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Outline

◆ Background

◆ Fully Heavy Tetraquarks Mass Spectra

➢ തc𝑐 ҧ𝑐𝑐 Mass Spectra 

➢ ത𝑏𝑏ത𝑏𝑏 Mass Spectra

◆ Summary
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X(3872) Zc(3900)

Background

[Belle], PRL(2003).                                  [BES III], PRL (2013)

◼ New Hadron States

ത𝒄𝒄ഥ𝒒𝟏𝒒𝟐

• X(6900)

[LHCb], PRL(2020).ത𝒄𝒄ത𝒄𝒄
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◼ Theoretical Works for ഥ𝑸𝑸ഥ𝑸𝑸 system

⚫ Models and tools

• QCD sum rules

• Lattice QCD

• Potential Models

W. Chen et. al., (2017);  Z.G. Wang (2020); R.M. Albuquerque and  S. Narison (2020) ……

Y. Iwasaki (1975); K.T. Chao (1981); Richard J. Lloyd, et. al.  (2004); 

J. Wu, et. al.,(2018); Y. Bai et. al., (2016); M. Karliner, et. al. (2017);  

V.R. Debastiani (2019); M.S. Liu et. al., (2019) ……

C. Hughes et. al., (2017) 

⚫ ത𝒄𝒄ത𝒄𝒄 System

• Exist bound states below J/𝜓𝐽/𝜓

• Do not exist bound states below J/𝜓𝐽/𝜓 J. Ader, et. al., (1982); W. Chen, et. Al., (2019)…

L. Heller, et. al., (1985); Z.G. Wang (2020);… 

⚫ ഥ𝒃𝒃ഥ𝒃𝒃 System

• Exist bound states below 𝜂𝑏𝜂𝑏

• Do not exist bound states below 𝜂𝑏𝜂𝑏

Y. Bai, et. al., (2016); W. Chen, et. al., (2019)…

C. Hughes, et. al., (2017); 
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◼ ഥ𝑸𝑸ഥ𝑸𝑸 System study in QCD sum rules - LO

Zhi-Gang Wang, 2020
W. Chen, et. al., 2019

Zhi-Gang Wang, 2018

⚫ Laplace  QCD sum rules⚫ Moment  QCD sum rules

Bo-Cheng Yang et. al., 2020

𝟎++ case 1 6.44−0.16
+0.15

𝟎++ case 2 6.45−0.16
+0.14

𝟎++ case 3 6.46−0.17
+0.13

𝟎++ case 4 6.47−0.18
+0.12

Jian-Rong Zhang, 2020
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ቊ

R.M. Albuquerque and  S. Narison, (2020)

Lack of complete NLO corrections to C1 !

Only factorized diagrams!

C1 − NLO

C1 − LO CGG − LO

◼ ഥ𝑸𝑸ഥ𝑸𝑸 System study in QCD sum rules - NLO

• NLO corrections are non-negligible 
𝜩𝒄𝒄
++: C.Y. Wang, et. al., PRD(2019)

𝜴𝑸𝑸𝑸: R.H. Wu, et. al., CPC(2021)

• NLO corrections with ഥ𝑸𝑸ഥ𝑸𝑸 System
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C1 − NLO

QCD sum rules

➢ Correlation function:

𝚷 𝐩𝟐 = 𝐢න𝐝𝟒𝐱 𝐞𝐢𝐩∙𝐱 𝛀| 𝓣𝟏 𝐱 𝓣𝟐
+ 𝟎 |𝛀 𝓣 = (ത𝒄𝒊𝚪𝟏𝒄𝒊)( ത𝒄𝒋𝚪𝟐𝒄𝒋)

Π p2 = න
0

∞

ds
ρ(s)

s − p2 − iϵ

➢ K ሷall ƴen − Lehmann representation

𝜌 𝑠 = σ𝑖 𝜆𝑖 𝛿 𝑠 − 𝑀𝑖
2 + 𝜌𝑐𝑜𝑛𝑡 𝑠 𝜃(𝑠 − 𝑠ℎ)

≈ 𝜆𝐻 𝛿 𝑠 − 𝑀𝐻
2 + 𝜌𝑐𝑜𝑛𝑡 𝑠 𝜃(𝑠 − 𝑠ℎ)

➢ The mass of  ground state 

CGG − LO

(OPE, Borel transform, Quark-Hadron Duality…)

➢ Borel Platform 

The point where the parameter dependence of 𝑀𝐻 is weakest within Borel windows 

Δ 𝑥, 𝑦 =
𝜕𝑀𝐻

𝜕𝑥

2

+
𝜕𝑀𝐻

𝜕𝑦

2

( 𝑥 = 𝑠0 ,   y= 𝑀𝐵
2 )

𝑀𝐻
2 =

𝒔𝒕𝒉
𝒔𝟎 𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒔 𝒆−𝒔/𝑴𝑩

𝟐
+ 𝒔𝒕𝒉

∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒔 𝒆−𝒔/𝑴𝑩

𝟐
𝑮𝑮

𝒔𝒕𝒉
𝒔𝟎 𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒆−𝒔/𝑴𝑩

𝟐
+ 𝒔𝒕𝒉

∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒆−𝒔/𝑴𝑩

𝟐
𝑮𝑮
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◼ 𝐽𝑃𝐶 = 0++

𝒥M−M = ( ത𝑄𝑖𝛤1𝑄𝑖)( ത𝑄𝑗𝛤2𝑄𝑗)
𝚪𝟏, 𝚪𝟐 =

(𝜸𝝁, 𝜸𝝁)

(𝜸𝝁𝜸𝟓, 𝜸𝝁𝜸
𝟓)

(1, 1)

(𝒊𝜸𝟓, 𝒊𝜸𝟓)

(𝝈𝝁𝝂, 𝝈𝝁𝝂)

⚫ Meson-Meson type Operators

⚫ Diquark- Antidiquark type Operator

⚫ Diagonalized operator

Diagonalization

The anomalous 
dimension matrix of 𝒥𝑀−𝑀

𝓙𝐃𝐢𝐚 = 𝐓.𝓙𝐌−𝐌
Reducing  renormalization scale 𝜇 dependence

𝑇 =

𝒥Di−Di = (𝑄𝑖
𝑇 𝒞 𝛤1 𝑄𝑗)( ത𝑄𝑖 𝛤2𝒞 ത𝑄𝑗

𝑇
)

ത𝒄𝒄ത𝒄𝒄 Mass Spectra 

The anomalous 

dimension matrix of 𝒥𝐷𝑖𝑎
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• 𝑀𝑆

• 𝑂𝑆

𝐉𝐒,𝟒
𝐃𝐢𝐚

◼ The Borel Platform Curves - ҧ𝑐𝑐 ҧ𝑐𝑐
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➢ 𝐽𝑃𝐶 = 0++ Diagonalized Operators

• 𝑀𝑆

• 𝑂𝑆

流算符 LO NLO(𝑴𝑺)

J𝑆,1
Dia 6.18−0.10

+0.08 7.81−0.16
+0.14

J𝑆,2
Dia 6.19−0.12

+0.07 6.95−0.12
+0.10

J𝑆,3
Dia 5.93−0.10

+0.07 6.35−0.13
+0.06

J𝑆,4
Dia 6.02−0.06

+0.05 6.56−0.12
+0.10

J𝑆,5
Dia 6.33−0.14

+0.12 7.72−0.14
+0.13

流算符 LO NLO(OS)

J𝑆,1
Dia 7.36−0.10

+0.07 6.60−0.12
+0.09

J𝑆,2
Dia 7.31−0.12

+0.08 6.58−0.11
+0.08

J𝑆,3
Dia 7.06−0.10

+0.07 6.47−0.10
+0.08

J𝑆,4
Dia 7.16−0.05

+0.04 6.49−0.10
+0.07

J𝑆,5
Dia 7.44−0.14

+0.12 6.62−0.13
+0.09

◆ Before VS   After  
(Diagonalization)

• The problem that Oversize NLO 

corrections are improved

◆ LO VS   NLO

◆ 𝑴𝑺 VS   OS

The scheme dependence is reduced
observably.

• MH
MS, LO −MH

OS, LO > 1 GeV

• MH
MS, NLO −MH

OS,NLO ~0.5 GeV

NLO corrections are significant.

• MH
NLO −MH

LO > 0.5 GeV

• Below or above  𝜂𝑐𝜂𝑐? 
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◼ The renormalization scale 𝜇 dependence

J𝑆,3
Dia

J𝑆,𝟐
Dia

J𝑆,4
Dia

The NLO contributions significantly 
improve 𝜇 dependence of 

hadron mass 𝑚𝐻
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◼ 𝑐𝑐 ҧ𝑐 ҧ𝑐 Mass Spectra

◆ Do not exist bound states below J/ψJ/ψ.

◆ JS,3
Dia with JPC = 0++ may be assigned to be 

X(6900) .

JT,1
Dia with JPC = 2++may also be a candidate for

the X(6900) .

◆ JS,3
Dia and JS,4

Dia may explain the broad structure

(6.2~6.8 GeV)

JDia
𝑀𝑆,NLO
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• 𝑀𝑆

• 𝑂𝑆

ഥ𝒃𝒃ഥ𝒃𝒃 Mass Spectra 

◼ The Borel Platform Curves - ത𝑏𝑏ത𝑏𝑏

𝐉𝐒,𝟒
𝐃𝐢𝐚

NLO contributions 
improve  the 
quality of Borel
platform evidently
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• MS

• OS

流算符 LO NLO(𝑴𝑺)

J𝑆,1
Dia 18.51−0.26

+0.17 19.01−0.10
+0.05

J𝑆,2
Dia 18.51−0.26

+0.17 18.97−0.11
+0.06

J𝑆,3
Dia 18.50−0.26

+0.18 18.96−0.11
+0.05

J𝑆,4
Dia 18.50−0.26

+0.17 18.97−0.11
+0.06

J𝑆,5
Dia 18.51−0.26

+0.17 18.95−0.14
+0.08

流算符 LO NLO(OS)

J𝑆,1
Dia 19.68−0.10

+0.04 18.98−0.28
+0.07

J𝑆,2
Dia 19.67−0.10

+0.04 18.98−0.28
+0.07

J𝑆,3
Dia 19.64−0.06

+0.02 18.98−0.36
+0.07

J𝑆,4
Dia 19.61−0.14

+0.07 18.98−0.33
+0.07

J𝑆,5
Dia 19.66−0.15

+0.08 18.98−0.26
+0.07

◆𝑴𝑺 VS   OS

The renormalization scheme 
dependence is reduced.

• 𝑴𝑯
𝑴𝑺, 𝑳𝑶 −𝑴𝑯

𝑶𝑺, 𝑳𝑶 ~ 𝟏 GeV

• 𝑴𝑯
𝑴𝑺, 𝑵𝑳𝑶 −𝑴𝑯

𝑶𝑺,𝑵𝑳𝑶 ~ 𝟎. 𝟏GeV

➢ 𝐽𝑃𝐶 = 0++ Diagonalized Operators

◆ LO VS   NLO

NLO corrections are significant.

• 𝑀𝐻
𝑁𝐿𝑂 −𝑀𝐻

𝐿𝑂 ~ 0.5 GeV

• No oversize NLO corrections

• NLO results are above 𝜂𝑏𝜂𝑏

◆ Problem
Perturbative Convergence
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◆ According to current results, 

there may not exist bound states 

below ηbηb.

◆ The perturbative convergence is 

bad in ത𝑏𝑏ത𝑏𝑏 system.

◆ The errors are large.

◼ ത𝑏𝑏ത𝑏𝑏 Mass Spectra

JDia
𝑀𝑆,NLO

JA,1
Dia
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◆ NLO corrections and operator mixing are important and non-negligibel

• Large corrections to hadron masses 𝑀𝐻 𝑀𝐻
𝑁𝐿𝑂 −𝑀𝐻

𝐿𝑂 > 0.5 𝐺𝑒𝑉 .

• Improving  the quality of the Borel platform evidently. (ത𝑏𝑏ത𝑏𝑏 system)

• Reducing the renormalization scale 𝜇 dependence.

• Reducing the scheme dependence.

◆ തc𝑐 ҧ𝑐𝑐 Mass Spectra 

• Do not exist bound states below 𝐽/𝜓𝐽/𝜓

• J𝑆,3
Dia and J𝑆,4

Dia with 𝐽𝑃𝐶 = 0++ may explain the broad structure

• J𝑆,3
Dia with 𝐽𝑃𝐶 = 0++ and JT,1

Dia with 𝐽𝑃𝐶 = 2++ may be candidates of the X(6900) .

◆ ത𝑏𝑏ത𝑏𝑏 Mass Spectra

• Bad perturbative convergence and large errors . (near-threshold resummation?)

• There may not exist bound states below  𝜂𝑏𝜂𝑏 (Based on current results without resummation ).

Summary

൞
𝑀𝐻

𝑴𝑺, 𝐿𝑂 −𝑀𝐻
𝑂𝑆, 𝐿𝑂 > 1 GeV

𝑀𝐻
𝑴𝑺, 𝑁𝐿𝑂 −𝑀𝐻

𝑂𝑆,𝑁𝐿𝑂 ~0.5GeV

Thanks!
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Correlation function: 𝚷 𝐩𝟐 = 𝐢න𝐝𝟒𝐱 𝐞𝐢𝐩∙𝐱 𝛀| 𝓣𝟏 𝐱 𝓣𝟐
+ 𝟎 |𝛀

Π 𝑝2 = න
0

∞

𝑑𝑠
𝜌(𝑠)

𝑠 − 𝑝2 − 𝑖𝜖

1.  K ሷall ƴen − Lehmann representation

𝜌(𝑠) : physical spectrum density

𝜌 𝑠 = σ𝑖 𝜆𝑖 𝛿 𝑠 − 𝑀𝑖
2 + 𝜌𝑐𝑜𝑛𝑡 𝑠 𝜃(𝑠 − 𝑠ℎ)

≈ 𝜆𝐻 𝛿 𝑠 − 𝑀𝐻
2 + 𝜌𝑐𝑜𝑛𝑡 𝑠 𝜃(𝑠 − 𝑠ℎ)

2.  Dispersion relation

න
0

∞

𝑑𝑠
𝜌(𝑠)

𝑠 − 𝑝2 − 𝑖𝜖
=

1

𝜋
න
𝑠𝑡ℎ

∞

𝑑𝑠
I𝑚 Π 𝑠

𝑠 − 𝑝2 − 𝑖𝜖

Π 𝑝2 =
1

𝜋
න
𝑠𝑡ℎ

∞

𝑑𝑠
I𝑚 Π 𝑠 + 𝑖𝜖

𝑠 − 𝑝2

𝓣 = (ത𝒄𝒊𝚪𝟏𝒄𝒊)( ത𝒄𝒋𝚪𝟐𝒄𝒋)

QCD sum rules



2022/07/29 19/16Heavy Flavor Physics and QCD

3.  Borel Transform

Π 𝑝2 = න
0

∞

𝑑𝑠
𝜌(𝑠)

𝑠 − 𝑝2 − 𝑖𝜖
=
1

𝜋
න
𝑠𝑡ℎ

∞

𝑑𝑠
I𝑚 Π 𝑠

𝑠 − 𝑝2 − 𝑖𝜖

 To suppress the contributions from high excited states and continuum

 To suppress the great circle contribution in contour integral

ℬ[𝑡,𝑀𝐵
2] 𝐹(𝑡) = lim

−𝑡,𝑛→∞

−
𝑡
𝑛→𝑀𝐵

2

−𝑡 𝑛+1

𝑛!

𝑑

𝑑𝑡

𝑛

𝐹(𝑡)

ℬ 𝒑𝟐, 𝑀𝐵
2 𝜫 𝒑𝟐 = 0

∞
𝑑𝑠 𝝆 𝒔 𝒆−𝒔/𝑀𝐵

2
=

1

𝜋
𝑠𝑡ℎ
∞
𝑑𝑠 I𝑚 Π 𝑠 𝒆−𝒔/𝑀𝐵

2

• 𝐁𝐨𝐫𝐞𝐥 Transform

• 𝐖𝐡𝐲？
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4.  Operator Product Expand (OPE)

• ෩𝓣 𝑝2 = 𝑖 𝑑4𝑥 𝑒𝑖𝑝∙𝑥 𝓣1 𝑥 𝓣2
+ 0

lim
𝑝2→−∞

෩𝓣 𝑝2 =
𝑖
𝐶𝑖(𝑝

2) 𝑂𝑖

= 𝐶1 + 𝐶𝑞𝑞 ത𝑞𝑞 + 𝐶𝐺𝐺 𝐺𝐺⋯

Power suppression:    
Λ𝑄𝐶𝐷
2

𝑝2• Π 𝑝2 = Ω|෩𝓣 𝑝2 |Ω

= 𝐶1 + 𝐶𝑞𝑞 Ω|ത𝑞𝑞|Ω + 𝐶𝐺𝐺 Ω|𝐺𝐺|Ω + 𝐶𝑞𝑞𝐺 Ω|ത𝑞𝑞𝐺|Ω +⋯

≈ 𝐶1 + 𝐶𝐺𝐺 Ω|𝐺𝐺|Ω Up to dimention 4

C1 − LO CGG − LO 𝐶𝑞𝑞 − 𝐿𝑂
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5.  Quark-Hadron Duality (QHD)

𝜆𝐻 𝒆
−𝑀𝐻

2 /𝑀𝐵
2
+න

𝑠ℎ

∞

𝑑𝑠 𝜌𝑐𝑜𝑛𝑡 𝑠 𝒆−𝒔/𝑀𝐵
2
=
1

𝜋
න
𝑠𝑡ℎ

∞

𝑑𝑠 (𝑰𝒎 𝑪𝟏 𝒔 + 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝐺𝐺 ) 𝒆−𝒔/𝑀𝐵
2

න
𝑠ℎ

∞

𝑑𝑠
𝜌𝑐𝑜𝑛𝑡 𝑠

𝑠 − 𝑝2
=
1

𝜋
න
𝑠0

∞

𝑑𝑠
𝑰𝒎 𝑪𝟏 𝒔

𝑠 − 𝑝2

𝜆𝐻𝒆
−𝑀𝐻

2 /𝑀𝐵
2
=

1

𝜋
𝑠𝑡ℎ
𝑠0 𝑑𝑠 𝑰𝒎 𝑪𝟏 𝒔 𝒆−𝒔/𝑀𝐵

2
+ 
1

𝜋
𝑠𝑡ℎ
∞
𝑑𝑠 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝐺𝐺 𝒆−𝒔/𝑀𝐵

2

6.  Hadron Mass 

𝑀𝐻
2 =

𝒔𝒕𝒉
𝒔𝟎 𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒔 𝒆

−
𝒔

𝑀𝐵
2
+ 𝒔𝒕𝒉

∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒔 𝒆

−
𝒔

𝑀𝐵
2
𝑮𝑮

𝒔𝒕𝒉
𝒔𝟎 𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒆

−
𝒔

𝑀𝐵
2
+ 𝒔𝒕𝒉

∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒆

−
𝒔

𝑀𝐵
2
𝑮𝑮

QHD

QHD :
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6.  Calculation of 𝐂𝐢 𝑀𝐻
2 =

𝒔𝒕𝒉
𝒔𝟎 𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒔 𝒆

−
𝒔

𝑀𝐵
2
+ 𝒔𝒕𝒉

∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒔 𝒆

−
𝒔

𝑀𝐵
2
𝑮𝑮

𝒔𝒕𝒉
𝒔𝟎 𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒆

−
𝒔

𝑀𝐵
2
+ 𝒔𝒕𝒉

∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒆

−
𝒔

𝑀𝐵
2
𝑮𝑮

C1 − LO CGG − LO C1 − NLO C1 − NLO𝑐𝑡

①.  To get amplitudes of 𝑪𝟏 and 𝑪𝑮𝑮【FeynArts】

②.  To simplify spinor structures of 𝑪i【FeynCalc】

③.  To reduce all loop integrals to a linear combination of master integrals (ሚI𝑖): 

𝐼𝑛𝑡 = σ𝑖 a𝑖 ሚI𝑖 【REDUZE】

④.  To calculate master integrals：Defferential equation (DE)

⑤.  Renormalization (for 𝑪𝟏 NLO)

J. Kublbeck,  et al, (1990); T. Hahn (2000)

R. Mertig,  et al, (1991); V. Shtabovenko,(2016)

A. von Manteuffel,  et al, (2012)

A. V. Kotikov, (1991);   Z. Bern, et al,  (1993);

E. Remiddi, et al, (1997);  T. Gehrmann, et al, (2000)

X. Liu, et al, (2017)

ሚI𝑖(𝜖, 𝑠, 𝑟 =
𝑚2

𝑠
) = 𝑠𝑑

𝑎,𝑏,𝑛
𝑐𝑎𝑏𝑚 𝑟𝑎+𝑏𝜖𝜖𝑛
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7. Borel Windows

𝑟𝐺𝐺 =
𝒔𝒕𝒉
∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒆

−
𝒔

𝑀𝐵
2
𝑮𝑮

𝒔𝒕𝒉
∞
𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒆

−
𝒔

𝑀𝐵
2

≤ 30%
𝑟𝑐𝑜𝑛𝑡 =

𝒔𝟎
∞
𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒆

−
𝒔

𝑀𝐵
2

𝒔𝒕𝒉
∞
𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒆

−
𝒔

𝑀𝐵
2

≤ 30%

• the validity of OPE

• the ground-state contribution dominance

𝑀𝐻
2 =

𝒔𝒕𝒉
𝒔𝟎 𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒔 𝒆

−
𝒔

𝑀𝐵
2
+ 𝒔𝒕𝒉

∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒔 𝒆

−
𝒔

𝑀𝐵
2
𝑮𝑮

𝒔𝒕𝒉
𝒔𝟎 𝒅𝒔 𝑰𝒎 𝑪𝟏 𝒔 𝒆

−
𝒔

𝑀𝐵
2
+ 𝒔𝒕𝒉

∞
𝒅𝒔 𝑰𝒎 𝑪𝑮𝑮 𝒔 𝒆

−
𝒔

𝑀𝐵
2
𝑮𝑮

8. Borel Platform 

The point where the parameter dependence of 𝑀𝐻 is weakest within Borel windows 

To constrain the range of 𝑠0 and 𝑀𝐵
2

Δ 𝑥, 𝑦 =
𝜕𝑀𝐻

𝜕𝑥

2

+
𝜕𝑀𝐻

𝜕𝑦

2

( 𝑥 = 𝑠0 ,   y= 𝑀𝐵
2 )

(called Borel windows)
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◼ ҧ𝑐𝑐 ҧ𝑐𝑐 Numerical results

• 𝑀𝑆

• 𝑂𝑆

◆ LO VS   NLO流算符 LO NLO(𝑴𝑺)

J𝑆,1
𝑀−𝑀 6.16−0.10

+0.08 7.32−0.11
+0.09

J𝑆,2
𝑀−𝑀 6.38−0.15

+0.09 8.33−0.15
+0.13

J𝑆,3
𝑀−𝑀 7.11−0.15

+0.13 7.91−0.19
+0.16

J𝑆,4
𝑀−𝑀 5.90−0.08

+0.06 6.36−0.10
+0.06

J𝑆,5
𝑀−𝑀 6.28−0.17

+0.13 7.78−0.13
+0.13

流算符 LO NLO(OS)

J𝑆,1
𝑀−𝑀 7.35−0.10

+0.07 6.60−0.12
+0.09

J𝑆,2
𝑀−𝑀 7.44−0.15

+0.12 6.60−0.15
+0.09

J𝑆,3
𝑀−𝑀 8.43−0.18

+0.14 7.40−0.21
+0.15

J𝑆,4
𝑀−𝑀 7.05−0.09

+0.06 6.44−0.09
+0.08

J𝑆,5
𝑀−𝑀 7.45−0.11

+0.10 6.62−0.13
+0.09

◆ 𝑴𝑺 VS   OS

➢ 𝐽𝑃𝐶 = 0++ Meson-Meson type operators (ത𝒄𝒊𝚪𝟏𝒄𝒊)( ത𝒄𝒋𝚪𝟐𝒄𝒋)

NLO corrections are significant.

• MH
NLO −MH

LO > 0.5 GeV

The scheme dependence is 
reduced observably.

• MH
MS, LO −MH

OS, LO > 1 GeV

• MH
MS, NLO −MH

OS,NLO ~0.5 GeV

Worst: ~2 GeV 

• Below or above  𝜂𝑐𝜂𝑐? 



2022/07/29 25/16Heavy Flavor Physics and QCD

• 𝑀𝑆

• 𝑂𝑆

流算符 LO NLO(𝑴𝑺)

J𝑆,1
Di−Di 6.07−0.07

+0.05 6.60−0.10
+0.09

J𝑆,2
Di−Di 6.19−0.12

+0.07 6.90−0.12
+0.11

J𝑆,3
Di−Di 6.96−0.14

+0.11 9.25−0.14
+0.14

J𝑆,4
Di−Di 6.17−0.12

+0.07 7.36−0.11
+0.10

J𝑆,5
Di−Di 6.07−0.10

+0.08 6.69−0.12
+0.10

流算符 LO NLO(OS)

J𝑆,1
Di−Di 7.23−0.07

+0.04 6.54−0.08
+0.06

J𝑆,2
Di−Di 7.27−0.11

+0.08 6.52−0.14
+0.10

J𝑆,3
Di−Di 8.17−0.19

+0.15 7.19−0.26
+0.16

J𝑆,4
Di−Di 7.31−0.11

+0.08 6.59−0.12
+0.09

J𝑆,5
Di−Di 7.22−0.12

+0.08 6.51−0.13
+0.09

➢ 𝐽𝑃𝐶 = 0++ diquark - antidiquark type operators (𝒄𝒊
𝑻 𝓒 𝚪𝟏 𝒄𝒋) (ത𝒄𝒊 𝚪𝟐𝓒 ത𝒄𝒋

𝑻)

◆𝑴𝑺 VS   OS

The scheme dependence is 
reduced observably.

• MH
MS, LO −MH

OS, LO > 1 GeV

• MH
MS, NLO −MH

OS,NLO ~0.5 GeV

◆ LO VS   NLO

NLO corrections are significant.

• MH
NLO −MH

LO > 0.5 GeV

Worst: ~2 GeV 

• Below or above  𝜂𝑐𝜂𝑐? 
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◼ Error
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◼ Perturbative Convergence—4c

𝐉𝐒,𝟒
𝐃𝐢𝐚

• MS

𝐉𝐒,𝟐
𝐃𝐢𝐚
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J𝑆,5
Dia JP,2

Dia

JA,4
Dia

JT,1
Dia

𝐽𝑃𝐶 = 0−+

𝐽𝑃𝐶 = 1+− 𝐽𝑃𝐶 = 2++

𝐽𝑃𝐶 = 0++

◼ The renormalization scale 𝜇 dependence
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◼ 𝐽𝑃𝐶 = 0++ Meson-Meson type operators

• 𝑀𝑆

• 𝑂𝑆

◆ LO VS   NLO流算符 LO NLO(𝑴𝑺)

J𝑆,1
𝑀−𝑀 18.51−0.26

+0.17 19.00−0.10
+0.05

J𝑆,2
𝑀−𝑀 18.55−0.26

+0.19 18.92−0.17
+0.10

J𝑆,3
𝑀−𝑀 19.21−0.26

+0.20 19.66−0.10
+0.05

J𝑆,4
𝑀−𝑀 18.50−0.26

+0.17 18.97−0.11
+0.05

J𝑆,5
𝑀−𝑀 18.51−0.26

+0.17 18.93−0.11
+0.09

流算符 LO NLO(OS)

J𝑆,1
𝑀−𝑀 19.68−0.10

+0.04 18.98−0.28
+0.07

J𝑆,2
𝑀−𝑀 19.68−0.10

+0.04 18.98−0.28
+0.07

J𝑆,3
𝑀−𝑀 20.51−0.18

+0.05 19.51 −1.55
+0.72

J𝑆,4
𝑀−𝑀 19.64−0.06

+0.02 18.98−0.35
+0.07

J𝑆,5
𝑀−𝑀 19.71−0.08

+0.03 18.98−0.28
+0.07

• 次领头阶修正明显

𝑀𝐻
𝑁𝐿𝑂 −𝑀𝐻

𝐿𝑂 ~ 0.5 GeV

• 相比于4c体系没有过大修正

• 修正之后，在𝜂𝑏𝜂𝑏阈值之上

◆𝑴𝑺 VS   OS

结果对重整化方案依赖性显著降低

• 𝑀𝐻
𝑴𝑺, 𝐿𝑂 −𝑀𝐻

𝑂𝑆, 𝐿𝑂 ~ 1 GeV

• 𝑀𝐻
𝑴𝑺, 𝑁𝐿𝑂 −𝑀𝐻

𝑂𝑆,𝑁𝐿𝑂 ~0.1GeV



2022/07/29 30/16Heavy Flavor Physics and QCD

◼ The renormalization scale 𝜇 dependence

J𝑆,4
Dia


