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quantity will give rise to the generalized three-particle
B-meson distribution amplitudes in heavy quark e↵ec-
tive theory (HQET) defined by the non-local matrix ele-
ment h0|q̄s(⌧1n)Gµ⌫(⌧2n̄)�i hv(0)|B̄vi (in analogy to the
subleading shape function g17(!,!1, µ) discussed in [37])
rather than the conventional light-cone distribution am-
plitudes as previously introduced in [38, 39]. Employing
the asymptotic behaviour of the generalized B-meson dis-
tribution amplitudes at small quark and gluon momenta
and the model-independent theory constraints on these
non-perturbative functions, we will proceed to demon-
strate that the soft-collinear convolution integrals enter-
ing the factorized expressions of the long-distance pen-
guin contributions converge for both the massless-quark
and massive-quark loop induced pieces, by contrast with
the corresponding mechanism in the FCNC decay pro-
cesses B ! K(⇤)``. Phenomenological implications of
the newly computed power correction to the double ra-
diative bottom-meson decay observables will be further
explored with the aid of the three-parameter model for
the particular subleading B-meson distribution ampli-
tude of our interest.

GENERAL ANALYSIS

The e↵ective weak Hamiltonian of the double radiative
b ! q�� transitions has been shown to be identical to the
one for b ! q� decays [40]

He↵ =
4GFp

2

X

p=u,c

VpbV
⇤
pq


C1(⌫)P

(p)
1 (⌫) + C2(⌫)P

(p)
2 (⌫)

+
8X

i=3

Ci(⌫)Pi(⌫)

�
+ h.c. , (1)

by employing the classical equations of motion [41]. We

will further adopt the e↵ective operator basis P (p)
i

as ad-
vocated in [42] ensuring the disappearance of Dirac traces
involving an odd number of �5 in the subsequent e↵ective
theory computations.

Up to the lowest order in the electromagnetic interac-
tion one can conventionally cast the exclusive radiative
decay amplitude for B̄q ! �� in the following form [3]
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FIG. 1. Diagrammatical representation of the soft-gluon emis-
sion from the factorizable quark loop generated by the e↵ec-
tive four-quark operator and the electromagnetic current in
the double radiative B̄q ! �� decay process, where the sym-
metric diagram due to the exchange of two on-shell photons
is not presented.

thanks to the QED Ward-Takahashi identities and the
transversality of the on-shell photons. Here we have in-
troduced the shorthand notations for brevity
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by defining two light-cone vectors nµ and n̄µ which
satisfy the kinematic constraints pµ = mBq n̄µ/2 and
qµ = mBq nµ/2. It is interesting to note that only the

left-handed form factors F (p)
i,L

will survive at leading or-
der in the heavy quark expansion on account of the helic-
ity conservation of the QCD interaction at high energy.

Explicitly, the resulting factorization formula for F (p)
i,L

at
leading power can then be written as
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where the desired expressions for the e↵ective hard func-

tion V (p)
7, e↵ , the perturbative matching coe�cient K and

the hard-collinear function J at the one-loop accuracy
can be found in [3, 43–45].

QCD FACTORIZATION FOR THE
LONG-DISTANCE PENGUIN CONTRIBUTION

We are now in a position to explore factorization
properties of the long-distance penguin contribution to
the double radiative B̄q ! �� decay amplitude by in-
specting the partonic diagram displayed in Figure 1.
Integrating out the hard-collinear quark loop one can
readily derive the flavour-changing scattering amplitude
of g(`) + b(v) ! q(q̃) + �(p) governed by the e↵ec-
tive weak Hamiltonian (1) by discarding the subleading-
power terms in ⇤/mb and by invoking the on-shell con-
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Charm-loop e↵ect in B̄q ! ��

1 Matching of the operator

Throughout this paper we work in the Chetyrkin-Misiak-Münz (CMM) operator basis [1]
since it allows to consistently use the naive dimensional regularization (NDR) scheme
with anticommuting �5. The weak e↵ective Hamiltonian can be written as
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๏ The hard-kernel (jet functions) depends on 2 different light-cone 
components of the gluon and light quark momenta.


๏ It becomes evident to introduce the 3-particle B-meson distribution 
amplitude with 2 light-cone directions.

Factorization
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⟨γ(p) γ(q) | q̄ γβ PL Gμα F̃μβ b |g(l) b(v) q̄(k)⟩

⇒
i gem eq

(q − k)2
ϵμβλτ pλ ϵ*τ (p) ϵ*ρ (q) × [q̄(k) γρ

⊥ /q γβ PL Gμα(ℓ) b(v)]

2

quantity will give rise to the generalized three-particle
B-meson distribution amplitudes in heavy quark e↵ec-
tive theory (HQET) defined by the non-local matrix ele-
ment h0|q̄s(⌧1n)Gµ⌫(⌧2n̄)�i hv(0)|B̄vi (in analogy to the
subleading shape function g17(!,!1, µ) discussed in [37])
rather than the conventional light-cone distribution am-
plitudes as previously introduced in [38, 39]. Employing
the asymptotic behaviour of the generalized B-meson dis-
tribution amplitudes at small quark and gluon momenta
and the model-independent theory constraints on these
non-perturbative functions, we will proceed to demon-
strate that the soft-collinear convolution integrals enter-
ing the factorized expressions of the long-distance pen-
guin contributions converge for both the massless-quark
and massive-quark loop induced pieces, by contrast with
the corresponding mechanism in the FCNC decay pro-
cesses B ! K(⇤)``. Phenomenological implications of
the newly computed power correction to the double ra-
diative bottom-meson decay observables will be further
explored with the aid of the three-parameter model for
the particular subleading B-meson distribution ampli-
tude of our interest.

GENERAL ANALYSIS

The e↵ective weak Hamiltonian of the double radiative
b ! q�� transitions has been shown to be identical to the
one for b ! q� decays [40]

He↵ =
4GFp

2

X
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VpbV
⇤
pq
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(p)
1 (⌫) + C2(⌫)P

(p)
2 (⌫)

+
8X

i=3

Ci(⌫)Pi(⌫)

�
+ h.c. , (1)

by employing the classical equations of motion [41]. We

will further adopt the e↵ective operator basis P (p)
i

as ad-
vocated in [42] ensuring the disappearance of Dirac traces
involving an odd number of �5 in the subsequent e↵ective
theory computations.

Up to the lowest order in the electromagnetic interac-
tion one can conventionally cast the exclusive radiative
decay amplitude for B̄q ! �� in the following form [3]

Ā(B̄q ! ��) = �4GFp
2

↵em

4⇡
✏⇤↵(p) ✏⇤�(q)

⇥
X

p=u,c

VpbV
⇤
pq

8X

i=1

Ci T
(p)
i,↵�

, (2)

where the yielding hadronic tensors T (p)
i,↵�

can be decom-
posed into the helicity form factors

T (p)
i,↵�

= im3
Bq

 �
g?
↵�

� i "?
↵�

�
F (p)
i,L

�
�
g?
↵�

+ i "?
↵�

�
F (p)
i,R

�
,

(3)

g

b

q̄

q

�

�

FIG. 1. Diagrammatical representation of the soft-gluon emis-
sion from the factorizable quark loop generated by the e↵ec-
tive four-quark operator and the electromagnetic current in
the double radiative B̄q ! �� decay process, where the sym-
metric diagram due to the exchange of two on-shell photons
is not presented.

thanks to the QED Ward-Takahashi identities and the
transversality of the on-shell photons. Here we have in-
troduced the shorthand notations for brevity

g?
↵�

⌘ g↵� � n↵n̄�

2
� n̄↵n�

2
, "?

↵�
⌘ 1

2
"↵�⇢⌧ n̄

⇢n⌧ , (4)

by defining two light-cone vectors nµ and n̄µ which
satisfy the kinematic constraints pµ = mBq n̄µ/2 and
qµ = mBq nµ/2. It is interesting to note that only the

left-handed form factors F (p)
i,L

will survive at leading or-
der in the heavy quark expansion on account of the helic-
ity conservation of the QCD interaction at high energy.

Explicitly, the resulting factorization formula for F (p)
i,L

at
leading power can then be written as

8X

i=1

Ci F
(p),LP
i,L

= �
Qq fBq mb(⌫)

mBq

V (p)
7, e↵(mb, µ, ⌫)

⇥K�1(mb, µ)

Z 1

0

d!

!
�+
B
(!, µ) J(mb,!, µ), (5)

where the desired expressions for the e↵ective hard func-

tion V (p)
7, e↵ , the perturbative matching coe�cient K and

the hard-collinear function J at the one-loop accuracy
can be found in [3, 43–45].

QCD FACTORIZATION FOR THE
LONG-DISTANCE PENGUIN CONTRIBUTION

We are now in a position to explore factorization
properties of the long-distance penguin contribution to
the double radiative B̄q ! �� decay amplitude by in-
specting the partonic diagram displayed in Figure 1.
Integrating out the hard-collinear quark loop one can
readily derive the flavour-changing scattering amplitude
of g(`) + b(v) ! q(q̃) + �(p) governed by the e↵ec-
tive weak Hamiltonian (1) by discarding the subleading-
power terms in ⇤/mb and by invoking the on-shell con-

p // n̄

q // n

: softl

hard-collinear

: softk

(q − k)2 = − 2q ⋅ k = − mbn ⋅ k



๏ The quark and gluon fields are localized on 2 distinct light-cone directions.

Factorization

8

∑
i=1

Ci F(p), soft 4q
i,L = −

Qq fBq

mBq
∫

∞

0

dω1

ω1 ∫
∞

0

dω2

ω2 (C2 −
C1

2Nc ) Qp [F(−
m2

p

mbω2
) − 1] × ΦG(ω1, ω2, μ)

The explicit factorization formula:

The light quark momentum component  ;  
The soft gluon momentum component  .

ω1 = n ⋅ k
ω2 = n̄ ⋅ l

The novel B-meson DA:
 ⟨0 | q̄s(τ1n)(gs Gμν)(τ2n̄) n̄ν /nγμ

⊥γ5 hv(0) | B̄v⟩

= 2 f̃B(μ) mB ∫
∞

0
dω1 ∫

∞

0
dω2 exp [−i(ω1τ1 + ω2τ2)] ΦG(ω1, ω2, μ)

It might opens an exciting new research subfield aiming at the multidimensional 
tomography of the composite bottom-meson systems.
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Sn̄)(0) (S
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⌫ 6n�µ
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†
n̄hv)(0)|B̄vi

= 2 f̃B(µ)mB

Z 1

0
d!1

Z 1

0
d!2 exp [�i(!1⌧1 + !2⌧2)] �G(!1,!2, µ) , (11)

where the two soft Wilson lines Sn and Sn̄ essential to
maintain gauge invariance are given by

Sn(x) = P exp


i gs

Z 0

�1
dt n ·As(x+ t n)

�
,

Sn̄(x) = P exp


i gs

Z 0

�1
dt n̄ ·As(x+ t n̄)

�
. (12)

It is apparent that the non-local HQET matrix element
on the left-hand side of (11) can be described by the
familiar three-particle light-cone distribution amplitude
when taking the limit ⌧1(2) ! 0. We are therefore led
to the following three important and model-independent
normalization conditions at tree level

Z 1

0
d!1 �G(!1,!2, µ) =

Z 1

0
d!1 �4(!1,!2, µ) ,

Z 1

0
d!2 �G(!1,!2, µ) =

Z 1

0
d!2 �5(!1,!2, µ) ,

Z 1

0
d!1

Z 1

0
d!2 �G(!1,!2, µ) =

�2
E
+ �2

H

3
, (13)

where the explicit definitions of the twist-four and twist-
five light-cone distribution amplitudes �4 and �5 can be
found in [39] and the hadronic quantities �2

E
and �2

H
can

be defined by the e↵ective matrix elements of the local
chromoelectric and chromomagnetic operators [51]. Fur-
thermore, the asymptotic behaviour of �G at small quark
and gluon momenta can be predicted with the dispersion
technique as widely adopted in the explorations of the
two-particle and three-particle B-meson light-cone dis-
tribution amplitudes [51–55]. Starting with the HQET
correlation function

⇧G = i

Z
d4x exp (�i! v · x) h0|T

�⇥
(q̄sSn)(⌧1n)

(S†
n
Sn̄)(0) (S

†
n̄ gs Gµ⌫ Sn̄)(⌧2n̄) n̄

⌫ 6n�µ

?�5 (S
†
n̄hv)(0)

⇤
,

⇥
h̄v(x) gs G⇢�(x)�

⇢� �5 qs(x)
⇤  

|0i , (14)

we can on the one hand compute this quantity in the
kinematic region |!| � ⇤ with the operator-product-
expansion (OPE) method and on the other hand derive
the corresponding hadronic representation of ⇧G by tak-
ing advantage of analyticity with respect to the e↵ective
variable !. Matching the above two dispersion represen-
tations with the aid of the parton-hadron duality ansatz
enables us to extract the desired asymptotic behaviour
�G(!1,!2, µ) ⇠ !1 !2

2 at !1, !2 ! 0 immediately, which
further indicates that the convolution integrals in the fac-
torized expression (10) converge. We restrict ourselves to
the leading-order accuracy in this letter, however, it will

be of interest to investigate the non-trivial impact of the
renormalization-group evolution on the generalized dis-
tribution amplitude �G in the future.

NUMERICAL IMPLICATIONS

We now turn to address the phenomenological implica-
tions of the soft-gluon radiative correction to the penguin
contractions of the e↵ective four-quark operators on the
double radiative B̄q ! �� decay amplitudes. To achieve
this goal, we first need to construct the acceptable non-
perturbative model for the subleading distribution am-
plitude �G fulfilling the third relation in (13) as well as
the obtained asymptotic behaviour

�G(!1,!2, µ0) =
�2
E
+ �2

H

6

!1!2
2

!5
0

exp

✓
�!1 + !2

!0

◆

�(� + 2)

�(↵+ 2)
U

✓
� � ↵, 4� ↵,

!1 + !2

!0

◆
, (15)

at the reference scale µ0 = 1.0GeV, motivated from
the suggested three-parameter ansatz for the twist-two
distribution amplitude �+

B
(!, µ0) [56]. The remaining

shape parameters !0, ↵ and � can be further deter-
mined by enforcing the first and second normalization
relations in (13) and employing the concrete model of
the twist-four and twist-five light-cone distribution am-
plitudes �4, 5(!1,!2, µ0) as implemented in [34]. The
conventional HQET distribution amplitudes on the light-
cone appearing in the established factorization formulae

of the helicity form factors F (p)
i,L(R) from [3] will be also in

demand in the subsequent numerical investigations, and
we will apply the same phenomenological model as pre-
sented in this reference, with the exceptions of updated
intervals for the inverse moments �Bd = (275± 75)MeV
and �Bs = (325± 75)MeV [57] (see [55] for a recent de-
termination of �Bs/�Bd with the method of QCD sum
rules). The allowed intervals of additional theory input
parameters entering our numerical studies are identical
to the ones collected in [3].
We present the theory predictions for the long-distance

penguin contribution to the double radiative B-meson
decay form factors including the obtained uncertain-
ties from varying the factorization scale µ in Figure 2,
where the numerical predictions of the previously com-
puted factorizable power corrections at tree level [3] are
also presented for the illustration purpose. Interestingly,
the newly computed soft gluon radiation from the up-
quark penguin contraction appears to generate the sub-
stantial cancellation of the combined factorizable power

4

h0|(q̄sSn)(⌧1n) (S
†
n
Sn̄)(0) (S

†
n̄ gs Gµ⌫ Sn̄)(⌧2n̄) n̄

⌫ 6n�µ

?�5 (S
†
n̄hv)(0)|B̄vi

= 2 f̃B(µ)mB

Z 1

0
d!1

Z 1

0
d!2 exp [�i(!1⌧1 + !2⌧2)] �G(!1,!2, µ) , (11)

where the two soft Wilson lines Sn and Sn̄ essential to
maintain gauge invariance are given by

Sn(x) = P exp


i gs

Z 0

�1
dt n ·As(x+ t n)

�
,

Sn̄(x) = P exp


i gs

Z 0

�1
dt n̄ ·As(x+ t n̄)

�
. (12)

It is apparent that the non-local HQET matrix element
on the left-hand side of (11) can be described by the
familiar three-particle light-cone distribution amplitude
when taking the limit ⌧1(2) ! 0. We are therefore led
to the following three important and model-independent
normalization conditions at tree level

Z 1

0
d!1 �G(!1,!2, µ) =

Z 1

0
d!1 �4(!1,!2, µ) ,

Z 1

0
d!2 �G(!1,!2, µ) =

Z 1

0
d!2 �5(!1,!2, µ) ,

Z 1

0
d!1

Z 1

0
d!2 �G(!1,!2, µ) =

�2
E
+ �2

H

3
, (13)

where the explicit definitions of the twist-four and twist-
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thermore, the asymptotic behaviour of �G at small quark
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we can on the one hand compute this quantity in the
kinematic region |!| � ⇤ with the operator-product-
expansion (OPE) method and on the other hand derive
the corresponding hadronic representation of ⇧G by tak-
ing advantage of analyticity with respect to the e↵ective
variable !. Matching the above two dispersion represen-
tations with the aid of the parton-hadron duality ansatz
enables us to extract the desired asymptotic behaviour
�G(!1,!2, µ) ⇠ !1 !2

2 at !1, !2 ! 0 immediately, which
further indicates that the convolution integrals in the fac-
torized expression (10) converge. We restrict ourselves to
the leading-order accuracy in this letter, however, it will

be of interest to investigate the non-trivial impact of the
renormalization-group evolution on the generalized dis-
tribution amplitude �G in the future.

NUMERICAL IMPLICATIONS

We now turn to address the phenomenological implica-
tions of the soft-gluon radiative correction to the penguin
contractions of the e↵ective four-quark operators on the
double radiative B̄q ! �� decay amplitudes. To achieve
this goal, we first need to construct the acceptable non-
perturbative model for the subleading distribution am-
plitude �G fulfilling the third relation in (13) as well as
the obtained asymptotic behaviour
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at the reference scale µ0 = 1.0GeV, motivated from
the suggested three-parameter ansatz for the twist-two
distribution amplitude �+

B
(!, µ0) [56]. The remaining

shape parameters !0, ↵ and � can be further deter-
mined by enforcing the first and second normalization
relations in (13) and employing the concrete model of
the twist-four and twist-five light-cone distribution am-
plitudes �4, 5(!1,!2, µ0) as implemented in [34]. The
conventional HQET distribution amplitudes on the light-
cone appearing in the established factorization formulae

of the helicity form factors F (p)
i,L(R) from [3] will be also in

demand in the subsequent numerical investigations, and
we will apply the same phenomenological model as pre-
sented in this reference, with the exceptions of updated
intervals for the inverse moments �Bd = (275± 75)MeV
and �Bs = (325± 75)MeV [57] (see [55] for a recent de-
termination of �Bs/�Bd with the method of QCD sum
rules). The allowed intervals of additional theory input
parameters entering our numerical studies are identical
to the ones collected in [3].
We present the theory predictions for the long-distance

penguin contribution to the double radiative B-meson
decay form factors including the obtained uncertain-
ties from varying the factorization scale µ in Figure 2,
where the numerical predictions of the previously com-
puted factorizable power corrections at tree level [3] are
also presented for the illustration purpose. Interestingly,
the newly computed soft gluon radiation from the up-
quark penguin contraction appears to generate the sub-
stantial cancellation of the combined factorizable power

The normalization conditions of :ΦG
Matching the conventional 3-particle B meson DAs as  or .τ1 τ2 → 0

⟨0 | q̄(z1)(gs Gμν)(z2) n̄ν /nγμ
⊥γ5 hv(0) | B̄v⟩ = = 2 f̃B(μ)Φ4(z1, z2, μ)

⟨0 | q̄(z1)(gs Gμν)(z2) nν /̄nγμ
⊥γ5 hv(0) | B̄v⟩ = = 2 f̃B(μ)Φ5(z1, z2, μ)

[Braun, Ji, Manashov, 1703.02446]

Twist 4

Twist 5

The asymptotic behaviors of :ΦG
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at the reference scale µ0 = 1.0GeV, motivated from
the suggested three-parameter ansatz for the twist-two
distribution amplitude �+

B
(!, µ0) [56]. The remaining

shape parameters !0, ↵ and � can be further deter-
mined by enforcing the first and second normalization
relations in (13) and employing the concrete model of
the twist-four and twist-five light-cone distribution am-
plitudes �4, 5(!1,!2, µ0) as implemented in [34]. The
conventional HQET distribution amplitudes on the light-
cone appearing in the established factorization formulae

of the helicity form factors F (p)
i,L(R) from [3] will be also in

demand in the subsequent numerical investigations, and
we will apply the same phenomenological model as pre-
sented in this reference, with the exceptions of updated
intervals for the inverse moments �Bd = (275± 75)MeV
and �Bs = (325± 75)MeV [57] (see [55] for a recent de-
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penguin contribution to the double radiative B-meson
decay form factors including the obtained uncertain-
ties from varying the factorization scale µ in Figure 2,
where the numerical predictions of the previously com-
puted factorizable power corrections at tree level [3] are
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the newly computed soft gluon radiation from the up-
quark penguin contraction appears to generate the sub-
stantial cancellation of the combined factorizable power
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five light-cone distribution amplitudes �4 and �5 can be
found in [39] and the hadronic quantities �2

E
and �2

H
can

be defined by the e↵ective matrix elements of the local
chromoelectric and chromomagnetic operators [51]. Fur-
thermore, the asymptotic behaviour of �G at small quark
and gluon momenta can be predicted with the dispersion
technique as widely adopted in the explorations of the
two-particle and three-particle B-meson light-cone dis-
tribution amplitudes [51–55]. Starting with the HQET
correlation function

⇧G = i

Z
d4x exp (�i! v · x) h0|T

�⇥
(q̄sSn)(⌧1n)

(S†
n
Sn̄)(0) (S

†
n̄ gs Gµ⌫ Sn̄)(⌧2n̄) n̄

⌫ 6n�µ

?�5 (S
†
n̄hv)(0)

⇤
,

⇥
h̄v(x) gs G⇢�(x)�

⇢� �5 qs(x)
⇤  

|0i , (14)

we can on the one hand compute this quantity in the
kinematic region |!| � ⇤ with the operator-product-
expansion (OPE) method and on the other hand derive
the corresponding hadronic representation of ⇧G by tak-
ing advantage of analyticity with respect to the e↵ective
variable !. Matching the above two dispersion represen-
tations with the aid of the parton-hadron duality ansatz
enables us to extract the desired asymptotic behaviour
�G(!1,!2, µ) ⇠ !1 !2

2 at !1, !2 ! 0 immediately, which
further indicates that the convolution integrals in the fac-
torized expression (10) converge. We restrict ourselves to
the leading-order accuracy in this letter, however, it will

be of interest to investigate the non-trivial impact of the
renormalization-group evolution on the generalized dis-
tribution amplitude �G in the future.

NUMERICAL IMPLICATIONS

We now turn to address the phenomenological implica-
tions of the soft-gluon radiative correction to the penguin
contractions of the e↵ective four-quark operators on the
double radiative B̄q ! �� decay amplitudes. To achieve
this goal, we first need to construct the acceptable non-
perturbative model for the subleading distribution am-
plitude �G fulfilling the third relation in (13) as well as
the obtained asymptotic behaviour

�G(!1,!2, µ0) =
�2
E
+ �2

H

6

!1!2
2

!5
0

exp

✓
�!1 + !2

!0

◆

�(� + 2)

�(↵+ 2)
U

✓
� � ↵, 4� ↵,

!1 + !2

!0

◆
, (15)

at the reference scale µ0 = 1.0GeV, motivated from
the suggested three-parameter ansatz for the twist-two
distribution amplitude �+

B
(!, µ0) [56]. The remaining

shape parameters !0, ↵ and � can be further deter-
mined by enforcing the first and second normalization
relations in (13) and employing the concrete model of
the twist-four and twist-five light-cone distribution am-
plitudes �4, 5(!1,!2, µ0) as implemented in [34]. The
conventional HQET distribution amplitudes on the light-
cone appearing in the established factorization formulae

of the helicity form factors F (p)
i,L(R) from [3] will be also in

demand in the subsequent numerical investigations, and
we will apply the same phenomenological model as pre-
sented in this reference, with the exceptions of updated
intervals for the inverse moments �Bd = (275± 75)MeV
and �Bs = (325± 75)MeV [57] (see [55] for a recent de-
termination of �Bs/�Bd with the method of QCD sum
rules). The allowed intervals of additional theory input
parameters entering our numerical studies are identical
to the ones collected in [3].
We present the theory predictions for the long-distance

penguin contribution to the double radiative B-meson
decay form factors including the obtained uncertain-
ties from varying the factorization scale µ in Figure 2,
where the numerical predictions of the previously com-
puted factorizable power corrections at tree level [3] are
also presented for the illustration purpose. Interestingly,
the newly computed soft gluon radiation from the up-
quark penguin contraction appears to generate the sub-
stantial cancellation of the combined factorizable power

The power counting: Fsoft ,4q
L /FLP

L ∼ λB/mb



๏ The up-loop contribution dominates; the charm-loop is 1-order smaller.

๏ The new power correction accidentally cancels the previous ones.

Numerics
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FIG. 2. Theory predictions for the soft-gluon radiative cor-
rections to the left-handed helicity form factors of B̄q ! ��
with the perturbative uncertainties from varying the factor-
ization scale in the interval µ 2 [1.0, 2.0]GeV (green bands),
where we further display the numerical results for the com-
bined factorizable power corrections as previously derived in
[3] (blue bands) for a comparison. The shorthand notations

for the weighted helicity form factors F (p),X
L =

P
i

Ci F
(p),X
i,L

have been introduced here for convenience.

corrections derived in [3]. On the contrary, the long-
distance charm-quark penguin mechanism will only lead
to the rather minor impact on the left-handed helicity

form factor
P
i

Ci F
(c)
i,L

numerically as indicated by Fig-

ure 2. This intriguing observation can be attributed
to the peculiar analytical behaviour of the perturbative
penguin function F (zp) entering the soft-collinear fac-
torization formula (10) such that the yielding result of��F

�
�m2

c
/(mB !2)

�
� 1

�� in the bulk of the integral do-
main of !2 is approximately one order of magnitude
lower than the corresponding up-quark penguin contri-
bution |F (0)� 1| = 1. Along the same vein, one can
readily observe that the soft-gluon radiative corrections
to the factorizable quark loops cannot generate numeri-
cally important contributions to the exclusive B̄s ! ��
helicity amplitudes due to the CKM suppression of the
up-quark penguin contraction and the dynamical sup-
pression of the charm-quark penguin contribution as dis-
cussed above. Bearing in mind the utmost importance of
understanding the charming penguin contribution in un-
veiling the genuine NP e↵ects embedded in the semilep-
tonic B ! K(⇤)`¯̀ decays (see for instance [58–60]),

the achieved robust control of such long-distance pen-
guin contribution in the double radiative B-meson de-
cays with the diagrammatic factorization technique evi-
dently makes these FCNC decay processes most suitable
for probing the nonstandard four-fermion b ! q f f̄ in-
teraction at the high-luminosity Belle II experiment [61]
and for performing the dedicated parton tomography of
the composite heavy-quark hadron system in the QCD
framework.
We are now ready to explore the numerical impacts

of the long-distance penguin contribution on the CP-
averaged branching fractions, the two polarization frac-
tions and the CP-violating observables for B̄q ! �� (see
[3] for their explicit definitions). It turns out that such
subleading power corrections can enhance the theory pre-

dictions for the mixing induced CP asymmetries Amix, k
CP

andAmix,?
CP by approximately an amount ofO(30%) with

the default inputs, while yielding insignificant e↵ects in
the remaining observables numerically. Moreover, our
numerical prediction for the ratio of the two branch-
ing fractions BR(Bs ! ��) : BR(Bd ! ��) allows for
extracting the high-profile hadronic quantity �Bs : �Bd

with the improved systematic uncertainty at the level of
(5� 10)%, when confronting with the anticipated preci-
sion measurements.

CONCLUSIONS

In conclusion, we have presented the first computa-
tion of the long-distance penguin contribution to the
double radiative B-meson decay amplitudes by applying
the perturbative factorization approach. Adopting the
power counting scheme mb � mc ⇠ O(

p
⇤mb) � ⇤, we

demonstrated further that the novel subleading B-meson
distribution amplitude �G defined by the three-body
HQET operator with partonic fields localized on two dif-
ferent light-ray directions (instead of the conventional
light-cone distribution amplitude) emerged naturally in
the resulting factorization formula (10). Phenomenologi-
cally the soft-gluon radiative o↵ the factorizable up-quark
loop appeared to bring about more pronounced e↵ect in
comparison with the corresponding charm-quark penguin
mechanism thanks to the peculiar analytical behaviour
of the short-distance matching function (7). In addi-
tion, the observed destructive interference between the
long-distance penguin contribution and the available fac-
torizable power correction from [3] enabled us to deter-
mine the pivotal ratio of the two inverse moments �Bd,s

with the reduced theory uncertainty. Our analysis will be
evidently beneficial for exploring the intricate charming
penguin dynamics encoded in a large variety of the radia-
tive and electroweak penguin decay processes including
B ! K⇤� and B ! K(⇤)`¯̀, which are generally recog-
nized as the flagship probes of physics beyond the SM at
the LHC.

5

0.20 0.25 0.30 0.35

-6

-4

-2

0

2

4

6

8

10

FIG. 2. Theory predictions for the soft-gluon radiative cor-
rections to the left-handed helicity form factors of B̄q ! ��
with the perturbative uncertainties from varying the factor-
ization scale in the interval µ 2 [1.0, 2.0]GeV (green bands),
where we further display the numerical results for the com-
bined factorizable power corrections as previously derived in
[3] (blue bands) for a comparison. The shorthand notations

for the weighted helicity form factors F (p),X
L =

P
i

Ci F
(p),X
i,L

have been introduced here for convenience.

corrections derived in [3]. On the contrary, the long-
distance charm-quark penguin mechanism will only lead
to the rather minor impact on the left-handed helicity

form factor
P
i

Ci F
(c)
i,L

numerically as indicated by Fig-

ure 2. This intriguing observation can be attributed
to the peculiar analytical behaviour of the perturbative
penguin function F (zp) entering the soft-collinear fac-
torization formula (10) such that the yielding result of��F

�
�m2

c
/(mB !2)

�
� 1

�� in the bulk of the integral do-
main of !2 is approximately one order of magnitude
lower than the corresponding up-quark penguin contri-
bution |F (0)� 1| = 1. Along the same vein, one can
readily observe that the soft-gluon radiative corrections
to the factorizable quark loops cannot generate numeri-
cally important contributions to the exclusive B̄s ! ��
helicity amplitudes due to the CKM suppression of the
up-quark penguin contraction and the dynamical sup-
pression of the charm-quark penguin contribution as dis-
cussed above. Bearing in mind the utmost importance of
understanding the charming penguin contribution in un-
veiling the genuine NP e↵ects embedded in the semilep-
tonic B ! K(⇤)`¯̀ decays (see for instance [58–60]),

the achieved robust control of such long-distance pen-
guin contribution in the double radiative B-meson de-
cays with the diagrammatic factorization technique evi-
dently makes these FCNC decay processes most suitable
for probing the nonstandard four-fermion b ! q f f̄ in-
teraction at the high-luminosity Belle II experiment [61]
and for performing the dedicated parton tomography of
the composite heavy-quark hadron system in the QCD
framework.
We are now ready to explore the numerical impacts

of the long-distance penguin contribution on the CP-
averaged branching fractions, the two polarization frac-
tions and the CP-violating observables for B̄q ! �� (see
[3] for their explicit definitions). It turns out that such
subleading power corrections can enhance the theory pre-

dictions for the mixing induced CP asymmetries Amix, k
CP

andAmix,?
CP by approximately an amount ofO(30%) with

the default inputs, while yielding insignificant e↵ects in
the remaining observables numerically. Moreover, our
numerical prediction for the ratio of the two branch-
ing fractions BR(Bs ! ��) : BR(Bd ! ��) allows for
extracting the high-profile hadronic quantity �Bs : �Bd

with the improved systematic uncertainty at the level of
(5� 10)%, when confronting with the anticipated preci-
sion measurements.

CONCLUSIONS

In conclusion, we have presented the first computa-
tion of the long-distance penguin contribution to the
double radiative B-meson decay amplitudes by applying
the perturbative factorization approach. Adopting the
power counting scheme mb � mc ⇠ O(

p
⇤mb) � ⇤, we

demonstrated further that the novel subleading B-meson
distribution amplitude �G defined by the three-body
HQET operator with partonic fields localized on two dif-
ferent light-ray directions (instead of the conventional
light-cone distribution amplitude) emerged naturally in
the resulting factorization formula (10). Phenomenologi-
cally the soft-gluon radiative o↵ the factorizable up-quark
loop appeared to bring about more pronounced e↵ect in
comparison with the corresponding charm-quark penguin
mechanism thanks to the peculiar analytical behaviour
of the short-distance matching function (7). In addi-
tion, the observed destructive interference between the
long-distance penguin contribution and the available fac-
torizable power correction from [3] enabled us to deter-
mine the pivotal ratio of the two inverse moments �Bd,s

with the reduced theory uncertainty. Our analysis will be
evidently beneficial for exploring the intricate charming
penguin dynamics encoded in a large variety of the radia-
tive and electroweak penguin decay processes including
B ! K⇤� and B ! K(⇤)`¯̀, which are generally recog-
nized as the flagship probes of physics beyond the SM at
the LHC.

ΦG(ω1, ω2, μ0) =
λ2

E + λ2
H

6
ω1ω2

2

ω5
0

exp (−
ω1 + ω2

ω0 ) Γ(β + 2)
Γ(α + 2)

U (β − α,4 − α,
ω1 + ω2

ω0 )

The  parametrization:ΦG

Clean channel to determine λB and to probe new physics.



Numerics

Central Value Total Error �Bd
{b�(1)

Bd
, b�(2)

Bd
} µ ⌫ µh ⇤̄ m

PS
c

108 ⇥ BR 1.929 [1.900] +1.096
�1.012

+0.680
�0.439

+0.736
�0.779

+0.083
�0.299

+0.278
�0.287

+0.246
�0.066

+0.212
�0.200

+0.043
�0.043

fk 0.408 [0.407] +0.044
�0.046

+0.015
�0.015

+0.016
�0.033

+0.002
�0.009

+0.037
�0.026

+0.007
�0.002

+0.005
�0.006

+0.002
�0.002

f? 0.592 [0.593] +0.046
�0.044

+0.015
�0.015

+0.033
�0.016

+0.009
�0.002

+0.026
�0.037

+0.002
�0.007

+0.006
�0.005

+0.002
�0.002

Adir, k
CP 0.126 [0.129] +0.043

�0.027
+0.007
�0.004

+0.017
�0.010

+0.013
�0.008

+0.027
�0.018

+0.024
�0.012

+0.007
�0.007

+0.004
�0.004

Amix, k
CP -0.197 [-0.154] +0.053

�0.084
+0.019
�0.036

+0.001
�0.002

+0.021
�0.047

+0.026
�0.040

+0.015
�0.029

+0.011
�0.013

+0.008
�0.009

Ak
�� -0.972 [-0.980] +0.024

�0.013
+0.009
�0.004

+0.003
�0.002

+0.013
�0.005

+0.013
�0.007

+0.010
�0.004

+0.004
�0.003

+0.002
�0.002

Adir,?
CP 0.330 [0.326] +0.078

�0.053
+0.015
�0.012

+0.060
�0.035

+0.035
�0.014

+0.012
�0.024

+0.014
�0.010

+0.018
�0.016

+0.018
�0.017

Amix,?
CP 0.136 [0.101] +0.087

�0.066
+0.043
�0.028

+0.015
�0.035

+0.025
�0.014

+0.060
�0.038

+0.026
�0.012

+0.003
�0.003

+0.009
�0.008

A?
�� 0.934 [0.940] +0.017

�0.030
+0.000
�0.003

+0.009
�0.019

+0.007
�0.017

+0.001
�0.002

+0.005
�0.009

+0.006
�0.007

+0.007
�0.008

108 ⇥ BR 1.921[1.892] +1.184
�1.044

+0.774
�0.469

+0.792
�0.820

+0.066
�0.269

+0.279
�0.288

+0.245
�0.066

+0.158
�0.171

+0.043
�0.043

fk 0.407[0.407] +0.045
�0.048

+0.017
�0.017

+0.017
�0.036

+0.002
�0.008

+0.037
�0.026

+0.007
�0.002

+0.004
�0.005

+0.002
�0.002

f? 0.593[0.593] +0.048
�0.045

+0.017
�0.017

+0.036
�0.017

+0.008
�0.002

+0.026
�0.037

+0.002
�0.007

+0.005
�0.004

+0.002
�0.002

Adir, k
CP 0.126[0.130] +0.044

�0.027
+0.005
�0.003

+0.020
�0.012

+0.012
�0.007

+0.027
�0.018

+0.024
�0.012

+0.006
�0.005

+0.004
�0.004

Amix, k
CP -0.198[-0.155] +0.051

�0.081
+0.016
�0.032

+0.004
�0.007

+0.021
�0.045

+0.027
�0.041

+0.015
�0.029

+0.009
�0.011

+0.009
�0.009

Ak
�� -0.972[-0.979] +0.023

�0.012
+0.008
�0.004

+0.004
�0.002

+0.012
�0.005

+0.013
�0.007

+0.010
�0.004

+0.003
�0.002

+0.002
�0.002

Adir,?
CP 0.331[0.327] +0.082

�0.056
+0.019
�0.018

+0.067
�0.038

+0.032
�0.012

+0.012
�0.024

+0.014
�0.010

+0.015
�0.012

+0.018
�0.017

Amix,?
CP 0.136[0.101] +0.085

�0.066
+0.041
�0.028

+0.014
�0.035

+0.025
�0.014

+0.060
�0.038

+0.026
�0.012

+0.003
�0.002

+0.009
�0.008

A?
�� 0.934 [0.940] +0.017

�0.031
+0.000
�0.003

+0.011
�0.022

+0.006
�0.016

+0.001
�0.003

+0.005
�0.009

+0.005
�0.006

+0.007
�0.008

Table 2: Theory predictions of the CP-averaged branching fraction, the two polarization
fractions and the six CP-violating observables for Bd ! �� in the presence of the neutral-
meson mixing with the total uncertainties obtained by adding all separate uncertainties
in quadrature, where the numerically important individual uncertainties for each physical
quantity are further displayed for completeness. We also list the corresponding results
without considering the new contribution in the square brackets.
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The  results:Bd



๏ We have factorized the long-distance penguin contribution to  
decay, for the first time in an exclusive decay.


๏ A novel B-meson DA is defined, with quark and gluon fields localized on 
two different light-cone directions. It will open a new subfield about the 
inner structure of the B meson.


๏ The new contribution cancels the known factorizable power corrections, 
making  a clean channel to determine λB and to probe the non-
standard four-fermion interactions.


๏ The developed formalism has a broad field of applications to the entire 
spectrum of the exclusive FCNC B-meson decays, including flagship 
modes, e.g. B→K*γ, B→K*μμ.

B̄ → γγ

B̄ → γγ

Summary and prospects

Thank you!



Backup



3 Numerical Results

In three-parameter model, we take

 =
1

3!2
0

�(� + 1)

↵(↵ + 1)
. (54)

For �B we use �Bd
= 275± 75 MeV, �Bs = 325± 75 MeV. For c-quark mass, we take the

pole mass and use

mc,pole = mc,PS(µf ) , µf = 1GeV . (55)

In Tab. 1 we list the central values of LP and new quark-loop results. In Fig. 2 we
compare the factorizable NLP form facors with the new contribution. The phenomeno-
logical observables are list in Tab. 2 and Tab. 3.

Bd Bs

ALP,NLL [10�4] 3.4 + 1.9 i �20� 0.37 i

Afac,NLP [10�4] �0.15� 0.53 i 0.92 + 2.6 i

Afac,NLP

R [10�4] 0.25� 0.36 i �1.6 + 2.6 i

Ahad,� [10�4] �0.30� 0.17 i 1.4� 0.0021 i

Asoft, 4q [10�4] (�0.0079 + 0.078 i) �0.11 + 0.016 i

(FLP,NLL

u , FLP,NLL

c ) (�0.056� 0.0092i, �0.048� 0.0019i) (�0.057� 0.0094i, �0.049� 0.0020i)

(F had,�
u , F had,�

c ) (0.0051 + 0.00092i, 0.0043 + 0.00019i) (0.0094 + 0.0016i, 0.0034 + 0.00016i)

(F soft,4q
u , F soft,4q

c ) (�0.0024, �0.00025) (�0.0021, �0.00025)

(FHC

u , FHC

c ) (0.0055, 0.0055) (0.0067, 0.0067)

(F
mq
u , F

mq
c ) (0.000049, 0.000049) (0.00078, 0.00078) [0.00079]

(FA2
u , FA2

c ) (�0.0010, �0.0010) (�0.0011, �0.0011)

(FHT

u , FHT

c ) (0.0046, 0.0046) [0.0047] (0.0048, 0.0048) [0.0050]

(FQb
u , FQb

c ) (�0.0036, �0.0036) (�0.0043, �0.0043)

(FWA

u , FWA

c ) (�0.0049 + 0.000092i, �0.0037 + 0.0056i) (�0.0059 + 0.00011i, �0.0045 + 0.0065i)

(F fac,NLP

u , F fac,NLP

c ) (0.00054 + 0.000092i, 0.0018 + 0.0056i) (0.00098 + 0.00011i, 0.0023 + 0.0065i)

[(0.00063 + 0.000092i, 0.0019 + 0.0056i)] (0.0011 + 0.00011i, 0.0024 + 0.0065i)

(F fac,NLP

R,u , F fac,NLP

R,c ) (�0.0046 + 0.000092i, �0.0033 + 0.0056i) (�0.0054 + 0.00011i, �0.0041 + 0.0065i)

Table 1: Comparison of LP and NLP contributions, where Fu,c are defined by A =
V

⇤
uq
Vub Fu + V

⇤
cq
Vcb Fc (q = d, s).

11

A = V*uqVub Fu + V*cqVcb Fc (q = d, s)


