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N*(L, p1, p2) = Tr[y*U + Mo)y*d — pr+ Mo)U + pr+ My)]

Let's evaluate the numerator Dirac trace first.
You can do it by hand but nowadays it's much convenient to do it using computer algebra tools, such as Mathematica and many high energy physics package.
In this lecture we will use the FeynCalc package.

For installation instruction of FeynCalc see https://feyncalc.github.io/ (https://feyncalc.github.io/)

Once installed, we can load the package using

In [1]: <<FeynCalc"
FeynCalc 9.3.1 (stable version). For help, use the documentation center,\

> check out the wiki or visit the forum.
To save your and our time, please check our FAQ

> for answers to some common FeynCalc questions.
See also the supplied examples. If you use FeynCalc in your research, please\

> cite
\[Bullet] V. Shtabovenko, R. Mertig and F. Orellana, Comput.Phys.Commun. 256\

> (2020) 107478, arXiv:2001.04407.
\[Bullet] V. Shtabovenko, R. Mertig and F. Orellana, Comput.Phys.Commun. 207\

> (2016) 432-444, arxXiv:1601.01167.
\[Bullet] R. Mertig, M. Bo"hm, and A. Denner, Comput. Phys. Commun. 64\

> (1991) 345-359.

In FeynCalc a D-dimensional Dirac Gamma matrix y* is represented as


https://feyncalc.github.io/

In [2]:

out[2]:

In [3]:

out[3]:

In [4]:

Out[4]:

In [5]:

Out[5]:

In [6]:

out[6]:

In [7]:

Oout[8]:

GAD[a]//HoldForm//TeXForm

Feynman's slash notation p = y*p,, is represented as

GSD[p]//HoldForm//TeXForm

YD
And a Dirac trace can be calculated as

Tr[GAD[|L] .GAD[V]]//HoldForm//TeXForm
Tr [y”.yv]
Tr[GAD[ L] .GAD[V]]

4 gt

Now we are ready to evaluate the numerator trace
N*(L, p1, p2) = Tr[y*U + Mo)y*d — pr+ Mo)d + pr+ My)]

Tr[GAD[|L].(GSD[1]+MQ) .GAD[V].(GSD[1]-GSD[p2]+MQ).(GSD[1]+GSD[pl]+MQ)]//HoldForm//TeXForm

Tr[y". (r - 1+MQ).y".(y - I =y - p2+MQ).(y - [ + 7 - pl + MQ)]

SPD[pl,p2]=MH"2/2;
num = Tr[GAD[u].(GSD[1]+MQ).GAD[V].(GSD[1]-GSD[p2]+MQ).(GSD[1]+GSD[pl]+MQ)]//Simplify

2MQ(-g"" (2 + MH® -2MQ®) + 41" pI* + ' (] ' ~4p2") + 2pl" p2* - 2pI* p2’)

Next we combine the denominator using Feynman's trick

1 1 1—x 1
=2 dx dy
A RC N =N TMAv L Ruv L (1 — v — 13
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In [11]:

Oout[l1l]:
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Applying the trick to our propagator

d*l N*(, p1,p)
Q@n)* (% = M2)( - p2)* — M)+ p1)* — M2)
I ", p1, p2)
- 2/ dx/ dy (2n)4 [x((l—pz)2 M)+ W+ p)? — M3) + (1 —x = y)( = MZ)P
_2/ dx/‘ " b N* (L, p1. p2)
(277)4 [2 = M} +21-(yp1 — xp2) PP
_ / dx/l x N* (1, py, py)
(27T)4 [( + (yp1 = xp2))? = M + xyM})]?

$$

2 \int 071 dx\int 0"{1-x} dy

\int \frac{d"4 1}{( 2 \pi)"4} \frac{N"{\mu\nu}(l, p 1, p 2)}{[(l + (ypl-xp2))"2 -MOQ"2 +xy M H"2 173}
$$

The denominator suggests that we should shift the loop momentum as
I = 1= (yp; — xp2)

! b= d*l N™( = (yp1 — xp2), p1,P2)
2 dx dy
0 0 Qm* 2 =M+ xyM})?

We then have

The new numerator now becomes

num

2MQ(-g"" (27 + MH® - 2MQ*| + 41" pI* + ' BI' - 4p2") + 2pl" p2* - 2p1* p2’)

numl=num/.FCI[{SPD[1l,1]->SPD[1l,1]-2*y*SPD[1,pl]+2*x*SPD[1,p2]-x*y*MH"2,FVD[1l,a ]:>FVD[1l,a]-y*FVD[pl,a]+x*FVD[p2,a]}]//Ex

zmg{zﬂ “adyg il oph-d4xg (L p -MH g + 2MH xyg" +2MQ g + 4 (pl¥ —2ypl* + 2xp2* )+ P (R - Bypl" —4p2 + Bxp2)+
2pl"p2 —2plP p2" +4xpl* p2" - Bxypl p2* —Bxypl* p2" +4ypl® p2" + By pl¥ pl" -4 ypl® pl” + & x° p2* p2" - 4 x p2* p!"}

numl/MQ//Expand//TeXForm

—41g" + 8yg"(l - pl) — 8xg" (I - p2) — 2MH?*g" + 4AMH?xyg"’ + 4AMQ?g"" + 16/*1" + 81"pl* — 16yI'p1* — 16yl*pl” — 81*p2" + 16xI"p2*
+ 16x1#p2Y + 4p1Vp2H — 4p1#p2Y + 8xpl#p2Y — 16xypl1'p2* — 16xyp1#p2Y + 8ypl1#p2” + 16y*p1¥pl¥ — 8ypl1¥plY + 16x*p2#p2* — 8xp2#p2”

We need to simplifv this expression a bit.



In [12]:

Out[l2]:

In [13]:

Out[1l3]:

In [14]:

Out[1l4]:

In [15]:

Out[1l5]:

» First we note that linear terms in loop momentum can be dropped.
» Second we can use [#]¥ — %lzg‘”

« Third we note that amplitudes is proportional to N*"¢,(p; )€, (p2)
 For physical transverse gluon, we have p - €(p) = 0.

» Therefore we can also drop terms with p’l‘ and with p3.

numl//TeXForm
2MQ (—2ig" + 4yg" (I - p1) — 4xg"(l - p2) — MH’g"" + 2MH?xyg"’ + 2MQ*g"" + 41" (p1* — 2yp1* + 2xp2*) + I* (81" — 8yp1* — 4p2” + 8xp2")
+2p1Yp2# — 2p1#p2Y + 4xpl#p2Y — 8xypl'p2¥ — 8xypl#p2” + 4ypl1¥p2¥ + 8y*pl#pl¥ — 4yp1¥pl” + 8x*p2Hp2* — 4xp2#p2")

num2=Expand[FCI[numl]]/.FCI[FVD[pl,u]->0]/.FCI[FVD[p2,Vv]->0]

~4PMQg" +BMQyg" (I pl)-EMQxg"" (/. p2) - 2MH  MQg"" +
AMH MQxyg" +4MQ g*" + I6MQF ' = 16 MQ y I* p1” + 16 MQ x I p2* + 4 MQ p1” p2* - 16 MQ x y pl” p2*

num3=num2/.FCI[SPD[1l,p2]->0]/.FCI[SPD[1,pl]->0]/.FCI[FVD[1l,u]*FVD[1l,Vv]->MTD[,v]*SPD[1,1]/D]

16 2 MQ g**

5 ~4FPMQg"" -2MH MQg*" +4AMH MQuxyg" +4MQ" g*" - 16 MQ y ¥ pl” + 16 MQ x I p2* + 4 MQ p1” p2* - 16 MQ x y pl” p2*

numé4=num3/.FCI[FVD[1l, ]->0]//Simplify

2MQg*" (-2(D -4 + DMH? 2xy - 1)+2 D MQ?)
D

+dMQpl" p2 (1l -4 xy)

Our amplitude is now simplified to
dtl —4LSA2g + 2ME(2xy — 1)+ 4M2)gh +4(1 — 4xy)pyph
2m)* (2 — A)?
A= Mj—xyMp —ie

MD* « My

Dimensional regularization: D = 4 — 2¢
d*l dPl
_)
Q2r)* Q2r)P

Now we can use the following formula from Peskin:

P L/ B F(l+€)(l)3_D/2
L= oD (2 _ A3 (4\D2 T(3) \ A




In [16]:

Out[1l6]:

In [17]:

Out[19]:

In [20]:

Out[20]:

In [22]:

Out[22]:

“ ~ L4 N —/ N /S Y

a°t 2 i D F(€)< >2‘D/2
QoD (2 — A} 4m)P2 2 T(3)

and our integral becomes

MWD« —4M, D-4 g + My [(2M121(2xy — D) +4MJ)g" +4(1 — 4xy)piph |1
numé4//TeXForm
2MQg* (—=2(D — 4)I + DII;/[H2(2xy — 1) + 2DMQ?) 4 AMQp1*p2(1 — dxy)
I1=-I/(4*Pi)"(D/2)*Gamma[l+eps]/Gamma[3]*(1/del)”(3-D/2);

I2=I/(4*Pi)~(D/2)*D/2*Gamma[eps]/Gamma[3]*(1l/del)”"(2-D/2);
num5=Coefficient[num4,FCI[SPD[1,1]]]*I2 + Il*(num4/.FCI[SPD[1,1]->0])
= 2MQg*" ([DMH? 2 xy - 1)+ 2 D MQ?)

F{eps+lj[ b + 4 MQ pl" p2” (1

o
3

i270 2 pati [1—]2

16 MQ g _ 1y
r ———— -4M “';2”"“{—}
del eps) [ D Qe |- T Gal

numé6=Series[num5/.D->4-2*eps, {eps,0,0}]//Normal//Simplify

iMQ (z¢" (2 del -2 MHZ xy + MH? - 2MQ?) + 2 (4 xy - 1) pI" pZ)
16 2* del

num7=numé6/.del->MQ"2-x*y*MH"2//Simplify//TeXForm
iMQ(4xy — 1) (MH2 g — 2175”)
B 1672 (MQ2 - MHzxy)

After all these tedious calculation, the result turns out to be rather simple.

i — o Mo 67 Mo(Mjig" = 2pip:) / /1 * (1 —4xy)
T2 1672 ~ M2y
v y_ @ 5% 4Mé
M =2M B = - (MHg 1P2)F< 2
MH

1—x
F(a) = / dx/ (1 —4xy)
1 — —xy

We shall evaluate this integral for @ > 1 (relevant for top quark), and leave the case a < 1 (relevant for b quark) as an exercise.

—4xy)



A detail account of this integral can be found at http://scipp.ucsc.edu/~haber/webpage/oneloopfun4.pdf
(http://scipp.ucsc.edu/~haber/webpage/oneloopfun4.pdf)

For a > 1, there is no imaginary part. We can drop the ie term. The dy integral is easily calculated with MMA:

In [23]: Integrate[(1l-4 x y)/(l1-4/a*x*y),{y,0,1-x},Assumptions->{1>x>0,a>1}]//Collect[#,{Log[_]}1&//TeXForm

out[23]: (1 — a)alog(a) N (a—1alog(a + 4(x — 1)x)

4x 4x

—a(x—1)+

We are left with the integral

@ ya 0e(1-25)

4 X

_ 1 log( 1 — 4x(l_x)
ylazla o, g(a)=/0 dx ( )

1
F(a)=/ dx | (1 —x)a+
0

a
2 4 X
1— 4x(1-x) )

1 10g< -
gla) = / dx
0

X

Let a = 1/sin’ 0,0 < 0 < n/2, then

I log(1 - 4x(1 — x)sin 0)
gla) = dx
0 X
Take derivative of € and exchange derivative and integration, we get

1
dg(a) _ —4sin(29)/ (1 = x)dx
do 0 1—4x(1-x)sin’0

1
1 —
dg(a) _ 4 sin(20)/ (1 — x)dx
do 0 1—4x(1—x)sin’6


http://scipp.ucsc.edu/~haber/webpage/oneloopfun4.pdf

In [26]: Plot[{NIntegrate[-4*Sin[2*th]*(l1 - x)/(1 - 4 x (1 - x) Sin[th]"2), {x,
0, 1}], -4*th}, {th, 0, Pi/2}, PlotStyle -> {Blue, {Dotted}}]

Out[26]: ;“‘\-u- 1 1 1 1 :II,- I I I 1 _1I|: I I 1 I 1|I_.

-1 _ ‘HN,M

: ~.
=3 _ *\MM‘
-3 :_ H\M\"’qh

i T
-4 _ K*\MH

; .
-5 - M“\H‘
- : M‘"«-ﬁb
s -

dg(0)
— =40
do
g(0) = —2¢%, 0 = arcsin 1/4/a
1- 1- 1
F(a) = % - %g(a) = % + %arcsin2 %
We have finished the calculation of one-loop (leading order) amplitude:
aS 5ab 2 Y% VM 4Mé
M = 5 o (M 8" = 2p\p5)F M—sz €,(p1)ey(p2)
Fora > 1,
1- 1
F(a) = 2 + Marcsinz —
2 2 \/E
Fora <1,
2
a (l-aa l+y1l-a
F(a) == - log —ir
2 8 1-4y/1-a



In [27]: F[a_]:=Piecewise[{{a/2 + (1 - a)*a/2*ArcSin[l/Sqrt[a]]"2,
a>1}, {a/
2 + (1 - a)*
a/-8*(Log[(l + Sqgrt[l - a])/(l - Sqrt[l - a])] - I*Pi)"2,
0 <a<1}}1;
Limit[F[a],a->Infinity]//TeXForm

out[28]: 1
3

In [29]: Plot[{Re[F[a]],1/3},{a,10"-2,10},GridLines->{{4*175%2/125%2,0},{4*175%2/125%2,10}},PlotRange->All]

out[29]: OEF

Question: why the amplitude does not vanish for infinite top quark mass?

Next we use the amplitude to calculate cross section.

2
2

2 _ 4 % ara
IMP =4 M,

AM?
F ]
M}

Let's consider the partonic cross section first.

. 1 d° Py 4c4 2
Coos i = 27)76 + p, — Py)|M
sl = (27f)32EH( )'6"(p1 + p2 — Py)| M|
= M|*278(5 — M}
5105 M 172mos = M)
ol am2 \ I r M2
_ s F (9] 5 <1 . ) ’ = H
64702 M%{ X1X2 S




Hadronic cross section is then given by
O-pp—>H = /dxlfg(xl, ,UF)
2
AM?
Fl—2)|s(1-—
M3 X1X2

2
1
X1, T
/ dx, L8 HE) o )
T X1 X1

2

as
/dXng(xz, )uF) 6471'1}2

2
F<4MQ>
2
MH

. i (UR)
647r0?
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