGNKEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMFwI2o</latexit>p2
DGLAP

<latexit sha1_base64="zCifoBp0szWxchBlpIjTbvedTng=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8kXjhCIo8ENmR26IWR2dnNzKwJEr7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7K3nW50qiUqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AO39jQ0=</latexit>z

<latexit sha1_base64="EpoBXm9Fb6cOl1fmiMOPYfdL0SE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXnqsYGqhDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxdBnsYhVO6QaBZfoG24EthOFNAoFPoTj25n/8IhK81jem0mCQUSHkg84o8ZKvkcuyFOvXHGr7hxklXg5qUCOZq/81e3HLI1QGiao1h3PTUyQUWU4EzgtdVONCWVjOsSOpZJGqINsfuyUnFmlTwaxsiUNmau/JzIaaT2JQtsZUTPSy95M/M/rpGZwE2RcJqlByRaLBqkgJiazz0mfK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVtC6r3lW1dler1Bt5HEU4gVM4Bw+uoQ4NaIIPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fcs2N0w==</latexit>

1� z
<latexit sha1_base64="QkA82tNit80XwrGvf+JHPnUy30s=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8NJjBfsBbSyb7aZdutmE3Y1SQ/+HFw+KePW/ePPfuGlz0NYHA4/3ZpiZ50WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTW5Sv/NApWKhuNPTiLoBHgnmM4K1ke6bqIyeLpAaJE51dj4oluyKPQdaJU5GSpChOSh+9YchiQMqNOFYqZ5jR9pNsNSMcDor9GNFI0wmeER7hgocUOUm86tn6MwoQ+SH0pTQaK7+nkhwoNQ08ExngPVYLXup+J/Xi7V/7SZMRLGmgiwW+TFHOkRpBGjIJCWaTw3BRDJzKyJjLDHRJqiCCcFZfnmVtKsV57JSu62V6o0sjjycwCmUwYErqEMDmtACAhKe4RXerEfrxXq3PhatOSubOYY/sD5/APn9kOk=</latexit>

P (z, s12)

<latexit sha1_base64="Ay45lMX6LOZ9j+fJF56jTsplUVM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBS48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5V9fLuslKr53EU4QRO4Rw8uIYa1KEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMTeI2x</latexit>z1

<latexit sha1_base64="pthAnU3eLtMShlkVgbRgGGxcPq4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjhilEcCGzI79MKE2dnNzKwJEj7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSwfzCRBP6JDyUPOqLHS/VO/0i+W3LK7AFknXkZKkKHRL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx6oxcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrzxp1wmqUHJlovCVBATk/nfZMAVMiMmllCmuL2VsBFVlBmbTsGG4K2+vE5albJ3Va7eVUu1ehZHHs7gHC7Bg2uoQR0a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz8U/I2y</latexit>z2

<latexit sha1_base64="guTRjfuzTv6nsl4kjpEJnIsNItM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEcSLxwxyiOBDZkdZmHC7OxmptcECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+65FrI2L1gOOE+xEdKBEKRtFK90+9y16x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDGnwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqaF2Xvqly5q5SqtSyOPJzAKZyDB9dQhRrUoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AFoCNsw==</latexit>z3

<latexit sha1_base64="Vak7oN5Rug7mddciE4W5eLKy35w=">AAACEXicbVDLSgMxFM34rPU16tJNsAgVSpmZFhXcFNx0WcE+oB2GTJppQzMPkozQDvMLbvwVNy4UcevOnX9jpp2Fth5I7uGce0nucSNGhTSMb21tfWNza7uwU9zd2z841I+OOyKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrTm4zv/tAuKBhcC+nEbF9NAqoRzGSSnL0cqs8c 8wKnDlWdtVuoHAS00orWbVqi1oz0wtHLxlVYw64SsyclECOlqN/DYYhjn0SSMyQEH3TiKSdIC4pZiQtDmJBIoQnaET6igbIJ8JO5hul8FwpQ+iFXJ1Awrn6eyJBvhBT31WdPpJjsexl4n9eP5betZ3QIIolCfDiIS9mUIYwiwcOKSdYsqkiCHOq/grxGHGEpQqxqEIwl1deJR2ral5W63f1UqOZx1EAp+AMlIEJrkADNEELtAEGj+AZvII37Ul70d61j0XrmpbPnIA/0D5/AClrmiE=</latexit>

P (z1, z2, z3; s12, s23, s31)Generalized DGLAP

Integrate out zᵢ Integrate out sij

Energy flow correlation Multi-collinear splitting
<latexit sha1_base64="+nwYGXFtVYmCGmzu+SIUnlvrUww=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUkDLTFnVZcGGXFewD2jJk0kwbmskMyR2hDP0FN/6KGxeKuHXnzr8xfQi19UDg3HPu5eYeLxJcg21/W6m19Y3NrfR2Zmd3b/8ge3jU0GGsKKvTUISq5RHNBJesDhwEa0WKkcATrOkNbyZ+84EpzUN5D6OIdQPSl9znlICR3Gz+Nt+BAQPiJk5xfIF/i2JpoSg543M3m7ML9hR4lThzkkNz1NzsV6cX0jhgEqggWrcdO4JuQhRwKtg404k1iwgdkj5rGypJwHQ3mV40xmdG6WE/VOZJwFN1cSIhgdajwDOdAYGBXvYm4n9eOwb/uptwGcXAJJ0t8mOBIcSTeHCPK0ZBjAwhVHHzV0wHRBEKJsSMCcFZPnmVNIoF57JQvivnKtV5HGl0gk5RHjnoClVQFdVQHVH0iJ7RK3qznqwX6936mLWmrPnMMfoD6/MHLC6cAQ==</latexit>

G(✓12, ✓23, ✓31)
<latexit sha1_base64="aTLvJ6DbBT0iQW9g5OqlktHxyMQ=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahgpSZWtRlwU3BTQX7gHYYMmmmDc08SDKFduifuHGhiFv/xJ1/Y6btQlsP3MvhnHvJzfFizqSyrG8jt7G5tb2T3y3s7R8cHpnHJy0ZJYLQJol4JDoelpSzkDYVU5x2YkFx4HHa9kb3md8eUyFZFD6pSUydAA9C5jOClZZc03woTV37Ck3dStauL12zaJWtOdA6sZekCEs0XPOr149IEtBQEY6l7NpWrJwUC8UIp7NCL5E0xmSEB7SraYgDKp10fvkMXWilj/xI6AoVmqu/N1IcSDkJPD0ZYDWUq14m/ud1E+XfOSkL40TRkCwe8hOOVISyGFCfCUoUn2iCiWD6VkSGWGCidFgFHYK9+uV10qqU7Zty9bFarNWXceThDM6hBDbcQg3q0IAmEBjDM7zCm5EaL8a78bEYzRnLnVP4A+PzB4nwka8=</latexit>

K(z1, z2, z3)
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Two approaches to jet structure

Shape observables

<latexit sha1_base64="VkLh51+89819qo6h56ITa+jVC3k=">AAACCHicbVBNS8MwGE7n15xfVY8eDA7BwxjtGOpFGHjZcYL7gLWUNE23sDQtSSqMsqMX/4oXD4p49Sd489+Ybj3o5gMJT57nfXnzPn7CqFSW9W2U1tY3NrfK25Wd3b39A/PwqCfjVGDSxTGLxcBHkjDKSVdRxcggEQRFPiN9f3Kb+/0HIiSN+b2aJsSN0IjTkGKktOSZp/AGOhlMPLumr0YNOjiIlXTyF4fOzDOrVt2aA64SuyBVUKDjmV9OEOM0IlxhhqQc2lai3AwJRTEjs4qTSpIgPEEjMtSUo4hIN5svMoPnWglgGAt9uIJz9XdHhiIpp5GvKyOkxnLZy8X/vGGqwms3ozxJFeF4MShMGVQxzFOBARUEKzbVBGFB9V8hHiOBsNLZVXQI9vLKq6TXqNuX9eZds9pqF3GUwQk4AxfABlegBdqgA7oAg0fwDF7Bm/FkvBjvxseitGQUPcfgD4zPH8PIl1Q=</latexit>

= {p1, p2, · · · pn}

Statistical correlation

<latexit sha1_base64="xRWVAc6bbLTDH33PtcFhXtH1dZ4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJpKjLgpsuK9gHNCFMptN27GQSZiZCCd34K25cKOLWz3Dn3zhNs9DWAxfOnHMvd+4JE86Udpxvq7S2vrG5Vd6u7Ozu7R/Yh0cdFaeS0DaJeSx7IVaUM0HbmmlOe4mkOAo57YaT27nffaRSsVjc62lC/QiPBBsygrWRAvvE41iMOEUqYKYekCfzd2BXnZqTA60StyBVKNAK7C9vEJM0okITjpXqu06i/QxLzQins4qXKppgMsEj2jdU4IgqP8sPmKFzowzQMJamhEa5+nsiw5FS0yg0nRHWY7XszcX/vH6qhzd+xkSSairIYtEw5UjHaJ4GGjBJieZTQzCRzPwVkTGWmGiTWcWE4C6fvEo6lzX3qla/q1cbzSKOMpzCGVyAC9fQgCa0oA0EZvAMr/BmPVkv1rv1sWgtWcXMMfyB9fkDE4eWGw==</latexit>

hsisji

8

<latexit sha1_base64="zFgakf0wZ8TsQ7ROciarN4vAkYs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKBnjNU=</latexit>

H



Two approaches to jet structure

• Example: jet mass, jet broadening, thrust


• Advantage: close connection with new 
physics search


• Disadvantage: lack direct connection with 
field theory

Shape observables

<latexit sha1_base64="VkLh51+89819qo6h56ITa+jVC3k=">AAACCHicbVBNS8MwGE7n15xfVY8eDA7BwxjtGOpFGHjZcYL7gLWUNE23sDQtSSqMsqMX/4oXD4p49Sd489+Ybj3o5gMJT57nfXnzPn7CqFSW9W2U1tY3NrfK25Wd3b39A/PwqCfjVGDSxTGLxcBHkjDKSVdRxcggEQRFPiN9f3Kb+/0HIiSN+b2aJsSN0IjTkGKktOSZp/AGOhlMPLumr0YNOjiIlXTyF4fOzDOrVt2aA64SuyBVUKDjmV9OEOM0IlxhhqQc2lai3AwJRTEjs4qTSpIgPEEjMtSUo4hIN5svMoPnWglgGAt9uIJz9XdHhiIpp5GvKyOkxnLZy8X/vGGqwms3ozxJFeF4MShMGVQxzFOBARUEKzbVBGFB9V8hHiOBsNLZVXQI9vLKq6TXqNuX9eZds9pqF3GUwQk4AxfABlegBdqgA7oAg0fwDF7Bm/FkvBjvxseitGQUPcfgD4zPH8PIl1Q=</latexit>

= {p1, p2, · · · pn}

<latexit sha1_base64="nHGi90YSg6rVN8iZc331o6oruIA=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVaklKUTdCwU13VrAPaEqYTCft0GQSZm6KJfQr3Pgrblwo4lbc+TdO2i609cLAuefcw5173MjnCkzz21hZXVvf2MxsZbd3dvf2cweHTRXGkrIGDf1Qtl2imM8FawAHn7UjyUjg+qzlDm9SvTViUvFQ3MM4Yt2A9AX3OCWgKSd3bgN7gOTWVUyOiHZN8DX2CpFj4SKOnHIR27QXgkobcebk8mbJnBZeBtYc5NG86k7uy+6FNA6YAOoTpTqWGUE3IRI41buydqxYROiQ9FlHQ0ECprrJ9KwJPtVMD3uh1E8AnrK/HQkJlBoHrp4MCAzUopaS/2mdGLyrbsJFFAMTdLbIi30MIU4zwj0uGQV/rAGhkuu/YjogklDQSWZ1CNbiycugWS5ZF6XKXSVfrc3jyKBjdIIKyEKXqIpqqI4aiKJH9Ixe0ZvxZLwY78bHbHTFmHuO0J8yPn8AQrKdiQ==</latexit>

Observable = f(p1, p2, · · · , pn)
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Two approaches to jet structure

• Example: jet mass, jet broadening, thrust


• Advantage: close connection with new 
physics search


• Disadvantage: lack direct connection with 
field theory

Shape observables
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• Disadvantage: not yet suitable for new 

physics search


• Advantage: 


• Defined from most elementary field theory 
concept
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Spin correlation in Ising v.s. Energy flow correlation at the LHC
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Spin correlation in Ising v.s. Energy flow correlation at the LHC
LHC
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]
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where it is given by
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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2
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LHC

<latexit sha1_base64="viA+nM443O35cdp7H65EyKsxFOA=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BItQL2VXinosiNBjBfsB7VKyabYNzWbXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZ58eCa+M43yi3sbm1vZPfLeztHxweFY9PWjpKFGVNGolIdXyimeCSNQ03gnVixUjoC9b2x3dzvz1hSvNIPpppzLyQDCUPOCXGSl7ao0Tg+1lZ9t3LfrHkVJwF8DpxM1KCDI1+8as3iGgSMmmoIFp3XSc2XkqU4VSwWaGXaBYTOiZD1rVUkpBpL10cPcMXVhngIFK2pMEL9fdESkKtp6FvO0NiRnrVm4v/ed3EBLdeymWcGCbpclGQCGwiPE8AD7hi1IipJYQqbm/FdEQUocbmVLAhuKsvr5PWVcW9rlQfqqVaPYsjD2dwDmVw4QZqUIcGNIHCEzzDK7yhCXpB7+hj2ZpD2cwp/AH6/AFxyJFD</latexit>

E(n1)

<latexit sha1_base64="rrzh83+U2igP+d37mLsGo5HTfpI=">AAAB9HicbVBdSwJBFL1rX2ZfVo+9DElgL7IrUj0KEfhokCboIrPjrA7Ozmwzs4Is/o5eeiii135Mb/2bRt2H0g5cOJxzL/feE8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftLVMFKEtIrlUnQBrypmgLcMMp51YURwFnD4G49u5/zihSjMpHsw0pn6Eh4KFjGBjJT/tEczR3aws+tXLfrHkVtwF0DrxMlKCDM1+8as3kCSJqDCEY627nhsbP8XKMMLprNBLNI0xGeMh7VoqcES1ny6OnqELqwxQKJUtYdBC/T2R4kjraRTYzgibkV715uJ/Xjcx4Y2fMhEnhgqyXBQmHBmJ5gmgAVOUGD61BBPF7K2IjLDCxNicCjYEb/XlddKuVryrSu2+Vqo3sjjycAbnUAYPrqEODWhCCwg8wTO8wpszcV6cd+dj2ZpzsplT+APn8wdzTZFE</latexit>

E(n2)

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit> 1

<latexit sha1_base64="43kdPYplBonDHhYUhg4bFpvRumI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+SVq3qX1Rr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMN9j0A=</latexit>

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)
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What information is encoded 
in energy flow correlation?
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Seeing hadronization phase transition from EEC
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Seeing hadronization phase transition from EEC

P. Komiske, I. Moult, J. Thaler, HXZ, 2201.07800
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Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?

t
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Higher point energy flow correlation
Three-point energy 

flow correlation

Simplest generalization beyond DGLAP 

• Arbitrary select three energy detectors


• Measures their energy weighted cross section


• Iterate over all possible detector selection, and 
average over all scatterings

Application: gluon transverse spin

H. Chen, I. Moult, HXZ, PRL, 2021
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�

<latexit sha1_base64="MmcE2MsFTHTG+ucr6FjM0xst+34=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhNmE3BLUM2KSMYB6QDWF2MkmGzO4sM3fFsKS08VdsLBSx9RPs/Bsnmy008cDA4ZxzuXOPHwmuwXG+rdza+sbmVn67sLO7t39gHx61tIwVZU0qhVQdn2gmeMiawEGwTqQYCXzB2v7kZu6375nSXIZ3MI1YLyCjkA85JWCkvn3qUalLFexFY36BPWAPkOBADmKRBmZ9u+iUnRR4lbgZKaIMjb795Q0kjQMWAhVE667rRNBLiAJOBZsVvFiziNAJGbGuoSEJmO4l6SEzfG6UAR5KZV4IOFV/TyQk0Hoa+CYZEBjrZW8u/ud1Yxhe9xIeRjGwkC4WDWOBQeJ5K3jAFaMgpoYQqrj5K6ZjoggF013BlOAun7xKWpWye1mu3laLtXpWRx6doDNUQi66QjVURw3URBQ9omf0it6sJ+vFerc+FtGclc0coz+wPn8ABUmZZg==</latexit>

cos(2�) modulation 0.0 0.5 1.0 1.5
-0.015

-0.010

-0.005

0.000

0.005

0.010

0.015

ϕ

Azimuthal Dependence, ξ ∈ (0.1, 0.2)

H. Chen, I. Moult, J. Thaler, HXZ, JHEP, 2022

Actual CMS data
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Three-point energy flow correlation from perturbation theory

<latexit sha1_base64="rtTG2G1DBTTOVIG3ieMtvM8VuiQ=">AAACKnicbVDLSgMxFM3UVx1foy7dBIvQgpSZtqgboeLCLivYB3RKyaSpDc08SO4Idej3uPFX3HShFLd+iOlDaNUDgXPPuZebe7xIcAW2PTFSa+sbm1vpbXNnd2//wDo8qqswlpTVaChC2fSIYoIHrAYcBGtGkhHfE6zhDW6nfuOJScXD4AGGEWv75DHgPU4JaKlj3dxlXegzIJ3EKYzO8U9RKC4VRWeUM13XvMYr3fgcP+Ncx8rYeXsG/Jc4C5JBC1Q71tjthjT2WQBUEKVajh1BOyESOBVsZLqxYhGhA/LIWpoGxGeqncxOHeEzrXRxL5T6BYBn6vJEQnylhr6nO30CffXbm4r/ea0YelfthAdRDCyg80W9WGAI8TQ33OWSURBDTQiVXP8V0z6RhIJO19QhOL9P/kvqhbxzkS/dlzLlyiKONDpBpyiLHHSJyqiCqqiGKHpBb+gdfRivxtiYGJ/z1pSxmDlGKzC+vgEF26Pu</latexit>

G(✓12, ✓23, ✓31)

= G(✓12, z)

<latexit sha1_base64="Ay0w/PxBuN9B0/dA+NQkvGGzYKM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WsB/QhrLZbtqlm2zYnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY1SqGW8zJZXuBdRwKWLeRoGS9xLNaRRI3g2m9wu/+8S1ESp+xFnC/YiOYxEKRtFK/QFOONJh5tXmw3LFrbpLkE3i5aQCOVrD8tdgpFga8RiZpMb0PTdBP6MaBZN8XhqkhieUTemY9y2NacSNny1PnpMrq4xIqLStGMlS/T2R0ciYWRTYzojixKx7C/E/r59ieOdnIk5S5DFbLQpTSVCRxf9kJDRnKGeWUKaFvZWwCdWUoU2pZEPw1l/eJJ1a1bup1h/qlUYzj6MIF3AJ1+DBLTSgCS1oAwMFz/AKbw46L86787FqLTj5zDn8gfP5Aw9MkSM=</latexit>

✓12

<latexit sha1_base64="K91cKJnluqr6oWou981G4QVapxg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgpccK9gPaUDbbTbt0swm7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkm93O/88S1EbF6xGnC/YiOlAgFo2ilXh/HHOkgq17PBqWyW3EXIOvEy0kZcjQHpa/+MGZpxBUySY3peW6CfkY1Cib5rNhPDU8om9AR71mqaMSNny1OnpFLqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOdnQiUpcsWWi8JUEozJ/H8yFJozlFNLKNPC3krYmGrK0KZUtCF4qy+vk3a14t1Uag+1cr2Rx1GAc7iAK/DgFurQgCa0gEEMz/AKbw46L86787Fs3XDymTP4A+fzBxJXkSU=</latexit>

✓23

<latexit sha1_base64="QqfXfpIqliub7MsoxB1RZH2zMzo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSRa1GPBS48V7Ae0oWy2k3bpZjfsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNirVDFpMCaW7ITUguIQWchTQTTTQOBTQCSf3c7/zBNpwJR9xmkAQ05HkEWcUrdTr4xiQDrJrfzYoV7yqt4C7TvycVEiO5qD81R8qlsYgkQlqTM/3EgwyqpEzAbNSPzWQUDahI+hZKmkMJsgWJ8/cC6sM3UhpWxLdhfp7IqOxMdM4tJ0xxbFZ9ebif14vxeguyLhMUgTJlouiVLio3Pn/7pBrYCimllCmub3VZWOqKUObUsmG4K++vE7aV1X/plp7qFXqjTyOIjkj5+SS+OSW1EmDNEmLMKLIM3klbw46L86787FsLTj5zCn5A+fzBxDTkSQ=</latexit>

✓31

<latexit sha1_base64="drQSlxkNMANieIxS0LxXurAkPnw="></latexit>

u =
✓223
✓212

= zz̄ v =
✓231
✓212

= (1� z)(1� z̄)

• Analytic available perturbative prediction at leading order


• Large logarithms in perturbative theory αₛⁿ logⁿ(θ₂₃/θ₁₂)


• Need different organization to make underlying physics manifest
H. Chen, M.X. Luo, I. Moult, T.Z. Yang, X.Y. Zhang, HXZ, JHEP, 2020
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Multi-pole expansion

Power expansion in the squeeze limit θ₂₃ → 0 (modulo logs)

<latexit sha1_base64="Ay0w/PxBuN9B0/dA+NQkvGGzYKM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WsB/QhrLZbtqlm2zYnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY1SqGW8zJZXuBdRwKWLeRoGS9xLNaRRI3g2m9wu/+8S1ESp+xFnC/YiOYxEKRtFK/QFOONJh5tXmw3LFrbpLkE3i5aQCOVrD8tdgpFga8RiZpMb0PTdBP6MaBZN8XhqkhieUTemY9y2NacSNny1PnpMrq4xIqLStGMlS/T2R0ciYWRTYzojixKx7C/E/r59ieOdnIk5S5DFbLQpTSVCRxf9kJDRnKGeWUKaFvZWwCdWUoU2pZEPw1l/eJJ1a1bup1h/qlUYzj6MIF3AJ1+DBLTSgCS1oAwMFz/AKbw46L86787FqLTj5zDn8gfP5Aw9MkSM=</latexit>

✓12

<latexit sha1_base64="K91cKJnluqr6oWou981G4QVapxg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgpccK9gPaUDbbTbt0swm7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkm93O/88S1EbF6xGnC/YiOlAgFo2ilXh/HHOkgq17PBqWyW3EXIOvEy0kZcjQHpa/+MGZpxBUySY3peW6CfkY1Cib5rNhPDU8om9AR71mqaMSNny1OnpFLqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOdnQiUpcsWWi8JUEozJ/H8yFJozlFNLKNPC3krYmGrK0KZUtCF4qy+vk3a14t1Uag+1cr2Rx1GAc7iAK/DgFurQgCa0gEEMz/AKbw46L86787Fs3XDymTP4A+fzBxJXkSU=</latexit>

✓23

<latexit sha1_base64="QqfXfpIqliub7MsoxB1RZH2zMzo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSRa1GPBS48V7Ae0oWy2k3bpZjfsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNirVDFpMCaW7ITUguIQWchTQTTTQOBTQCSf3c7/zBNpwJR9xmkAQ05HkEWcUrdTr4xiQDrJrfzYoV7yqt4C7TvycVEiO5qD81R8qlsYgkQlqTM/3EgwyqpEzAbNSPzWQUDahI+hZKmkMJsgWJ8/cC6sM3UhpWxLdhfp7IqOxMdM4tJ0xxbFZ9ebif14vxeguyLhMUgTJlouiVLio3Pn/7pBrYCimllCmub3VZWOqKUObUsmG4K++vE7aV1X/plp7qFXqjTyOIjkj5+SS+OSW1EmDNEmLMKLIM3klbw46L86787FsLTj5zCn5A+fzBxDTkSQ=</latexit>

✓31

<latexit sha1_base64="drQSlxkNMANieIxS0LxXurAkPnw="></latexit>

u =
✓223
✓212

= zz̄ v =
✓231
✓212

= (1� z)(1� z̄)

<latexit sha1_base64="/jkc9wiDj01qddrEfIYm/qGmg9U="></latexit>

G(✓12, z) =
1

|z|2G
(0)(✓12) +G(1)(✓12) + |z|2G(2)(✓12) + · · ·

Power expansion of quantum field theory near 
the lightcone in general is a difficult problem
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Lightray OPE and symmetry

<latexit sha1_base64="Jsn5y2WCJgSUVloW7AOxqYifqy4=">AAACGXicbVBNS8NAEN3Urxq/qh69BIvgqSSi6LHoxWMF+wFpKJvtpl262Q27k0IN+RmeBP0t3sSrJ3+KN7dtDrb1wcDjvRlm5oUJZxpc99sqra1vbG6Vt+2d3b39g8rhUUvLVBHaJJJL1QmxppwJ2gQGnHYSRXEcctoOR3dTvz2mSjMpHmGS0CDGA8EiRjAYye+OKclE3vNsu1epujV3BmeVeAWpogKNXuWn25ckjakAwrHWvucmEGRYASOc5nY31TTBZIQH1DdU4JjqIJudnDtnRuk7kVSmBDgz9e9EhmOtJ3FoOmMMQ73sTcX/PD+F6CbImEhSoILMF0Upd0A60/+dPlOUAJ8Ygoli5laHDLHCBExKC1uAjZ4WvsiSQZRwCTo3WXnLyayS1kXNu6q5D5fV+m2RWhmdoFN0jjx0jeroHjVQExEk0TN6RW/Wi/VufVif89aSVcwcowVYX78ZsKGP</latexit>

~n1
<latexit sha1_base64="6fipYAm88FJEbGJXwho5gAVA4Y4=">AAACGXicbVBNS8NAEN34WeNX1aOXYBE8laQoeix68VjBfkAayma7aZdudsPupFBDfoYnQX+LN/HqyZ/izW2bg219MPB4b4aZeWHCmQbX/bbW1jc2t7ZLO/bu3v7BYfnouKVlqghtEsml6oRYU84EbQIDTjuJojgOOW2Ho7up3x5TpZkUjzBJaBDjgWARIxiM5HfHlGQi79Vsu1euuFV3BmeVeAWpoAKNXvmn25ckjakAwrHWvucmEGRYASOc5nY31TTBZIQH1DdU4JjqIJudnDvnRuk7kVSmBDgz9e9EhmOtJ3FoOmMMQ73sTcX/PD+F6CbImEhSoILMF0Upd0A60/+dPlOUAJ8Ygoli5laHDLHCBExKC1uAjZ4WvsiSQZRwCTo3WXnLyaySVq3qXVXdh8tK/bZIrYRO0Rm6QB66RnV0jxqoiQiS6Bm9ojfrxXq3PqzPeeuaVcycoAVYX78bXaGQ</latexit>

~n2

<latexit sha1_base64="J7feevciMUPZEOvhQZvPUICQQhk=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIzHxRHaVqEcSLxwxkYeBDZkdGpgwM7uZmSUhG77CiweN8ernePNvHGAPClbSSaWqO91dYcyZNp737eQ2Nre2d/K7hb39g8Oj4vFJU0eJotigEY9UOyQaOZPYMMxwbMcKiQg5tsLx/dxvTVBpFslHM40xEGQo2YBRYqz01J0gTeWsd90rlryyt4C7TvyMlCBDvVf86vYjmgiUhnKidcf3YhOkRBlGOc4K3URjTOiYDLFjqSQCdZAuDp65F1bpu4NI2ZLGXai/J1IitJ6K0HYKYkZ61ZuL/3mdxAzugpTJODEo6XLRIOGuidz5926fKaSGTy0hVDF7q0tHRBFqbEYFG4K/+vI6aV6V/Zty5aFSqtayOPJwBudwCT7cQhVqUIcGUBDwDK/w5ijnxXl3PpatOSebOYU/cD5/ANUFkHU=</latexit>

~n3
<latexit sha1_base64="Jsn5y2WCJgSUVloW7AOxqYifqy4=">AAACGXicbVBNS8NAEN3Urxq/qh69BIvgqSSi6LHoxWMF+wFpKJvtpl262Q27k0IN+RmeBP0t3sSrJ3+KN7dtDrb1wcDjvRlm5oUJZxpc99sqra1vbG6Vt+2d3b39g8rhUUvLVBHaJJJL1QmxppwJ2gQGnHYSRXEcctoOR3dTvz2mSjMpHmGS0CDGA8EiRjAYye+OKclE3vNsu1epujV3BmeVeAWpogKNXuWn25ckjakAwrHWvucmEGRYASOc5nY31TTBZIQH1DdU4JjqIJudnDtnRuk7kVSmBDgz9e9EhmOtJ3FoOmMMQ73sTcX/PD+F6CbImEhSoILMF0Upd0A60/+dPlOUAJ8Ygoli5laHDLHCBExKC1uAjZ4WvsiSQZRwCTo3WXnLyayS1kXNu6q5D5fV+m2RWhmdoFN0jjx0jeroHjVQExEk0TN6RW/Wi/VufVif89aSVcwcowVYX78ZsKGP</latexit>

~n1
<latexit sha1_base64="6fipYAm88FJEbGJXwho5gAVA4Y4=">AAACGXicbVBNS8NAEN34WeNX1aOXYBE8laQoeix68VjBfkAayma7aZdudsPupFBDfoYnQX+LN/HqyZ/izW2bg219MPB4b4aZeWHCmQbX/bbW1jc2t7ZLO/bu3v7BYfnouKVlqghtEsml6oRYU84EbQIDTjuJojgOOW2Ho7up3x5TpZkUjzBJaBDjgWARIxiM5HfHlGQi79Vsu1euuFV3BmeVeAWpoAKNXvmn25ckjakAwrHWvucmEGRYASOc5nY31TTBZIQH1DdU4JjqIJudnDvnRuk7kVSmBDgz9e9EhmOtJ3FoOmMMQ73sTcX/PD+F6CbImEhSoILMF0Upd0A60/+dPlOUAJ8Ygoli5laHDLHCBExKC1uAjZ4WvsiSQZRwCTo3WXnLyaySVq3qXVXdh8tK/bZIrYRO0Rm6QB66RnV0jxqoiQiS6Bm9ojfrxXq3PqzPeeuaVcycoAVYX78bXaGQ</latexit>

~n2
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<latexit sha1_base64="4o0tJwfQ37itoHkP8hj9ekuJaNw=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRa1E2h4Ka4sYJ9QBPCZDpph04mYWYilBDc+CtuXCji1q9w5984abPQ1gMXDufcy733+DGjUlnWt7G0vLK6tl7aKG9ube/smnv7HRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen64+vc7z4QIWnE79UkJm6IhpwGFCOlJc88rENHJqGXOiFSI99PbzMvvamfZ5lnVqyqNQVcJHZBKqBAyzO/nEGEk5BwhRmSsm9bsXJTJBTFjGRlJ5EkRniMhqSvKUchkW46fSGDJ1oZwCASuriCU/X3RIpCKSehrzvzQ+W8l4v/ef1EBVduSnmcKMLxbFGQMKgimOcBB1QQrNhEE4QF1bdCPEICYaVTK+sQ7PmXF0nnrGpfVGt3tUqjWcRRAkfgGJwCG1yCBmiCFmgDDB7BM3gFb8aT8WK8Gx+z1iWjmDkAf2B8/gAHHJc7</latexit>

=
X

OJ=3

Quantum number of the lightray operator

Boost ⇔ Dilation δ Rotation ⇔ transverse spin j

<latexit sha1_base64="yk5lOPNcPIlJ0epNDnYk4WuMahA=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4kJJoUTdCwU1xYwX7gCaGyWTSjp08mJkIJWTjxl9x40IRt/6DO//GSZuFth64cDjnXu69x40ZFdIwvrW5+YXFpeXSSnl1bX1jU9/aboso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOO7zM/c4D4YJG4a0cxcQOUD+kPsVIKsnR96wAyYHrptfZXXp1cZI5qeURJtERvM8cvWJUjTHgLDELUgEFmo7+ZXkRTgISSsyQED3TiKWdIi4pZiQrW4kgMcJD1Cc9RUMUEGGn4y8yeKAUD/oRVxVKOFZ/T6QoEGIUuKozv1lMe7n4n9dLpH9upzSME0lCPFnkJwzKCOaRQI9ygiUbKYIwp+pWiAeIIyxVcGUVgjn98ixpH1fN02rtplapN4o4SmAX7INDYIIzUAcN0AQtgMEjeAav4E170l60d+1j0jqnFTM74A+0zx8xb5hm</latexit>

O
J=3
�,j

S2 at infinity<latexit sha1_base64="RIEm3j08YZCkd/w33l1VlPOiR1U="></latexit>

G(✓12, z)

=h |E(n1)E(n2)E(n3)| i

=
X

OJ=3

h |E(n1)OJ=3(n2)| i

Lightray operator labeled by 

dimension δ and spin j



Partial wave of Lorentz group SO(3,1)
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<latexit sha1_base64="Ay0w/PxBuN9B0/dA+NQkvGGzYKM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLz1WsB/QhrLZbtqlm2zYnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY1SqGW8zJZXuBdRwKWLeRoGS9xLNaRRI3g2m9wu/+8S1ESp+xFnC/YiOYxEKRtFK/QFOONJh5tXmw3LFrbpLkE3i5aQCOVrD8tdgpFga8RiZpMb0PTdBP6MaBZN8XhqkhieUTemY9y2NacSNny1PnpMrq4xIqLStGMlS/T2R0ciYWRTYzojixKx7C/E/r59ieOdnIk5S5DFbLQpTSVCRxf9kJDRnKGeWUKaFvZWwCdWUoU2pZEPw1l/eJJ1a1bup1h/qlUYzj6MIF3AJ1+DBLTSgCS1oAwMFz/AKbw46L86787FqLTj5zDn8gfP5Aw9MkSM=</latexit>

✓12

<latexit sha1_base64="K91cKJnluqr6oWou981G4QVapxg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgpccK9gPaUDbbTbt0swm7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkm93O/88S1EbF6xGnC/YiOlAgFo2ilXh/HHOkgq17PBqWyW3EXIOvEy0kZcjQHpa/+MGZpxBUySY3peW6CfkY1Cib5rNhPDU8om9AR71mqaMSNny1OnpFLqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOdnQiUpcsWWi8JUEozJ/H8yFJozlFNLKNPC3krYmGrK0KZUtCF4qy+vk3a14t1Uag+1cr2Rx1GAc7iAK/DgFurQgCa0gEEMz/AKbw46L86787Fs3XDymTP4A+fzBxJXkSU=</latexit>

✓23

<latexit sha1_base64="QqfXfpIqliub7MsoxB1RZH2zMzo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSRa1GPBS48V7Ae0oWy2k3bpZjfsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNirVDFpMCaW7ITUguIQWchTQTTTQOBTQCSf3c7/zBNpwJR9xmkAQ05HkEWcUrdTr4xiQDrJrfzYoV7yqt4C7TvycVEiO5qD81R8qlsYgkQlqTM/3EgwyqpEzAbNSPzWQUDahI+hZKmkMJsgWJ8/cC6sM3UhpWxLdhfp7IqOxMdM4tJ0xxbFZ9ebif14vxeguyLhMUgTJlouiVLio3Pn/7pBrYCimllCmub3VZWOqKUObUsmG4K++vE7aV1X/plp7qFXqjTyOIjkj5+SS+OSW1EmDNEmLMKLIM3klbw46L86787FsLTj5zCn5A+fzBxDTkSQ=</latexit>

✓31

<latexit sha1_base64="drQSlxkNMANieIxS0LxXurAkPnw="></latexit>

u =
✓223
✓212

= zz̄ v =
✓231
✓212

= (1� z)(1� z̄)

Lorentz invariance of individual partial wave

<latexit sha1_base64="W1dIDQNDp/0ot3wL8yAm6joZOcM="></latexit>

G(✓12, z)

=h |E(n1)E(n2)E(n3)| i

=
X

OJ=3

h |E(n1)OJ=3(n2)| i = G(✓12)
X

�,j

g�,j(z)
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Identical to Casimir equation for 2D Euclidean conformal block!
Dolan, Osborn, NPB, 2003Pöschl–Teller potential, 1933



Comment on SO(3,1) partial wave expansion
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Partial wave expansion of three-point energy flow correlation
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Partial wave coefficient

(OPE coefficient)
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Partial wave expansion provides a systematic solution to power 
expansion and resummation problem for energy flow correlation

H. Chen, I. Moult, J. Sandor, HXZ, 2202.04085

C.-H. Chang, D. Simmons-Duffin, 2202.04090

Three-point energy flow correlation is completely determined by OPE 
coefficients and dimension of and spin of (lightray) operators appeared



Concrete example of partial wave expansion
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• Partial wave expansion is an efficient organization of power expansion


• Each partial wave resum infinite power of kinematical power corrections


• Logarithmic resummation achieved by including anomalous dimension in δ



OPE coefficients from inversion formula
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Given perturbative data G(z, αₛ), how to we reconstruct the OPE data? 
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Lorentzian inversion formula S. Caron-hunt, 2017;

D. Simmons-Duffin, D. Stanford, E. Witten, 2017
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RG improved perturbation theory v.s. CMS open data
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H. Chen, I. Moult, J. Thaler, HXZ, JHEP, 2022

Data/theory agree at the level of ± 20% !



Summary

• Succesful of high energy LHC program relies on accurate description of QCD evolution


• Generalized DGLAP: multi-branching kernel P({θij},{zi}) depending on angles and 
momentum fractions


• Introduced statistical correlation approach to jet structure based on energy flow 
correlation


• Provided a data visualization of q/g hadronization phase transition. Very interesting to 
compare difference between in vacuum and in medium


• Power expansion by Lorentzian partial wave decomposition


• Clean organization of kinematical and dynamical power corrections


• Automatically lead to resummation of large logarithms beyond leading power
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Speculation: 2D EFT of QCD on the light shell?
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• Regge limit: Lipatov, 1988; Verlinde^2, 1993


• e+e- scattering: H. Georgi, Kestin, Sajjad, 2010


• Energy flow correlation provides much concrete theory data to explore this idea

If it looks like a duck, swims 
like a duck, and quacks like a 
duck, then it probably is a duck.

https://en.wikipedia.org/wiki/Duck

