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The Smooth, Expanding Universe

• Einstein Equation:
<latexit sha1_base64="Oj/4QzkesqkMT+Qx3dV3SyVC7RM=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwY0mKYl0IRRe6rKUPoQllMp20QyeTMDMRSsi3uPFX3LhQ1JXgxzhtg4/WAxcO59zLvfd4EaNSWdaHkVtYXFpeya8W1tY3NrfM7Z2WDGOBSROHLBS3HpKEUU6aiipGbiNBUOAx0vaGl2O/fUeEpCFvqFFE3AD1OfUpRkpLXfOs3k2cIHZ4nMIj6PgC4cROk3IK+z9GHZ7DihNReAUb32rXLFolawI4T+yMFEGGWtd8c3ohjgPCFWZIyo5tRcpNkFAUM5IWnFiSCOEh6pOOphwFRLrJ5MUUHmilB/1Q6OIKTtTfEwkKpBwFnu4MkBrIWW8s/ud1YuVX3ITyKFaE4+kiP2ZQhXCcF+xRQbBiI00QFlTfCvEA6ZiUTrWgQ7BnX54nrXLJPilZN8fF6kUWRx7sgX1wCGxwCqrgGtRAE2BwDx7BM3gxHown49V4n7bmjGxmF/yB8fkFwiijLQ==</latexit>

Rµ⌫ � 1

2
gµ⌫R = 8⇡GTµ⌫

Ricci tensor Ricci scalar Energy-momentum tensor

<latexit sha1_base64="acgVLMYeNhC/Di9CvLBo9pszacg="></latexit>
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Christoffel symbol
<latexit sha1_base64="dRjwtTaK33NY+SAY8rMtnnHaZW8="></latexit>

�µ
↵� = �1

2
(g↵⌫,� + g�⌫,↵ � g↵�,⌫)

metric



What is metric?

• The metric defines the distance.

• In Minkowski

• The geodesic line

<latexit sha1_base64="Oetbq1YxQV+RWCywvE7Dsni/kGg=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSU5VUIFiQKlgYi0QvUpNGjuO0Vh0n8gVRRV1ZeBUWBhBi5Q3YeBvcNgO0HMnyp/8/R/b5w4xRqRzn21paXlldWy9tlDe3tnd27b39lky1wKSJU5aKTogkYZSTpqKKkU4mCEpCRtrh8Hrit++JkDTld2qUET9BfU5jipEyUmDDSPZq8BL2g9xLtMf1GEYPPYMwgubmOrArTtWZFlwEt4AKKKoR2F9elGKdEK4wQ1J2XSdTfo6EopiRcdnTkmQID1GfdA1ylBDp59NNxvDYKBGMU2EOV3Cq/p7IUSLlKAlNZ4LUQM57E/E/r6tVfOHnlGdaEY5nD8WaQZXCSSwwooJgxUYGEBbU/BXiARIIKxNe2YTgzq+8CK1a1T2rOrenlfpVEUcJHIIjcAJccA7q4AY0QBNg8AiewSt4s56sF+vd+pi1LlnFzAH4U9bnDymimV8=</latexit>

ds2 = gµ⌫dx
µdx⌫

<latexit sha1_base64="6aQ/FlWEfB0JYPMolc5bqpqA5tU=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiCMWSBEU3QtGNywr2Am1aJpNJO3RyYWYixtCdG1/FjQtF3PoK7nwbJ20W2npgho//P4eZ8zsRo0IaxrdWWFhcWl4prpbW1jc2t/TtnaYIY45JA4cs5G0HCcJoQBqSSkbaESfIdxhpOaOrzG/dES5oGNzKJCK2jwYB9ShGUkl9fd8VPQtewGPoSgUV6N73rIqbZNdDz+rrZaNqTArOg5lDGeRV7+tfXTfEsU8CiRkSomMakbRTxCXFjIxL3ViQCOERGpCOwgD5RNjpZI8xPFSKC72QqxNIOFF/T6TIFyLxHdXpIzkUs14m/ud1Yumd2ykNoliSAE8f8mIGZQizUKBLOcGSJQoQ5lT9FeIh4ghLFV1JhWDOrjwPTatqnlaNm5Ny7TKPowj2wAE4AiY4AzVwDeqgATB4BM/gFbxpT9qL9q59TFsLWj6zC/6U9vkDafqWfA==</latexit>

ds2 = �dt2 + dx2 + dy2 + dz2

<latexit sha1_base64="8ejwLYtyq9bcQp5tCHrOa3yUv5g="></latexit>
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Hubble’s Law



Homogeneous and Isotropic, expanding 
Universe

<latexit sha1_base64="Oetbq1YxQV+RWCywvE7Dsni/kGg=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSU5VUIFiQKlgYi0QvUpNGjuO0Vh0n8gVRRV1ZeBUWBhBi5Q3YeBvcNgO0HMnyp/8/R/b5w4xRqRzn21paXlldWy9tlDe3tnd27b39lky1wKSJU5aKTogkYZSTpqKKkU4mCEpCRtrh8Hrit++JkDTld2qUET9BfU5jipEyUmDDSPZq8BL2g9xLtMf1GEYPPYMwgubmOrArTtWZFlwEt4 AKKKoR2F9elGKdEK4wQ1J2XSdTfo6EopiRcdnTkmQID1GfdA1ylBDp59NNxvDYKBGMU2EOV3Cq/p7IUSLlKAlNZ4LUQM57E/E/r6tVfOHnlGdaEY5nD8WaQZXCSSwwooJgxUYGEBbU/BXiARIIKxNe2YTgzq+8CK1a1T2rOrenlfpVEUcJHIIjcAJccA7q4AY0QBNg8AiewSt4s56sF+vd+pi1LlnFzAH4U9bnDymimV8=</latexit>

ds2 = gµ⌫dx
µdx⌫

<latexit sha1_base64="50lgyoXrlNOoSQCvdwiQbjRx598=">AAACTHicbVBNaxsxENU6aZq4H3HSYy4ippBSYnZNS3sJhPTSYwJxEvCujVY76xXWahdptmAW/8BccsgtvyKXHlpKIbOOD/kakObpvTdIenGplUPfv/FaK6uv1l6vb7TfvH33frOztX3mispKGMhCF/YiFg60MjBAhRouSgsijzWcx9MfjX7+C6xThTnFWQlRLiZGpUoKJGrckYkb9fkB30+Q+mcuRv09/BRqSHHIw9QKWSd21J /XAd/nU95AclHjSYgZoGim6Bg6ZWhfUCSVmSIhtGqSYTTudP2evyj+HARL0GXLOh53rsOkkFUOBqUWzg0Dv8SoFhaV1DBvh5WDUsipmMCQoBE5uKhehDHnH4lJeFpYWgb5gn04UYvcuVkekzMXmLmnWkO+pA0rTL9HtTJlhWDk/UVppTkWvEmWJ8qCRD0jIKRV9FYuM0EJIuXfphCCp19+Ds76veBrzz/50j08WsaxznbYLttjAfvGDtlPdswGTLJLdsv+sL/elffb++f9v7e2vOXMB/aoWmt3leWvsw==</latexit>

ds2 = �dt2 + a2(t)


dr2

1� kr2
+ r2d✓2 + r2 sin2 ✓d�2

�

<latexit sha1_base64="ysGFmFI6Au/FA2/P3c+9R2JpdUM=">AAACJnicbVBNSwMxEM36bf2qevQSLIIXy64oeimIXjwqWFtoSsmms21oNrsks0JZ+mu8+Fe8eFBEvPlTTOsetPVBwuO9mUnmhamSFn3/05ubX1hcWl5ZLa2tb2xulbd37m2SGQF1kajENENuQUkNdZSooJka4HGooBEOrsZ+4wGMlYm+w2EK7Zj3tIyk4OikTrk2qDEFEbKcshB6UufcGD4c5WJEA8oY9cfX0YQy0N3CZkb2+l jtlCt+1Z+AzpKgIBVS4KZTfmXdRGQxaBSKW9sK/BTbbihKoWBUYpmFlIsB70HLUc1jsO18suaIHjilS6PEuKORTtTfHTmPrR3GoauMOfbttDcW//NaGUbn7VzqNEPQ4uehKFMUEzrOjHalAYFq6AgXRrq/UtHnhgt0yZZcCMH0yrPk/rganFb925PKxWURxwrZI/vkkATkjFyQa3JD6kSQR/JMXsmb9+S9eO/ex0/pnFf07JI/8L6+AaHipKM=</latexit>

k =

8
<

:

1
0
�1

Closed

Flat

Open

<latexit sha1_base64="KXTwpJCWvMdCp3AqACH78Wnu8Xk=">AAAB/XicbVDJSgNBFHzjGuM2LjcvjUHwFGZE0YsQ9JJjBLNAMoQ3nZ6kSc9Cd48Qh8Ff8eJBEa/+hzf/xs5y0MSChqLqFe91+YngSjvOt7W0vLK6tl7YKG5ube/s2nv7DRWnkrI6jUUsWz4qJnjE6pprwVqJZBj6gjX94e3Ybz4wqXgc3etRwrwQ+xEPOEVtpK59WCXXpBNIpFmnF2uCeYZ51y45ZWcCskjcGSnBDLWu/WXCNA 1ZpKlApdquk2gvQ6k5FSwvdlLFEqRD7LO2oRGGTHnZ5PqcnBilR4JYmhdpMlF/JzIMlRqFvpkMUQ/UvDcW//PaqQ6uvIxHSapZRKeLglQQHZNxFaTHJaNajAxBKrm5ldABmiq0KaxoSnDnv7xIGmdl96Ls3J2XKjezOgpwBMdwCi5cQgWqUIM6UHiEZ3iFN+vJerHerY/p6JI1yxzAH1ifP43olKk=</latexit>

H =
ȧ

a



Homogeneous and Isotropic, expanding 
Universe

<latexit sha1_base64="Oetbq1YxQV+RWCywvE7Dsni/kGg=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSU5VUIFiQKlgYi0QvUpNGjuO0Vh0n8gVRRV1ZeBUWBhBi5Q3YeBvcNgO0HMnyp/8/R/b5w4xRqRzn21paXlldWy9tlDe3tnd27b39lky1wKSJU5aKTogkYZSTpqKKkU4mCEpCRtrh8Hrit++JkDTld2qUET9BfU5jipEyUmDDSPZq8BL2g9xLtMf1GEYPPYMwgubmOrArTtWZFlwEt4 AKKKoR2F9elGKdEK4wQ1J2XSdTfo6EopiRcdnTkmQID1GfdA1ylBDp59NNxvDYKBGMU2EOV3Cq/p7IUSLlKAlNZ4LUQM57E/E/r6tVfOHnlGdaEY5nD8WaQZXCSSwwooJgxUYGEBbU/BXiARIIKxNe2YTgzq+8CK1a1T2rOrenlfpVEUcJHIIjcAJccA7q4AY0QBNg8AiewSt4s56sF+vd+pi1LlnFzAH4U9bnDymimV8=</latexit>

ds2 = gµ⌫dx
µdx⌫

<latexit sha1_base64="50lgyoXrlNOoSQCvdwiQbjRx598=">AAACTHicbVBNaxsxENU6aZq4H3HSYy4ippBSYnZNS3sJhPTSYwJxEvCujVY76xXWahdptmAW/8BccsgtvyKXHlpKIbOOD/kakObpvTdIenGplUPfv/FaK6uv1l6vb7TfvH33frOztX3mispKGMhCF/YiFg60MjBAhRouSgsijzWcx9MfjX7+C6xThTnFWQlRLiZGpUoKJGrckYkb9fkB30+Q+mcuRv09/BRqSHHIw9QKWSd21J /XAd/nU95AclHjSYgZoGim6Bg6ZWhfUCSVmSIhtGqSYTTudP2evyj+HARL0GXLOh53rsOkkFUOBqUWzg0Dv8SoFhaV1DBvh5WDUsipmMCQoBE5uKhehDHnH4lJeFpYWgb5gn04UYvcuVkekzMXmLmnWkO+pA0rTL9HtTJlhWDk/UVppTkWvEmWJ8qCRD0jIKRV9FYuM0EJIuXfphCCp19+Ds76veBrzz/50j08WsaxznbYLttjAfvGDtlPdswGTLJLdsv+sL/elffb++f9v7e2vOXMB/aoWmt3leWvsw==</latexit>

ds2 = �dt2 + a2(t)


dr2

1� kr2
+ r2d✓2 + r2 sin2 ✓d�2

�

<latexit sha1_base64="ysGFmFI6Au/FA2/P3c+9R2JpdUM=">AAACJnicbVBNSwMxEM36bf2qevQSLIIXy64oeimIXjwqWFtoSsmms21oNrsks0JZ+mu8+Fe8eFBEvPlTTOsetPVBwuO9mUnmhamSFn3/05ubX1hcWl5ZLa2tb2xulbd37m2SGQF1kajENENuQUkNdZSooJka4HGooBEOrsZ+4wGMlYm+w2EK7Zj3tIyk4OikTrk2qDEFEbKcshB6UufcGD4c5WJEA8oY9cfX0YQy0N3CZkb2+l jtlCt+1Z+AzpKgIBVS4KZTfmXdRGQxaBSKW9sK/BTbbihKoWBUYpmFlIsB70HLUc1jsO18suaIHjilS6PEuKORTtTfHTmPrR3GoauMOfbttDcW//NaGUbn7VzqNEPQ4uehKFMUEzrOjHalAYFq6AgXRrq/UtHnhgt0yZZcCMH0yrPk/rganFb925PKxWURxwrZI/vkkATkjFyQa3JD6kSQR/JMXsmb9+S9eO/ex0/pnFf07JI/8L6+AaHipKM=</latexit>
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Friedmann Equations
<latexit sha1_base64="F4/Nn2DoBJ4QKRvx14iKc9xrUn0=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLcUyMyi6EYpuXFawF+iNTCatoZkLyRlxLH0DN76KGxeKuHXrzrcx03ahrQcSPv7/HJLzO6HgCkzz20gtLC4tr6RXM2vrG5tb2e2dmgoiSVmVBiKQDYcoJrjPqsBBsEYoGfEcwerO4DLx63dMKh74NxCHrO2Rvs97nBLQUjd76KqOjc/xEXZBQxGTjp2HQt6979hFN06uh45d6GZzZskcF54Hawo5NK1KN/vVcgMaecwHKohSTcsMoT0kEjgVbJRpRYqFhA5InzU1+sRjqj0c7zPCB1pxcS+Q+viAx+rviSHxlIo9R3d6BG7VrJeI/3nNCHpn7SH3wwiYTycP9SKBIcBJONjlklEQsQZCJdd/xfSWSEJBR5jRIVizK89DzS5ZJyXz+jhXvpjGkUZ7aB/lkYVOURldoQqqIooe0TN6RW/Gk/FivBsfk9aUMZ3ZRX/K+PwB7h6Y0w==</latexit>

ds2 = �dt2 + a2(t)(dx2 + dy2 + dz2)

<latexit sha1_base64="W4aaKT/LnZqS1g9VUj0A0lNNPnU=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwY0mKYjdC0YUua+kLmlAm00k7dDIJMxOhhPyOG3/FjYKibv0Rp23w0XrgwuGce7n3Hi9iVCrLejdyS8srq2v59cLG5tb2jrm715JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7qa+O07IiQNeUONI+IGaMCpTzFSWuqZ1XovcYLY4XEKT6DjC4QTO03KKRz8GImDEYP1FF7AihNReA 0b32bPLFolawq4SOyMFEGGWs98dvohjgPCFWZIyq5tRcpNkFAUM5IWnFiSCOERGpCuphwFRLrJ9NMUHmmlD/1Q6OIKTtXfEwkKpBwHnu4MkBrKeW8i/ud1Y+VX3ITyKFaE49kiP2ZQhXASG+xTQbBiY00QFlTfCvEQ6bSUDregQ7DnX14krXLJPitZt6fF6mUWRx4cgENwDGxwDqrgBtRAE2BwDx7BC3g1Hown4834mLXmjGxmH/yB8fkFZm6mFw==</latexit>

Rµ⌫ � 1

2
gµ⌫R = 8⇡GTµ⌫

Ideal gas model

<latexit sha1_base64="nJp7dG200H+OGRVF4wGo4YO5Atk="></latexit>

Tµ
⌫ =

0

BB@

�⇢ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

1

CCA

00:
<latexit sha1_base64="Yn3tCMEn9BYr1q+lQVh4SzoIj/E="></latexit>

H =

✓
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Evolution of Energy
<latexit sha1_base64="nJp7dG200H+OGRVF4wGo4YO5Atk="></latexit>

Tµ
⌫ =

0

BB@

�⇢ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

1

CCA
Energy momentum conservation:

<latexit sha1_base64="6LL3Tl/fw/VMk2X0/6UZvo0l9w8=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWwVWZEUVBhKIblxV6g844ZNJMG5pkhlyEMhR8FTcuFHHrc7jzbUwvC239IfDxn3M4J3+cMaq05307haXlldW14nppY3Nre8fd3Wuq1EhMGjhlqWzHSBFGBWloqhlpZ5IgHjPSige343rrkUhFU1HXw4yEHPUETShG2lqRe1B/CLiJ8kAYeAUtjuA19CK37FW8ieAi+DMog5lqkfsVdF NsOBEaM6RUx/cyHeZIaooZGZUCo0iG8AD1SMeiQJyoMJ+cP4LH1unCJJX2CQ0n7u+JHHGlhjy2nRzpvpqvjc3/ah2jk8swpyIzmgg8XZQYBnUKx1nALpUEaza0gLCk9laI+0girG1iJRuCP//lRWieVvzzind/Vq7ezOIogkNwBE6ADy5AFdyBGmgADHLwDF7Bm/PkvDjvzse0teDMZvbBHzmfP1g5lG0=</latexit>

Tµ
⌫;µ = 0

<latexit sha1_base64="6v7Ief+WkFMvDNyNXPTw55pq74Q="></latexit>

Tµ
⌫,µ + �µ

↵µT
↵
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⌫µT
µ
↵ = 0

𝜈 = 0 component:
<latexit sha1_base64="VGN65t7mE7R/T4kNwusyndto68g="></latexit>
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@t
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a
[3⇢+ 3P] = 0



The Evolution of the Universe

• We want to  calculate: 𝑎 𝑡 , 𝜌 𝑡 , 𝑃(𝑡)
• The equations we have:

• We need one more equation.
The relation between 𝜌 and 𝑃.

<latexit sha1_base64="Yn3tCMEn9BYr1q+lQVh4SzoIj/E=">AAACInicbVDLSgMxFM3UV62vqks3wSLUTZnxgXUhFF3YZQX7gE4pmTTThmYeJHeEMsy3uPFX3LhQ1JXgx5hOZ6GtBy4czrk3ufc4oeAKTPPLyC0tr6yu5dcLG5tb2zvF3b2WCiJJWZMGIpAdhygmuM+awEGwTigZ8RzB2s74Zuq3H5hUPPDvYRKynkeGPnc5JaClfvGyjq+wLZgLZduVhMb2IABMkpgktuTDERxP/dSp2iHHt0 l8mmBbjoJ+sWRWzBR4kVgZKaEMjX7xQ79NI4/5QAVRqmuZIfRiIoFTwZKCHSkWEjomQ9bV1CceU704PTHBR1oZYDeQunzAqfp7IiaeUhPP0Z0egZGa96bif143Arfai7kfRsB8OvvIjQSGAE/zwgMuGQUx0YRQyfWumI6IzgN0qgUdgjV/8iJpnVSs84p5d1aqXWdx5NEBOkRlZKELVEN11EBNRNEjekav6M14Ml6Md+Nz1pozspl99AfG9w+ciaMe</latexit>

H =

✓
ȧ

a

◆
=

8⇡G

3
⇢

<latexit sha1_base64="VGN65t7mE7R/T4kNwusyndto68g="></latexit>
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Cosmic Inventory

• Relativistic particles (Radiation)
• Photons & neutrinos

<latexit sha1_base64="kuQiJu9fdfC3l9B1fTbjqdr91vo=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUl8oBuh6MZlBfuAJpTJdNIOnWTCzEQoIQs3/oobF4q49SPc+TdO2yy0euDC4Zx7ufeeIOFMacf5skpLyyura+X1ysbm1vaOvbvXViKVhLaI4EJ2A6woZzFtaaY57SaS4ijgtBOMr6d+555KxUR8pycJ9SM8jFnICNZG6tvVzCOYo2aOLpEXSkwyN89OcuTJkejbNafuzID+ErcgNSjQ7Nuf3kCQNKKxJhwr1XOdRPsZlpoRTvOKlyqaYDLGQ9ozNMYRVX42eyJHh0YZoFBIU7FGM/XnRIYjpSZRYDojrEdq0ZuK/3m9VIcXfsbiJNU0JvNFYcqRFmiaCBowSYnmE0MwkczcisgImyi0ya1iQnAXX/5L2sd196zu3J7WGldFHGWowgEcgQvn0IAbaEILCDzAE7zAq/VoPVtv1vu8tWQVM/vwC9bHN0++lz8=</latexit>

P =
1

3
⇢

<latexit sha1_base64="VGN65t7mE7R/T4kNwusyndto68g="></latexit>

@⇢

@t
+

ȧ

a
[3⇢+ 3P] = 0

<latexit sha1_base64="PcAW2X2SA+4dHTiuXjsOl5c3avw=">AAACG3icbVDLSgMxFM34rPU16tJNsAhuLDOlohuh6KbLCvYBnaFk0kwbmkmGJCOUof/hxl9x40IRV4IL/8bMdBbaeiDhcM69N7kniBlV2nG+rZXVtfWNzdJWeXtnd2/fPjjsKJFITNpYMCF7AVKEUU7ammpGerEkKAoY6QaT28zvPhCpqOD3ehoTP0IjTkOKkTbSwK55oUQ49YZCe3IsZml+w2t4PjfqMLMgmqUoV+uwObArTtXJAZeJW5AKKNAa2J9mBk4iwjVmSKm+68TaT5HUFDMyK3uJIjHCEzQifUM5iojy03y3GTw1yhCGQprDNczV3x0pipSaRoGpjJAeq0UvE//z+okOr/yU8jjRhOP5Q2HCoBYwCwoOqSRYs6khCEtq/grxGJlMtImzbEJwF1deJp1a1b2oOnf1SuOmiKMEjsEJOAMuuAQN0AQt0AYYPIJn8ArerCfrxXq3PualK1bRcwT+wPr6ASoUoCk=</latexit>

⇢̇

⇢
= �4ȧ

a
= �4H

<latexit sha1_base64="tB2hef3PV/ouCQbsmlFRPXtSGhU=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCF8uuVPRY9OKxgv2A7lqyadqGZpMlyRbK0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmRQln2njet1NYW9/Y3Cpul3Z29/YP3MOjppapIrRBJJeqHWFNORO0YZjhtJ0oiuOI01Y0upv5rTFVmknxaCYJDWM8EKzPCDZW6rpuoIYSBZrFCD9lF9Vp1y17FW8OtEr8nJQhR73rfgU9SdKYCkM41rrje4kJM6wMI5xOS0GqaYLJCA9ox1KBY6rDbH75FJ1ZpYf6UtkSBs3V3xMZjrWexJHtjLEZ6mVvJv7ndVLTvwkzJpLUUEEWi/opR0aiWQyoxxQlhk8swUQxeysiQ6wwMTaskg3BX355lTQvK/5VxXuolmu3eRxFOIFTOAcfrqEG91CHBhAYwzO8wpuTOS/Ou/OxaC04+cwx/IHz+QOJWJLx</latexit>

⇢ ⇠ a�4

-3 for particle number conservation,
-1 for red shift.

<latexit sha1_base64="lSBz/MKz9n67sgvd6L3bwO7Nk2I=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjOi6EYoiuCygn1AZyh3Mpk2NMkMSUYoQz/Ajb/ixoUibv0Ad/6N6WOhrQdCDufce5N7wpQzbVz32yksLa+srhXXSxubW9s75d29pk4yRWiDJDxR7RA05UzShmGG03aqKIiQ01Y4uB77rQeqNEvkvRmmNBDQkyxmBIyVuuXKTdfvgRCAL3Hfl5m9/FgByfuj3Od2TgQjW+VW3QnwIv FmpIJmqHfLX36UkExQaQgHrTuem5ogB2UY4XRU8jNNUyAD6NGOpRIE1UE+WWaEj6wS4ThR9kiDJ+rvjhyE1kMR2koBpq/nvbH4n9fJTHwR5EymmaGSTB+KM45NgsfJ4IgpSgwfWgJEMftXTPpgszA2v5INwZtfeZE0T6reWdW9O63UrmZxFNEBOkTHyEPnqIZuUR01EEGP6Bm9ojfnyXlx3p2PaWnBmfXsoz9wPn8An+uavg==</latexit>

E� = h⌫ =
h

�



Cosmic Inventory

• Non-relativistic particles (Matter)
• Baryon & Dark matter

<latexit sha1_base64="VGN65t7mE7R/T4kNwusyndto68g="></latexit>

@⇢

@t
+

ȧ

a
[3⇢+ 3P] = 0

<latexit sha1_base64="NshHl2xW8lLGlWgpKMwq3C6a7p8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrWFJpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOMtlshEd0JquBSKt1Cg5J1UcxqHkrfD0e3Ubz9xbUSiHnCc8iCmAyUiwShayc99RiVpTsg1cXvVmlt3ZyDLxCtIDQo0e9Uvv5+wLOYKmaTGdD 03xSCnGgWTfFLxM8NTykZ0wLuWKhpzE+SzmyfkxCp9EiXalkIyU39P5DQ2ZhyHtjOmODSL3lT8z+tmGF0FuVBphlyx+aIokwQTMg2A9IXmDOXYEsq0sLcSNqSaMrQxVWwI3uLLy+TxrO5d1N3781rjpoijDEdwDKfgwSU04A6a0AIGKTzDK7w5mfPivDsf89aSU8wcwh84nz9f6JCX</latexit>P = 0

<latexit sha1_base64="fuXAHSk9we/NUNhs/f0hFd1wEvo=">AAACG3icbVBNS8MwGE7n15xfVY9egkPw4mg3RS/C0MuOE9wHrGWkWbqFpWlJUmGU/g8v/hUvHhTxJHjw35h2PejmAwkPz/O+b/I+XsSoVJb1bZRWVtfWN8qbla3tnd09c/+gK8NYYNLBIQtF30OSMMpJR1HFSD8SBAUeIz1vepv5vQciJA35vZpFxA3QmFOfYqS0NDTrji8QTpxRqBwxCdMkv+E1PJsbDZhZEKUJytUGbA3NqlWzcsBlYhekCgq0h+annoHjgHCFGZJyYFuRchMkFMWMpBUnliRCeIrGZKApRwGRbpLvlsITrYygHwp9uIK5+rsjQYGUs8DTlQFSE7noZeJ/3iBW/pWbUB7FinA8f8iPGVQhzIKCIyoIVmymCcKC6r9CPEE6E6XjrOgQ7MWVl0m3XrMvatbdebV5U8RRBkfgGJwCG1yCJmiBNugADB7BM3gFb8aT8WK8Gx/z0pJR9ByCPzC+fgAm+KAn</latexit>

⇢̇

⇢
= �3ȧ

a
= �3H

<latexit sha1_base64="X1XEHNrTONaEyJVagavhAottI8s=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUHwYphxQY9BLx4jmAUyY+jp9CRNunuG7h4hDvkSLx4U8eqnePNv7CwHTXxQ8Hiviqp6UcqZNp737Swtr6yurRc2iptb2zsld3evoZNMEVonCU9UK8KaciZp3TDDaStVFIuI02Y0uBn7zUeqNEvkvRmmNBS4J1nMCDZW6rilQPWTQDOB8EN+cjbquGWv4k2AFok/I2WYodZxv4JuQjJBpSEca932vdSEOVaGEU5HxSDTNMVkgHu0banEguownxw+QkdW6aI4UbakQRP190SOhdZDEdlOgU1fz3tj8T+vnZn4KsyZTDNDJZkuijOOTILGKaAuU5QYPrQEE8XsrYj0scLE2KyKNgR//uVF0jit+BcV7+68XL2exVGAAziEY/DhEqpwCzWoA4EMnuEV3pwn58V5dz6mrUvObGYf/sD5/AEvL5LG</latexit>

⇢ ⇠ a�3

-3 for particle number conservation



Cosmic Inventory

• Vacuum energy
• Dark energy & 

The potential energy during inflation

• Ex: Scalar field

<latexit sha1_base64="VGN65t7mE7R/T4kNwusyndto68g="></latexit>

@⇢

@t
+

ȧ

a
[3⇢+ 3P] = 0

<latexit sha1_base64="/6KwrAUM4494mUvwWx3s/8OLmQU=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4sSSi6EUoevFYwX5AE8pmu2mXbnbD7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6WcaeN5387K6tr6xmZpq7y9s7u37x4cNrXMFKENIrlU7QhrypmgDcMMp+1UUZxEnLai4f3Ub42o0kyKJzNOaZjgvmAxI9hYqeu6eUAwR/UJukXngRrIrlvxqt4MaJn4BalAgXrX/Qp6kmQJFYZwrHXH91IT5lgZRjidlINM0xSTIe7TjqUCJ1SH+ezyCTq1Sg/FUtkSBs3U3xM5TrQeJ5HtTLAZ6EVvKv7ndTIT34Q5E2lmqCDzRXHGkZFoGgPqMUWJ4WNLMFHM3orIACtMjA2rbEPwF19eJs2Lqn9V9R4vK7W7Io4SHMMJnIEP11CDB6hDAwiM4Ble4c3JnRfn3fmYt644xcwR/IHz+QP2PZKS</latexit>P = �⇢
<latexit sha1_base64="1UmALFW9CVd+VzbNpB+u8i/Jh+w=">AAAB/3icbVDLSgNBEOyNrxhfUcGLl8EgeFp2RdFj0IvHCCYGskuYnUySIfNYZmaFsObgr3jxoIhXf8Obf+PkcdDEgoaiqpvuriTlzNgg+PYKS8srq2vF9dLG5tb2Tnl3r2FUpgmtE8WVbibYUM4krVtmOW2mmmKRcHqfDK7H/v0D1YYpeWeHKY0F7knWZQRbJ7XLB5HuKxQZJlAeaYGIksb6o3a5EvjBBGiRhDNSgRlq7fJX1FEkE1RawrExrTBIbZxjbRnhdFSKMkNTTAa4R1uOSiyoifPJ/SN07JQO6irtSlo0UX9P5FgYMxSJ6xTY9s28Nxb/81qZ7V7GOZNpZqkk00XdjCOr0DgM1GGaEsuHjmCimbsVkT7WmFgXWcmFEM6/vEgap3547ge3Z5Xq1SyOIhzCEZxACBdQhRuoQR0IPMIzvMKb9+S9eO/ex7S14M1m9uEPvM8fdHaVvQ==</latexit>

⇢ ⇠ const.
<latexit sha1_base64="p8+KdQjBUdVSCyLGEdzJhqnAQFA="></latexit>

L = �1

2
@µ�@

µ�� V (�)
<latexit sha1_base64="emZST8AZhhGwKiBVOfSFNS01c38="></latexit>

Tµ
⌫ = �1

2
@µ�@⌫�+ gµ⌫L

<latexit sha1_base64="u7fWh4EnQKNNUaLF3Yg3XjmPVk0=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQF5ZEFF0W3bisYB/QxDCZTtqhM5MwMxFCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5gwqrTjfFulldW19Y3yZmVre2d3z94/6Kg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm+mfveRSEVjca+zhPgcDQWNKEbaSIFdPYXDB4+ngSdS2Kl7yYieBHbNaTgzwGXiFqQGCrQC+8sbxDjlRGjMkFJ910m0nyOpKWZkUvFSRRKEx2hI+oYKxIny89nxE3hslAGMYmlKaDhTf0/kiCuV8dB0cqRHatGbiv95/VRHV35ORZJqIvB8UZQyqGM4TQIOqCRYs8wQhCU1t0I8QhJhbfKqmBDcxZeXSees4V40nLvzWvO6iKMMDsERqAMXXIImuAUt0AYYZOAZvII368l6sd6tj3lrySpmquAPrM8fEEKTvw==</latexit>

�gµ⌫V (�)

<latexit sha1_base64="nJp7dG200H+OGRVF4wGo4YO5Atk="></latexit>

Tµ
⌫ =

0

BB@

�⇢ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

1

CCA

<latexit sha1_base64="dxZlUjGWpsA2zdDFzwvCH/kXplo=">AAACBHicbVDLSsNAFL3xWesr6rKbwSLUhSURRTdC0Y3LCvYBTSiT6aQdOpmEmYlQQhdu/BU3LhRx60e482+ctllo64ELZ865l7n3BAlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw5uJ33qgUrFY3OtRQv0I9wULGcHaSF275MlBjK7QCco8gjmqj82jWfGSATvu2mWn6kyBFombkzLkqHftL68XkzSiQhOOleq4TqL9DEvNCKfjopcqmmAyxH3aMVTgiCo/mx4xRkdG6aEwlqaERlP190SGI6VGUWA6I6wHat6biP95nVSHl37GRJJqKsjsozDlSMdokgjqMUmJ5iNDMJHM7IrIAEtMtMmtaEJw509eJM3Tqntede7OyrXrPI4ClOAQKuDCBdTgFurQAAKP8Ayv8GY9WS/Wu/Uxa12y8pkD+APr8wcvIZXh</latexit>

⇢ = �P = V (�)

The larger the Universe is, the more potential energy it has. 
The expansion is doing negative work. 



The Thermal History of the Universe

<latexit sha1_base64="oy2RMMUzLUKKcLy+lfEcICOTwFw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR3FgSqeiy6MZlBfuAJoab6aQdOpOEmYlQQjb+ihsXirj1M9z5N04fC209cOFwzr3ce0+Ycqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgqKcxbSpmea0k0oKIuS0HQ5vxn77kUrFkvhej1LqC+jHLGIEtJEC+9CTgyTw+iAEYE8xgeEhP6sVgV1xqs4EeJG4M1JBMzQC+8vrJSQTNNaEg1Jd10m1n4PUjHBalL1M0RTIEPq0a2gMgio/nzxQ4BOj9HCUSFOxxhP190QOQqmRCE2nAD1Q895Y/M/rZjq68nMWp5mmMZkuijKOdYLHaeAek5RoPjIEiGTmVkwGIIFok1nZhODOv7xIWudV96Lq3NUq9etZHCV0hI7RKXLRJaqjW9RATURQgZ7RK3qznqwX6936mLYuWbOZA/QH1ucP6iOV9Q==</latexit>

⇢� ⇠ a�4
<latexit sha1_base64="t9pUJMFt5psuDQm18lAa3bW2KII=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWBIf6LLoxo1QwT6giWEynbRDZzJhZiKUkJUbf8WNC0Xc+g3u/BunbRbaeuDC4Zx7ufeeMGFUacf5tubmFxaXlksr5dW19Y1Ne2u7qUQqMWlgwYRsh0gRRmPS0FQz0k4kQTxkpBUOrkZ+64FIRUV8p4cJ8TnqxTSiGGkjBfaeJ/siyDzJ4Q3SmsgceopyiO6zo5M8sCtO1RkDzhK3IBVQoB7YX15X4JSTWGOGlOq4TqL9DElNMSN52UsVSRAeoB7pGBojTpSfjd/I4YFRujAS0lSs4Vj9PZEhrtSQh6aTI91X095I/M/rpDq68DMaJ6kmMZ4silIGtYCjTGCXSoI1GxqCsKTmVoj7SCJs8lBlE4I7/fIsaR5X3bOqc3taqV0WcZTALtgHh8AF56AGrkEdNAAGj+AZvII368l6sd6tj0nrnFXM7IA/sD5/AJ89mJE=</latexit>

⇢Matter ⇠ a�3
<latexit sha1_base64="0DvyH8JHX0zZ7nV94gyTIlVUggQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiSi6LLoxmUF+4Amhsl00g6dR5iZFEoIbvwVNy4UcetXuPNvnD4W2nrgwuGce7n3njhlVBvP+3aWlldW19ZLG+XNre2dXXdvv6llpjBpYMmkasdIE0YFaRhqGGmniiAeM9KKBzdjvzUkSlMp7s0oJSFHPUETipGxUuQeBqovozxQHA4RLmCgKYfoIfeKyK14VW8CuEj8GamAGeqR+xV0Jc44EQYzpHXH91IT5kgZihkpykGmSYrwAPVIx1KBONFhPnmhgCdW6cJEKlvCwIn6eyJHXOsRj20nR6av572x+J/XyUxyFeZUpJkhAk8XJRmDRsJxHrBLFcGGjSxBWFF7K8R9pBA2NrWyDcGff3mRNM+q/kXVuzuv1K5ncZTAETgGp8AHl6AGbkEdNAAGj+AZvII358l5cd6dj2nrkjObOQB/4Hz+AMeZlwY=</latexit>

⇢vac ⇠ a0



• Evolution of the scale factor

Radiation Domination Era

<latexit sha1_base64="jWm49Q66KWAtW6qnaNvOP0nEf6w=">AAACFnicbVDLSsNAFJ34rPVVdelmsAh10ZJIRTdC0Y3LCvYBTQyT6aQdOnkwcyOUkK9w46+4caGIW3Hn3zhts9DWA5d7OOdeZu7xYsEVmOa3sbS8srq2Xtgobm5t7+yW9vbbKkokZS0aiUh2PaKY4CFrAQfBurFkJPAE63ij64nfeWBS8Si8g3HMnIAMQu5zSkBLbqlqy2GEL/GkuSa2BfOhYvuS0JRkKXHNzJZ8MIST+7Raz9xS2ayZU+BFYuWkjHI03dKX3Y9oErAQqCBK9SwzBiclEjgVLCvaiWIxoSMyYD1NQxIw5aTTszJ8rJU+9iOpKwQ8VX9vpCRQahx4ejIgMFTz3kT8z+sl4F84KQ/jBFhIZw/5icAQ4UlGuM8loyDGmhAquf4rpkOiMwGdZFGHYM2fvEjapzXrrGbe1suNqzyOAjpER6iCLHSOGugGNVELUfSIntErejOejBfj3fiYjS4Z+c4B+gPj8wf/op6p</latexit>

⇢ = ⇢0

✓
a

a0

◆�4
<latexit sha1_base64="pCYHe29PynhowcskIVJl7H9VJDI=">AAACJnicbVDLSgMxFM3UV62vUZdugkWomzJTFbspFF3YZQX7gE4tmTTThmYeJHeEMszXuPFX3LioiLjzU0wfC209EDicc26Se9xIcAWW9WVk1tY3Nrey27md3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qd+q0nJhUPgwcYR6zrk0HAPU4JaKlnVmqPJVzBjmAeFBxPEpo4/RAwSROSOpIPhnA+T8y8shNxfJ cmFyl25DDsmXmraM2AV4m9IHm0QL1nTvTtNPZZAFQQpTq2FUE3IRI4FSzNObFiEaEjMmAdTQPiM9VNZmum+EwrfeyFUp8A8Ez9PZEQX6mx7+qkT2Colr2p+J/XicErdxMeRDGwgM4f8mKBIcTTznCfS0ZBjDUhVHL9V0yHRPcButmcLsFeXnmVNEtF+6po3V/mqzeLOrLoBJ2iArLRNaqiGqqjBqLoGb2iCXo3Xow348P4nEczxmLmGP2B8f0DLoKkZg==</latexit>

H
2 =

✓
ȧ

a

◆2

=
8⇡G

3
⇢

<latexit sha1_base64="IUQ0pkXixmdFUBDfCEK2WwUBk64="></latexit>

a(t) =

"
2

✓
8⇡G

3

◆1/2
#
⇢1/40 a0t

1/2

<latexit sha1_base64="VMfeHgjGAJtenZrGAAhGCFIHS08=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNil6EoJccI5gHJEuYncwmQ2YfzPQGwpI/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1XY2Nza3inulvb2Dw6P7OOTlo5TxXiTxTJWHZ9qLkXEmyhQ8k6iOA19ydv++GHutydcaRFHTzhNuBfSYSQCwSgaqW/bdXJHeoGiLHNnWRVnfbvsVJwFyDpxc1KGHI2+/dUbxCwNeYRMUq27rpOgl1GFgkk+K/VSzRPKxnTIu4ZGNOTayxaXz8iFUQYkiJWpCMlC/T2R0VDraeibzpDiSK96c/E/r5ticOtlIkpS5BFbLgpSSTAm8xjIQCjOUE4NoUwJcythI2piQBNWyYTgrr68TlrVintdcR6vyrX7PI4inME5XIILN1CDOjSgCQwm8Ayv8GZl1ov1bn0sWwtWPnMKf2B9/gBUtpLT</latexit>

H =
1

2t



Radiation Domination Era

• Bosons and Fermions

• Evolution of temperature

<latexit sha1_base64="MbcKCV8bj0NyK11GbBFeMm6gPfk=">AAACInicbZDLSsNAFIYn9VbrLerSzWAR2k1JWkVdCEURXFawF2jSMplM2qGTCzMToYQ8ixtfxY0LRV0JPozTNoi2/jDw8Z9zmHN+J2JUSMP41HJLyyura/n1wsbm1vaOvrvXEmHMMWnikIW84yBBGA1IU1LJSCfiBPkOI21ndDWpt+8JFzQM7uQ4IraPBgH1KEZSWX393OLDEF7AgUUDCS2PI5y4vRocpUmpakW03Kul8LqUWI 6nvDL0frCvF42KMRVcBDODIsjU6Ovvlhvi2CeBxAwJ0TWNSNoJ4pJiRtKCFQsSITxCA9JVGCCfCDuZnpjCI+W40Au5emrRqft7IkG+EGPfUZ0+kkMxX5uY/9W6sfTO7IQGUSxJgGcfeTGDMoSTvKBLOcGSjRUgzKnaFeIhUjFJlWpBhWDOn7wIrWrFPKkYt8fF+mUWRx4cgENQAiY4BXVwAxqgCTB4AE/gBbxqj9qz9qZ9zFpzWjazD/5I+/oGfxGhxQ==</latexit>

⇢ = g

Z
d3k

(2⇡)3
E(k)f(k)

<latexit sha1_base64="Ounp5KLn85eV74My18VUfH3QU6Y=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC+uMKLoRiiK4rNAXdMaSSTNtaDIzJBmhhPkKN/6KGxeKuBV3/o3pA9HqgQuHc+7l3nuChFGpHOfTys3NLywu5ZcLK6tr6xv25lZDxqnApI5jFotWgCRhNCJ1RRUjrUQQxANGmsHgcuQ374iQNI5qapgQn6NeREOKkTJSxz4IS9oLQjjI9uE59EKBsHYzTW711bdxWMugxxPoZh276JSdMeBf4k5JEUxR7dgfXjfGKSeRwgxJ2XadRPkaCUUxI1nBSyVJEB6gHmkbGiFOpK/Hb2VwzyhdGMbCVKTgWP05oRGXcsgD08mR6stZbyT+57VTFZ75mkZJqkiEJ4vClEEVw1FGsEsFwYoNDUFYUHMrxH1kolEmyYIJwZ19+S9pHJXdk7Jzc1ysXEzjyIMdsAtKwAWnoAKuQRXUAQb34BE8gxfrwXqyXq23SWvOms5sg1+w3r8APGmdig==</latexit>

f(k) =
1

eE(k)/T ⌥ 1
for bosons and fermions

<latexit sha1_base64="qC6sZlWPV+AeYfMvcC8MW4gdTrY=">AAACbnicfVHLahRBFK1uX3F8ZKLgwiBeHJSezaQ7RpKNEHTjMkImCUxNhuqa2z1F6tFUVQtD09n5g+78Bjd+gjWTFjQRDxQczj333qpTeSWF82n6PYpv3b5z997G/d6Dh48eb/a3npw4U1uOY26ksWc5cyiFxrEXXuJZZZGpXOJpfvFxVT/9gtYJo4/9ssKpYqUWheDMB2nW/0rtwsB7oBILTxuaYyl0w6xly7aRsoWEVuJ8d+ dtOoQSjs/34PLNJSQNtQpy44xuh0ApJPs7B8P/WAu0Svw2U9TzbgW1olz40aw/SEfpGnCTZB0ZkA5Hs/43Oje8Vqg9l8y5SZZWfhqGesEltj1aO6wYv2AlTgLVTKGbNuu4WngdlDkUxoajPazVPzsappxbqjw4FfMLd722Ev9Vm9S+OJg2Qle1R82vFhW1BG9glT3MhUXu5TIQxq0IdwW+YJZxH36oF0LIrj/5JjnZHWXvRunnvcHhhy6ODbJNXpGEZGSfHJJP5IiMCSc/oq3oebQd/YyfxS/il1fWOOp6npK/ECe/AF93twg=</latexit>

⇢ =

⇢
(⇡2/30)gT 4 (boson)
(7/8)(⇡2/30)gT 4 (fermion)

<latexit sha1_base64="Zw6iazOS1y1+m4r28/uyIBXJuus=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXKnosevFYoV/QXUs2zbahSXZJskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vpv5nSeqNItl00wSGgg8lCxiBBsr+U1fM4HwY3bhTfvlilt150CrxMtJBXI0+uUvfxCTVFBpCMda9zw3MUGGlWGE02nJTzVNMBnjIe1ZKrGgOsjmN0/RmVUGKIqVLWnQXP09kWGh9USEtlNgM9LL3kz8z+ulJroJMiaT1FBJFouilCMTo1kAaMAUJYZPLMFEMXsrIiOsMDE2ppINwVt+eZW0L6veVdV9qFXqt3kcRTiBUzgHD66hDvfQgBYQSOAZXuHNSZ0X5935WLQWnHzmGP7A+fwBNbCRJA==</latexit>

T ⇠ a�1



Radiation Domination Era

• Threshold Effect (Freeze out of heavy particles)

•

• Relaxation rate
• 𝑅 ≫ 𝐻, the evolution is quasi-static. 

𝑎(𝑡)

𝑇𝑚!𝑇 ≫ 𝑚! 𝑇 ≪ 𝑚!

Relativistic (Radiation) Non-relativistic (Matter)
<latexit sha1_base64="pCYHe29PynhowcskIVJl7H9VJDI=">AAACJnicbVDLSgMxFM3UV62vUZdugkWomzJTFbspFF3YZQX7gE4tmTTThmYeJHeEMszXuPFX3LioiLjzU0wfC209EDicc26Se9xIcAWW9WVk1tY3Nrey27md3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qd+q0nJhUPgwcYR6zrk0HAPU4JaKlnVmqPJVzBjmAeFBxPEpo4/RAwSROSOpIPhnA+T8y8shNxfJ cmFyl25DDsmXmraM2AV4m9IHm0QL1nTvTtNPZZAFQQpTq2FUE3IRI4FSzNObFiEaEjMmAdTQPiM9VNZmum+EwrfeyFUp8A8Ez9PZEQX6mx7+qkT2Colr2p+J/XicErdxMeRDGwgM4f8mKBIcTTznCfS0ZBjDUhVHL9V0yHRPcButmcLsFeXnmVNEtF+6po3V/mqzeLOrLoBJ2iArLRNaqiGqqjBqLoGb2iCXo3Xow348P4nEczxmLmGP2B8f0DLoKkZg==</latexit>

H
2 =

✓
ȧ

a

◆2

=
8⇡G

3
⇢

<latexit sha1_base64="kMsJCtoeQgO0TWEU8m5tVBoja/s="></latexit>

H ⇡ ⇢
1/2

Mpl
⇠ m

2
e

Mpl
⇡ 10�22

me

<latexit sha1_base64="OOU0dBdjxuktf3HWf9xTjGo10iY=">AAACBXicbVDLSgNBEOz1GeNr1aMeBoPgKeyKosegCF6EKOYB2bjMTibJkJnZZWZWCEsuXvwVLx4U8eo/ePNvnDwOmljQUFR1090VJZxp43nfztz8wuLScm4lv7q2vrHpbm1XdZwqQisk5rGqR1hTziStGGY4rSeKYhFxWot6F0O/9kCVZrG8M/2ENgXuSNZmBBsrhe7eLQo0EyjAPOniMAuUQJfXg3uJREhDt+AVvRHQLPEnpAATlEP3K2jFJBVUGsKx1g3fS0wzw8owwukgH6SaJpj0cIc2LJVYUN3MRl8M0IFVWqgdK1vSoJH6eyLDQuu+iGynwKarp72h+J/XSE37rJkxmaSGSjJe1E45MjEaRoJaTFFieN8STBSztyLSxQoTY4PL2xD86ZdnSfWo6J8UvZvjQul8EkcOdmEfDsGHUyjBFZShAgQe4Rle4c15cl6cd+dj3DrnTGZ24A+czx8245fB</latexit>

R ⇠ ↵n
EMme



Entropy

• First Law of Thermal Dynamics

<latexit sha1_base64="C+z3XgVrJjpf96nzO3BTTopJJRM=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrNHoxIXrxiAkLJLAh3dKFhm67tl0SQvgdXjxojFd/jDf/jQX2oOBLJnl5byYz88KEM21c99vJra1vbG7ltws7u3v7B8XDo4aWqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDu9nfnNElWZS1M04oUGM+4JFjGBjpcBHt6ijBrJcP0eNbrHkVtw50CrxMlKCDLVu8avTkySNqTCEY6 3bnpuYYIKVYYTTaaGTappgMsR92rZU4JjqYDI/eorOrNJDkVS2hEFz9ffEBMdaj+PQdsbYDPSyNxP/89qpiW6CCRNJaqggi0VRypGRaJYA6jFFieFjSzBRzN6KyAArTIzNqWBD8JZfXiWNi4p3VXEfL0vVuyyOPJzAKZTBg2uowgPUwAcCT/AMr/DmjJwX5935WLTmnGzmGP7A+fwBbBWQkg==</latexit>

U = ⇢(T )V

<latexit sha1_base64="+FKS/Him1f8vIArWmv+czwCUEZU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIohuh6MZlhSYtNKVMJpN26GQSZiZCCfkBN/6KGxeKuHXvzr9x0mahrQcunDnnXube4yeMSmVZ30ZlaXllda26XtvY3NreMXf3XBmnAhMHxywWXR9JwignjqKKkW4iCIp8Rjr++LbwOw9ESBrztpokpB+hIachxUhpaWAeBQ68hi70QoFwFnhiFOdZ0M5h0IansHjCwB2YdathTQEXiV2SOijRGphfXhDjNCJcYYak7NlWovoZEopiRvKal0qSIDxGQ9LTlKOIyH42vSaHx1oJYBgLXVzBqfp7IkORlJPI150RUiM57xXif14vVeFVP6M8SRXhePZRmDKoYlhEAwMqCFZsognCgupdIR4hnYvSAdZ0CPb8yYvEPWvYFw3r/rzevCnjqIIDcAhOgA0uQRPcgRZwAAaP4Bm8gjfjyXgx3o2PWWvFKGf2wR8Ynz/iOpou</latexit>

dU = V
d⇢

dT
dT + ⇢dV

<latexit sha1_base64="NsA2vJnJhTaO4YP+YMKkQCwSVTc="></latexit>

dS =
1

T

d⇢

dT
V dT +

✓
⇢+ P
T

◆
dV

<latexit sha1_base64="epYpa4g7jKK0JWq0OrDo2KjT/84=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFEMSSiKIXoejFY8WmLbShbDabdunmg92NUEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPSziTyrK+jYXFpeWV1dJaeX1jc2vb3NltyjgVhDok5rFoe1hSziLqKKY4bSeC4tDjtOUNb8d+65EKyeKooUYJdUPcj1jACFZa6pn7voOu0SnKugRzVM/9JjpBDf+hZ1asqjUBmid2QSpQoN 4zv7p+TNKQRopwLGXHthLlZlgoRjjNy91U0gSTIe7TjqYRDql0s8kDOTrSio+CWOiKFJqovycyHEo5Cj3dGWI1kLPeWPzP66QquHIzFiWpohGZLgpSjlSMxmkgnwlKFB9pgolg+lZEBlhgonRmZR2CPfvyPGmeVe2LqnV/XqndFHGU4AAO4RhsuIQa3EEdHCCQwzO8wpvxZLwY78bHtHXBKGb24A+Mzx81ZZQ8</latexit>

dU = �PdV + TdS

<latexit sha1_base64="+nnxe04ButmbuS9WyiCry5ADEqk="></latexit>

s =

✓
@S

@V

◆

T

=
⇢+ P
T



Entropy

• The entropy density

<latexit sha1_base64="fQdbOkK1ZGbDEPgE9P6rrUoVU1E=">AAACCHicbVDLSsNAFJ34rPUVdenCwSKIi5LUim6EohuXFfqCJg2T6aQdOpmEmYlQQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d57/JhRqSzr21haXlldWy9sFDe3tnd2zb39lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90e3Ebz8QIWnEG2ocEzdEA04DipHSkmceOWIYwWvoBALh1Ilpr5Kl51YGB94ZbPSqnlmyytYUcJHYOSmBHHXP/HL6EU5CwhVmSMqubcXKTZFQFDOSFZ1EkhjhERqQrqYchUS66fSRDJ5opQ+DSOjiCk7V3xMpCqUch77uDJEaynlvIv7ndRMVXLkp5XGiCMezRUHCoIrgJBXYp4JgxcaaICyovhXiIdKRKJ1dUYdgz7+8SFqVsn1Rtu6rpdpNHkcBHIJjcApscAlq4A7UQRNg8AiewSt4M56MF+Pd+Ji1Lhn5zAH4A+PzBzmZmC0=</latexit>

⇢ =
⇡2

30
g⇤T

4

<latexit sha1_base64="wYhVIefimvxcXnoX7HSaDvbdKpA="></latexit>

g⇤ =
X

bosons

gi

✓
Ti

T

◆4

+
7

8

X

fermions

gi

✓
Ti

T

◆4

<latexit sha1_base64="kuQiJu9fdfC3l9B1fTbjqdr91vo=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUl8oBuh6MZlBfuAJpTJdNIOnWTCzEQoIQs3/oobF4q49SPc+TdO2yy0euDC4Zx7ufeeIOFMacf5skpLyyura+X1ysbm1vaOvbvXViKVhLaI4EJ2A6woZzFtaaY57SaS4ijgtBOMr6d+555KxUR8pycJ9SM8jFnICNZG6tvVzCOYo2aOLpEXSkwyN89OcuTJkejbNafuzID+ErcgNSjQ7Nuf3kCQNKKxJhwr1XOdRPsZlpoRTvOKlyqaYDLGQ9ozNMYRVX42eyJHh0YZoFBIU7FGM/XnRIYjpSZRYDojrEdq0ZuK/3m9VIcXfsbiJNU0JvNFYcqRFmiaCBowSYnmE0MwkczcisgImyi0ya1iQnAXX/5L2sd196zu3J7WGldFHGWowgEcgQvn0IAbaEILCDzAE7zAq/VoPVtv1vu8tWQVM/vwC9bHN0++lz8=</latexit>

P =
1

3
⇢

<latexit sha1_base64="jhmcAqSCPQA7INDi28RA3vmi7UM=">AAACJXicbVDLSgMxFM34rPU16tJNsAiiUGZqiy4Uim5cVuwLOtOSSTNtaOZBkhFKmJ9x46+4cWERwZW/YvpAtPXAhcM593LvPV7MqJCW9WksLa+srq1nNrKbW9s7u+befl1ECcekhiMW8aaHBGE0JDVJJSPNmBMUeIw0vMHt2G88Ei5oFFblMCZugHoh9SlGUksd80rAa+j4HGHl8H4Ez6ByMGKwkqaqmv54BSem7UKqiqUU9j rq9CGF1fZ5x8xZeWsCuEjsGcmBGSodc+R0I5wEJJSYISFathVLVyEuKWYkzTqJIDHCA9QjLU1DFBDhqsmXKTzWShf6EdcVSjhRf08oFAgxDDzdGSDZF/PeWPzPayXSv3QVDeNEkhBPF/kJgzKC48hgl3KCJRtqgjCn+laI+0jHInWwWR2CPf/yIqkX8nYpb90Xc+WbWRwZcAiOwAmwwQUogztQATWAwRN4AW9gZDwbr8a78TFtXTJmMwfgD4yvb2tVo1w=</latexit>

s =
⇢+ P
T

=
2⇡2

45
g⇤ST

3

<latexit sha1_base64="B0sSU9UK6DARgCCuT9hSCPyipK0="></latexit>

g⇤ =
X

bosons

gi

✓
Ti

T

◆3

+
7

8

X

fermions

gi

✓
Ti

T

◆3



Entropy

• Match the entropy before and after integrating out heavy particles
𝑎(𝑡)

𝑇𝑚!𝑇 ≫ 𝑚! 𝑇 ≪ 𝑚!

Relativistic (Radiation) Non-relativistic (Matter)

𝛾×2, 𝑒±×4

Neutrinos are already decoupled. Consider only the gamma and electron

<latexit sha1_base64="XofuQxcuUMYPrCqTh74qyAqzv58=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRpIeSFEUvhaIXjxVtK7QhbLabdunmg92NUELw4l/x4kERr/4Kb/4bt20O2vpg4PHeDDPzvJgzqSzr2ygsLa+srhXXSxubW9s75u5eW0aJILRFIh6Jew9LyllIW4opTu9jQXHgcdrxRlcTv/NAhWRReKfGMXUCPAiZzwhWWnLNg4FbqQ/ctHKboTrq+QKT1LaztJa5ZtmqWlOgRWLnpA w5mq751etHJAloqAjHUnZtK1ZOioVihNOs1EskjTEZ4QHtahrigEonnb6QoWOt9JEfCV2hQlP190SKAynHgac7A6yGct6biP953UT5F07KwjhRNCSzRX7CkYrQJA/UZ4ISxceaYCKYvhWRIdYxKJ1aSYdgz7+8SNq1qn1WtW5Oy43LPI4iHMIRnIAN59CAa2hCCwg8wjO8wpvxZLwY78bHrLVg5DP78AfG5w83PZYK</latexit>

g⇤ = g⇤S =
11

2

𝛾×2
<latexit sha1_base64="QlfX5u2W/OCRj0Fw8D8YK+HxguA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBeihJUfRSKHrxWNF+QBvDZrtpl242YXejlND/4cWDIl79L978N27bHLT1wcDjvRlm5vkxZ0rb9reVW1ldW9/Ibxa2tnd294r7By0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt+6Prqd9+pFKxSNzrcUzdEA8ECxjB2kgPA69cG3hp+W6CaqjqFUt2xZ4BLRMnIyXI0PCKX71+RJKQCk04Vqrr2LF2Uyw1I5xOCr1E0RiTER7QrqECh1S56ezqCToxSh8FkTQlNJqpvydSHCo1Dn3TGWI9VIveVPzP6yY6uHRTJuJEU0Hmi4KEIx2haQSozyQlmo8NwUQycysiQywx0SaoggnBWXx5mbSqFee8Yt+elepXWRx5OIJjOAUHLqAON9CAJhCQ8Ayv8GY9WS/Wu/Uxb81Z2cwh/IH1+QNii5Eh</latexit>

g⇤ = g⇤S = 2
<latexit sha1_base64="WZ75H77EQtU/X2iL8qOh9PQfrtk="></latexit>

T after
� =

✓
11

4

◆1/3

T before
� = T⌫



Evolution of Relativistic Degrees of Freedom

EW phase transition

QCD phase transition

Electron freeze-out

Kolb & Turner “The Early Universe”



Matter Domination Era

• Evolution of the scale factor
<latexit sha1_base64="pCYHe29PynhowcskIVJl7H9VJDI=">AAACJnicbVDLSgMxFM3UV62vUZdugkWomzJTFbspFF3YZQX7gE4tmTTThmYeJHeEMszXuPFX3LioiLjzU0wfC209EDicc26Se9xIcAWW9WVk1tY3Nrey27md3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qd+q0nJhUPgwcYR6zrk0HAPU4JaKlnVmqPJVzBjmAeFBxPEpo4/RAwSROSOpIPhnA+T8y8shNxfJ cmFyl25DDsmXmraM2AV4m9IHm0QL1nTvTtNPZZAFQQpTq2FUE3IRI4FSzNObFiEaEjMmAdTQPiM9VNZmum+EwrfeyFUp8A8Ez9PZEQX6mx7+qkT2Colr2p+J/XicErdxMeRDGwgM4f8mKBIcTTznCfS0ZBjDUhVHL9V0yHRPcButmcLsFeXnmVNEtF+6po3V/mqzeLOrLoBJ2iArLRNaqiGqqjBqLoGb2iCXo3Xow348P4nEczxmLmGP2B8f0DLoKkZg==</latexit>

H
2 =

✓
ȧ

a

◆2

=
8⇡G

3
⇢

<latexit sha1_base64="CBe2GE6N2HjvUt/lmvya6xj8c1M=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh10ZL4QDdC0Y3LCvYBTQ2T6aQdOnkwcyOUkK9w46+4caGIW3Hn3zhts9DWA5d7OOdeZu7xYsEVWNa3sbC4tLyyWlgrrm9sbm2bO7tNFSWSsgaNRCTbHlFM8JA1gINg7VgyEniCtbzh9dhvPTCpeBTewShm3YD0Q+5zSkBLrllx5CDCl3jcXAs7gvlQdnxJaEqylLhW5kjeH8DRfVo5yVyzZFWtCfA8sXNSQjnqrvnl9CKaBCwEKohSHduKoZsSCZwKlhWdRLGY0CHps46mIQmY6qaTszJ8qJUe9iOpKwQ8UX9vpCRQahR4ejIgMFCz3lj8z+sk4F90Ux7GCbCQTh/yE4EhwuOMcI9LRkGMNCFUcv1XTAdEZwI6yaIOwZ49eZ40j6v2WdW6PS3VrvI4CmgfHaAystE5qqEbVEcNRNEjekav6M14Ml6Md+NjOrpg5Dt76A+Mzx/+HZ6o</latexit>

⇢ = ⇢0

✓
a

a0

◆�3

<latexit sha1_base64="1eRAtzTMJWyseEGPCbIv/3zp0X4=">AAACGHicbVDJSgNBEO1xjXGLevTSGITkkswkil6EoJccI5gFMnHo6fQkTXoWumuEMMxnePFXvHhQxGtu/o2d5aCJDwoe71VRVc+NBFdgmt/G2vrG5tZ2Zie7u7d/cJg7Om6pMJaUNWkoQtlxiWKCB6wJHATrRJIR3xWs7Y7upn77iUnFw+ABxhHr+WQQcI9TAlpycmVSgCK+wbZgHhRsTxKaVNOkkuK6Y2KwJR8MofiYVMrVFBPHdHJ5s2TOgFeJtSB5tEDDyU3sfkhjnwVABVGqa5kR9BIigVPB0qwdKxYROiID1tU0ID5TvWT2WIrPtdLHXih1BYBn6u+JhPhKjX1Xd/oEhmrZm4r/ed0YvOtewoMoBhbQ+SIvFhhCPE0J97lkFMRYE0Il17diOiQ6HNBZZnUI1vLLq6RVKVmXJfP+Il+7XcSRQafoDBWQha5QDdVRAzURRc/oFb2jD+PFeDM+ja9565qxmDlBf2BMfgDeLZ3M</latexit>

a(t) =

✓
3

2
H0t

◆2/3

a0

<latexit sha1_base64="WES3+aXfj1umq9zGuMViBpC6J3M=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJKq6EUoeumxgv2ANpTNdtMu3WzC7kQpMT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM82PBNTjOt7Wyura+sVnYKm7v7O7t26WDlo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/fDv12w9MaR7Je5jEzAvJUPKAUwJG6tulOr7GvUARmlaz9AxD1rfLTsWZAS8TNydllKPRt796g4gmIZNABdG66zoxeClRwKlgWbGXaBYTOiZD1jVUkpBpL52dnuETowxwEClTEvBM/T2RklDrSeibzpDASC96U/E/r5tAcOWlXMYJMEnni4JEYIjwNAc84IpREBNDCFXc3IrpiJgcwKRVNCG4iy8vk1a14l5UnLvzcu0mj6OAjtAxOkUuukQ1VEcN1EQUPaJn9IrerCfrxXq3PuatK1Y+c4j+wPr8AbI7kv8=</latexit>

H =
2

3t



Vacuum Energy Domination Era

• Evolution of the scale factor
<latexit sha1_base64="pCYHe29PynhowcskIVJl7H9VJDI=">AAACJnicbVDLSgMxFM3UV62vUZdugkWomzJTFbspFF3YZQX7gE4tmTTThmYeJHeEMszXuPFX3LioiLjzU0wfC209EDicc26Se9xIcAWW9WVk1tY3Nrey27md3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qd+q0nJhUPgwcYR6zrk0HAPU4JaKlnVmqPJVzBjmAeFBxPEpo4/RAwSROSOpIPhnA+T8y8shNxfJ cmFyl25DDsmXmraM2AV4m9IHm0QL1nTvTtNPZZAFQQpTq2FUE3IRI4FSzNObFiEaEjMmAdTQPiM9VNZmum+EwrfeyFUp8A8Ez9PZEQX6mx7+qkT2Colr2p+J/XicErdxMeRDGwgM4f8mKBIcTTznCfS0ZBjDUhVHL9V0yHRPcButmcLsFeXnmVNEtF+6po3V/mqzeLOrLoBJ2iArLRNaqiGqqjBqLoGb2iCXo3Xow348P4nEczxmLmGP2B8f0DLoKkZg==</latexit>

H
2 =

✓
ȧ

a

◆2

=
8⇡G

3
⇢

<latexit sha1_base64="4SetHLCJFpNURJ4iztWpntcFOJM=">AAACBXicbZBNS8MwGMfT+TbnW9WjHoJD8FRaUfQiDL14nOBeYC0lzdItLE1Kkgqj7OLFr+LFgyJe/Q7e/DamWw+6+UDIj///eUief5QyqrTrfluVpeWV1bXqem1jc2t7x97dayuRSUxaWDAhuxFShFFOWppqRrqpJCiJGOlEo5vC7zwQqajg93qckiBBA05jipE2Umgf+nIo4BUsrtA1kPsygVhwpZ1JaNddx50WXASvhDooqxnaX35f4CwhXGOGlOp5bqqDHElNMSOTmp8pkiI8QgPSM8hRQlSQT7eYwGOj9GEspDlcw6n6eyJHiVLjJDKdCdJDNe8V4n9eL9PxZZBTnmaacDx7KM4Y1AIWkcA+lQRrNjaAsKTmrxAPkURYm+BqJgRvfuVFaJ863rnj3p3VG9dlHFVwAI7ACfDABWiAW9AELYDBI3gGr+DNerJerHfrY9ZascqZffCnrM8fbRmXQg==</latexit>

⇢ = ⇢0 = const.

<latexit sha1_base64="x1yRsHn0YV/IcTPDLJPF97ex9bA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9NJjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8f3Mbz9xbUSsHnGScD+iQyVCwShaqV0nt6Ted/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdW7qroPl5XaXR5HEU7gFM7Bg2uoQR0a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AhFGOYA==</latexit>

H = H0<latexit sha1_base64="i+mBKEqLiX5ci9NPkBwd67JS1pc=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQkoNhVxS9CEEvOUYwD0jWZXYymwyZfTDTK4QlePFXvHhQxKtf4c2/cZLsQRMLGoqqbrq7vFhwBZb1beSWlldW1/LrhY3Nre0dc3evqaJEUtagkYhk2yOKCR6yBnAQrB1LRgJPsJY3vJn4rQcmFY/COxjFzAlIP+Q+pwS05JoHpARlfIWJa2F2n9ZKgE8wuFZ57JpFq2JNgReJnZEiylB3za9uL6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tE0JAFTTjp9YYyPtdLDfiR1hYCn6u+JlARKjQJPdwYEBmrem4j/eZ0E/Esn5WGcAAvpbJGfCAwRnuSBe1wyCmKkCaGS61sxHRBJKOjUCjoEe/7lRdI8rdjnFev2rFi9zuLIo0N0hErIRheoimqojhqIokf0jF7Rm/FkvBjvxsesNWdkM/voD4zPH/AHlJQ=</latexit>

a(t) = a0e
H(t�t0)



• Evolution of scale factor

• Acceleration

A Little Summary

<latexit sha1_base64="u8/XB8M3nyJ3eOYgKK61jKipDMA="></latexit>

a(t) =

8
<

:

a0(2H0t)1/2 RD
a0(3H0t/2)2/3 MD
a0e

H0(t�t0) CC

<latexit sha1_base64="LBxMT57uSvQIcUoduFOAmbnv0eg="></latexit>

ä < 0 RD
ä < 0 DM
ä > 0 CC



Today’s Universe
<latexit sha1_base64="hpMqLrR/xMZqT8YhtJ0Dr6NS/6s=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXajYhohaGHKCOYB2TXMTmaTIbMzy8ysEJYUNv6KjYUitn6EnX/jJNlCEw9cOJxzL/feE8SMKu0431ZuZXVtfSO/Wdja3tnds/cPWkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB6Hrqtx+IVFTwOz2OiR+hAachxUgbqWcX6/cVeAm9UCKcVr2YwptJejqBnhyKnl1yys4McJm4GS mBDI2e/eX1BU4iwjVmSKmu68TaT5HUFDMyKXiJIjHCIzQgXUM5iojy09kTE3hslD4MhTTFNZypvydSFCk1jgLTGSE9VIveVPzP6yY6rPop5XGiCcfzRWHCoBZwmgjsU0mwZmNDEJbU3ArxEJk8tMmtYEJwF19eJq1K2T0vO7dnpdpVFkceFMEROAEuuAA1UAcN0AQYPIJn8ArerCfrxXq3PuatOSubOQR/YH3+AIzGlsY=</latexit>

H
2 =

8⇡G

3
⇢

<latexit sha1_base64="+M7HOkWrvcokdAMd1wzD/8p/NPk=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVZKq2I1QdGGXFewDmhgm00k7dDIJMxOhhPyBG3/FjQtF3Lp15984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29towSgUkLRywSXR9JwignLUUVI91YEBT6jHT80fXE7zwQIWnE79Q4Jm6IBpwGFCOlJc88dgKBcHoKG/dVz8rSmhNTeJPBS+jIJPQodMQw8qhnlq2KNQVcJHZOyiBH0zO/nH6Ek5BwhRmSsmdbsXJTJBTFjGQlJ5EkRniEBqSnKUchkW46/SeDR1rpwyASuriCU/X3RIpCKcehrztDpIZy3puI/3m9RAU1N6U8ThTheLYoSBhUEZyEA/tUEKzYWBOEBdW3QjxEOiClIyzpEOz5lxdJu1qxzyvW7Vm5fpXHUQQH4BCcABtcgDpogCZoAQwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8AnQSbJA==</latexit>

3H2
0

8⇡G
=

X

i

⇢i

Hubble parameter today

<latexit sha1_base64="fHp6z3kQ3E28YvzYHF4OzsFfUM8=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIosuiG5cV7AOaECbTSTt0HmFmItTQL3HjQhG3foo7/8ZJm4W2HrhwOOde7r0nThnVxvO+ncra+sbmVnW7trO7t193Dw67WmYKkw6WTKp+jDRhVJCOoYaRfqoI4jEjvXhyW/i9R6I0leLBTFMScjQSNKEYGStFbj1QYxnlgeIQK2pmkdvwmt4ccJX4JWmAEu3I/QqGEmecCIMZ0nrge6kJc6QMxYzMakGmSYrwBI3IwFKBONFhPj98Bk+tMoSJVLaEgXP190SOuNZTHttOjsxYL3uF+J83yExyHeZUpJkhAi8WJRmDRsIiBTikimDDppag4m+KIR4jhbCxWdVsCP7yy6uke970L5ve/UWjdVPGUQXH4AScAR9cgRa4A23QARhk4Bm8gjfnyXlx3p2PRWvFKWeOwB84nz/+q5NO</latexit>⇢crit

+ curvature term

<latexit sha1_base64="l1ZV6TdB3co89Z2Hd97eUW93xsM=">AAACGHicbVDNS8MwHE3n15xfVY9egkOYl9mKohdh6MWbE9wHrLWkWbqFJW1JUmGU/hle/Fe8eFDE627+N6ZbD7r5IOHlvd+P8J4fMyqVZX0bpaXlldW18nplY3Nre8fc3WvLKBGYtHDEItH1kSSMhqSlqGKkGwuCuM9Ixx/d5H7niQhJo/BBjWPicjQIaUAxUlryzBPnjpMB8ii8gk4gEE4dMYw8+pjWrOMsm730zSEWVGWZZ1 atujUFXCR2QaqgQNMzJ04/wgknocIMSdmzrVi5KRKKYkayipNIEiM8QgPS0zREnEg3nQbL4JFW+jCIhD6hglP190aKuJRj7utJjtRQznu5+J/XS1Rw6aY0jBNFQjz7KEgYVBHMW4J9KghWbKwJyoNTDPEQ6XqU7rKiS7DnIy+S9mndPq9b92fVxnVRRxkcgENQAza4AA1wC5qgBTB4Bq/gHXwYL8ab8Wl8zUZLRrGzD/7AmPwAxqGgRA==</latexit>

⌦i =
⇢(0)i

⇢crit

Ω! = 5.38×10"#

Ω$ = 0.0493

Ω%& = 0.265

Ω' = 0.685



Matter-Radiation Equality

• 𝑔∗ today

• Matter-Radiation Equality:

<latexit sha1_base64="5Co2tcSDgP9Me0LLi3WtF6YsPRI="></latexit>

g⇤ = 2 + 6⇥ 7

8
⇥

✓
T⌫

T�

◆4

⇡ 3.36

<latexit sha1_base64="YaxLLBkgj+sX/cBZEbBOgyz8NYY="></latexit>

2⇥ ⇡2

30
g⇤T

4
CMB/⇢crit = ⌦� = 5.38⇥ 10�5

<latexit sha1_base64="Uz+khnECROFKH+ny6Zv8bLseWI0=">AAACGXicbZBNS8MwGMfT+TbnW9Wjl+AYCEJphzIvwlAPXoYT3CaspaRZuoWlLySpOEq/hhe/ihcPinjUk9/GbCuimw8Efvn/85Dn+Xsxo0Ka5pdWWFhcWl4prpbW1jc2t/TtnbaIEo5JC0cs4rceEoTRkLQklYzcxpygwGOk4w3Px37njnBBo/BGjmLiBKgfUp9iJJXk6qZ9FZA+chvwFOaYXjQyePhz8zJoozjm0T00jWrN1cumYU4KzoOVQxnk1XT1D7sX4SQgocQMCdG1zFg6KeKSYkaykp0IEiM8RH3SVRiigAgnnWyWwYpSetCPuDqhhBP1d0eKAiFGgZqxEiA5ELPeWPzP6ybSP3FSGsaJJCGefuQnDMoIjmOCPcoJlmykAGFO1awQDxBHWKowSyoEa3bleWhXDevYMK+PyvWzPI4i2AP74ABYoAbq4BI0QQtg8ACewAt41R61Z+1Ne58+LWh5zy74U9rnNzw/npA=</latexit>

⌦M = ⌦DM + ⌦b ⇡ 0.27

<latexit sha1_base64="vTcbcujk5F8Pr1B95q6egej7h3U=">AAACWXichVFNb9QwEHUCLcvy0aU9crFYIZUDq6RboJdKFVy4IIrEtpU2SzTxTrJW7STYk0qryH+SAxLir3DAu5tDP5AYyfLTe/PG9nNWK2kpin4F4b37W9sPeg/7jx4/ebozeLZ7ZqvGCJyISlXmIgOLSpY4IUkKL2qDoDOF59nlh5V+foXGyqr8SssaZxqKUuZSAHkqHdTJZ40FpJ8ShTntJ7kB0ULa4nfn/B65xMhiQa++ta /Hjh/zTcN4NH7r2gPHO3dSgNbA/z/j0KWDYTSK1sXvgrgDQ9bVaTr4kcwr0WgsSSiwdhpHNc1aMCSFQtdPGos1iEsocOphCRrtrF0n4/hLz8x5Xhm/SuJr9rqjBW3tUme+UwMt7G1tRf5LmzaUH81aWdYNYSk2B+WN4lTxVcx8Lg0KUksPQBjp78rFAnww5D+j70OIbz/5Ljg7GMVvRtGXw+HJ+y6OHnvOXrB9FrN37IR9ZKdswgT7yf4EW8F28DsMwl7Y37SGQefZYzcq3PsL+Fy0hw==</latexit>

⌦M

✓
aeq
a0

◆�3

=
3.36

2
⌦�

✓
aeq
a0

◆�4
<latexit sha1_base64="tWaMGDHwajnHCc5S343jKr5pSfM=">AAACGnicbVDLSgMxFM34rPVVdekmWARBKBkf6LLoxmUF+4B2GDLpnTY082iSKdah3+HGX3HjQhF34sa/MdN2oa0H7uVwzr0k93ix4EoT8m0tLC4tr6zm1vLrG5tb24Wd3ZqKEsmgyiIRyYZHFQgeQlVzLaARS6CBJ6Du9a4zvz4AqXgU3ulhDE5AOyH3OaPaSG7BtvExfnBT6I9wC/oJH+CWLylLqUtGpmWGcWgcy+genxJC3EKRlMgYeJ7YU1JEU1TcwmerHbEkgFAzQZVq2iTWTkql5kzAKN9KFMSU9WgHmoaGNADlpOPTRvjQKG3sR9JUqPFY/b2R0kCpYeCZyYDqrpr1MvE/r5lo/9JJeRgnGkI2echPBNYRznLCbS6BaTE0hDLJzV8x61KTjDZp5k0I9uzJ86R2UrLPS+T2rFi+msaRQ/voAB0hG12gMrpBFVRFDD2iZ/SK3qwn68V6tz4mowvWdGcP/YH19QOlz6AB</latexit>

1 + zeq ⌘ a0
aeq

⇡ 3000



How large the vacuum energy is?

• Ω' ≈ 0.685

• Quantum corrections from the Planck scale ∼ 𝐺") ∼ 10*+ GeV,

• 120 orders of magnitude fine-tuning. The Cosmological Constant 
problem

<latexit sha1_base64="mQMRBK/fwPDZ0bVYHtQi88Tctdo=">AAACTHicdZBLSwMxFIUz9VXrq+rSTbAIrsqMD+xGKLqwC8EKthU6dcikmTY0mRmSO0IZ5ge6ceHOX+HGhSKC6QPxeSBwOPdcLvn8WHANtv1o5WZm5+YX8ouFpeWV1bXi+kZTR4mirEEjEalrn2gmeMgawEGw61gxIn3BWv7gdDRv3TKleRRewTBmHUl6IQ84JWAir0hd1Y8899xsdAk+xu6FZD3yGbjAJdN4XEpdJTFVHLL/e4 EiNN3HNc++2cvSihtzfJZ5xZJdtsfCv40zNSU0Vd0rPrjdiCaShUAF0brt2DF0UqKAU8GygptoFhM6ID3WNjYk5nYnHcPI8I5JujiIlHkh4HH6dSMlUuuh9E1TEujrn7NR+NesnUBQ6aQ8jBNgIZ0cChKBIcIjsrjLFaMghsaQESZOMe0TAwQM/4KB4Pz88m/T3Cs7h2X78qBUPZniyKMttI12kYOOUBXVUB01EEV36Am9oFfr3nq23qz3STVnTXc20Tfl5j8A9q+ypg==</latexit>

⇢⇤ = ⌦⇤ ⇥ ⇢crit = ⌦⇤ ⇥ 3H2
0

8⇡G
<latexit sha1_base64="DucXyx24OqiA6/bCAkkuUaQR67g=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4cZyR8bEpFF3oRlCwD2hryaS3NjSZGZKMUIbxZ9z4K25cVETc+SmmdRZqPRA4nHMuN/f4EWdKO86HlZuZnZtfyC8WlpZXVteK6xs1FcaSQpWGPJQNnyjgLICqZppDI5JAhM+h7g/Oxn79HqRiYXCjhxG0BbkLWI9Roo3UKZYvOg4u46Nj28NJSwr8MBD7Cuj+ZURTY7i257U0E6Cw69 wme95BmuXOoZZ2iiXHdibA08TNSAlluOoUR61uSGMBgaacKNV0nUi3EyI1oxzSQitWEBE6IHfQNDQgZnE7mZyZ4h2jdHEvlOYFGk/UnxMJEUoNhW+Sgui++uuNxf+8Zqx7J+2EBVGsIaDfi3oxxzrE485wl0mgmg8NIVQy81dM+0QSqk2zBVOC+/fkaVI7sN1D27n2SpXTrI482kLbaBe56BhV0AW6QlVE0SN6RiP0aj1ZL9ab9f4dzVnZzCb6BevzC+t9odU=</latexit>

H0 = 67.4 km/sec/Mpc = 1.44⇥ 10�42 GeV
<latexit sha1_base64="6N2L7jeQfwR5VZX88TBDx1PmaTM=">AAACGnicbVDLSsNAFJ34rPUVdelmsAhuDElpqRuh6EIXLirYBzRpmEwm7dDJg5mJUEL8DTf+ihsXirgTN/6N08dCWw8MHM65hzv3eAmjQprmt7a0vLK6tl7YKG5ube/s6nv7LRGnHJMmjlnMOx4ShNGINCWVjHQSTlDoMdL2hpdjv31PuKBxdCdHCXFC1I9oQDGSSnJ1y+aD2LVvVMJH8ByWjWrZljQkwjJ72WmllsPM5iF8gF eklfeySu7qJdMwJ4CLxJqREpih4eqfth/jNCSRxAwJ0bXMRDoZ4pJiRvKinQqSIDxEfdJVNEJquZNNTsvhsVJ8GMRcvUjCifo7kaFQiFHoqckQyYGY98bif143lcGZk9EoSSWJ8HRRkDIoYzjuCfqUEyzZSBGEOVV/hXiAOMJStVlUJVjzJy+SVtmwqoZ5WynVL2Z1FMAhOAInwAI1UAfXoAGaAINH8AxewZv2pL1o79rHdHRJm2UOwB9oXz/fq57o</latexit>

⇢⇤ = 2.52⇥ 10�47 GeV4



Beyond the Equilibrium



Beyond the Equilibrium

• We have been cheating in the case of 𝑒± annihilation.

• At some point,

• Nonequilibrium processes always happen during the expansion of the 
Universe.

𝑇𝑚!𝑇 ≫ 𝑚! 𝑇 ≪ 𝑚!

Relativistic (Radiation) Non-relativistic (Matter)
<latexit sha1_base64="NGZlmErxTOmei8e5+ZVGQ3nFhEo=">AAACLnicbVBNbxMxEPW2QEugsLRHLhZRJS6kuxVVe4xAiB6L1DSRsmE160wSK/6S7QVFq/1FXPpXygGpRYgrPwPn4wBJR7L1/N48jecVRnDnk+Q22tp+8PDRzu7jxpOne8+exy/2r5wuLcMO00LbXgEOBVfY8dwL7BmLIAuB3WL6fq53v6B1XKtLPzM4kDBWfMQZ+EDl8YfsI0gJeYWfq8zIOrN8PPFgrf6ajefK8q5pZqw2Xl OVI80clzQY3lAZXkeXdR43k1ayKLoJ0hVoklVd5PH3bKhZKVF5JsC5fpoYP6jAes4E1o2sdGiATWGM/QAVSHSDarFuTQ8DM6QjbcNRni7Yfx0VSOdmsgidEvzErWtz8j6tX/rR2aDiypQeFVsOGpWChrXn2dEht8i8mAUAzPLwV8omYIH5kHAjhJCur7wJro5b6Ukr+fS22X63imOXvCSvyGuSklPSJufkgnQII9/IDbkjP6Pr6Ef0K/q9bN2KVp4D8l9Ff/4Cy6CpgQ==</latexit>

�e±!�� / ne ⇠ e�me/T

<latexit sha1_base64="YUhx13w5a1e93a/HApJQsmkGfF0=">AAACFHicbVC7SgNBFJ2Nrxhfq5Y2g0EQhLArihYWQQtTRjAPyK7h7mSSDJnZXWZmlbDkI2z8FRsLRWwt7PwbJ8kWmnjgXg7n3MvMPUHMmdKO823lFhaXllfyq4W19Y3NLXt7p66iRBJaIxGPZDMARTkLaU0zzWkzlhREwGkjGFyN/cY9lYpF4a0extQX0AtZlxHQRmrbR941CAHtlN6lXixGnmS9vgYpowevN3amfYQvcKVtF52SMwGeJ25GiihDtW1/eZ2IJIKGmnBQquU6sfZTkJoRTkcFL1E0BjKAHm0ZGoKgyk8nR43wgVE6uBtJU6HGE/X3RgpCqaEIzKQA3Vez3lj8z2slunvupyyME01DMn2om3CsIzxOCHeYpETzoSFAJDN/xaQPEog2ORZMCO7syfOkflxyT0vOzUmxfJnFkUd7aB8dIhedoTKqoCqqIYIe0TN6RW/Wk/VivVsf09Gcle3soj+wPn8Aeu2fDg==</latexit>

�e±!�� < H



The Boltzmann Equation

• What if no interactions?
• Particle number must be conserved.
• 𝑛*: physical number density of some kind of particle. 

• With interactions.
• Particle 1 can disappear through 12 → 34.
• Particle 1 can reappear through 34 → 12 .

<latexit sha1_base64="xqBQ4r3bCu10J4OcMLxFmVEfWgQ=">AAACBXicbVC7SgNBFL0bXzG+Vi21GAxCbMKuD7QRgjaWEcwDkjXMTmaTIbOzy8ysEJZtbPwVGwtFbP0HO//GyaPQxAMXzpxzL3Pv8WPOlHacbyu3sLi0vJJfLaytb2xu2ds7dRUlktAaiXgkmz5WlDNBa5ppTpuxpDj0OW34g+uR33igUrFI3OlhTL0Q9wQLGMHaSB17vx1ITNIuKuH7EyQ67CgzD52hS+Sgjl10ys4YaJ64U1KEKaod+6vdjUgSUqEJx0q1XCfWXoqlZoTTrNBOFI0xGeAebRkqcEiVl46vyNChUbooiKQpodFY/T2R4lCpYeibzhDrvpr1RuJ/XivRwYWXMhEnmgoy+ShIONIRGkWCukxSovnQEEwkM7si0scmFm2CK5gQ3NmT50n9uOyelZ3b02LlahpHHvbgAErgwjlU4AaqUAMCj/AMr/BmPVkv1rv1MWnNWdOZXfgD6/MHZguWkQ==</latexit>

d(a3ni)

dt
= 0

<latexit sha1_base64="rmOBLBrTiBUK4f5DvgX/eaRando=">AAACCHicbVDLSgMxFL3js9ZX1aULg0UQhDLjA90IRTddVrAPaIchk2ba0ExmSDJCGWbpxl9x40IRt36CO//GtJ2Fth4IOTnnXm7u8WPOlLbtb2thcWl5ZbWwVlzf2NzaLu3sNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD2/HfuuBSsUica9HMXVD3BcsYARrI3mlg24gMUl7SHgsM5fO0Ak6Q7XxG10j2yuV7Yo9AZonTk7KkKPulb66vYgkIRWacKxUx7Fj7aZYakY4zYrdRNEYkyHu046hAodUuelkkQwdGaWHgkiaIzSaqL87UhwqNQp9UxliPVCz3lj8z+skOrhyUybiRFNBpoOChCMdoXEqqMckJZqPDMFEMvNXRAbYJKNNdkUTgjO78jxpnlaci4p9d16u3uRxFGAfDuEYHLiEKtSgDg0g8AjP8Apv1pP1Yr1bH9PSBSvv2YM/sD5/AED1l4g=</latexit>

dni

dt
+ 3Hni = 0

1

2

3

4



The Boltzmann Equation

• Number density 

<latexit sha1_base64="KBH23r/HrCuu7+L7GdUxFZl53lI="></latexit>

n1 =

Z
d3p1
(2⇡)3

f1(p1) .
1

2

3

4

<latexit sha1_base64="/6gGbShsEeDPlZrrqyuDh21oC7E=">AAACjnicbZFdS+QwFIbT+rE6flW99CY4CHrh0I9xFUVWdhG8VHBUmM6UNE01mKYlORWG0p/jH/LOf7OZsRe7HQ8E3pz3OSR5ExeCa3DdT8teWFxa/rGy2llb39jccrZ3HnReKsoGNBe5eoqJZoJLNgAOgj0VipEsFuwxfv0z9R/fmNI8l/cwKdgoI8+Sp5wSMK3IeSfj6jiocZgqQqsEy8jDZBzUVQI1vsQhl9BY46CIvLo69M OCH40D7ONrs28Tfovw54igRQRzRL9F9OvI6bo9d1Z4XniN6KKmbiPnI0xyWmZMAhVE66HnFjCqiAJOBas7YalZQegreWZDIyXJmB5VszhrfGA6CU5zZZYEPOv+O1GRTOtJFhsyI/Ci2960+Z03LCE9G1VcFiUwSb8OSkuBIcfTv8EJV4yCmBhBqOLmrpi+EJMLmB/smBC89pPnxYPf80567l2/e/W7iWMF7aF9dIg8dIqu0A26RQNErTXLs86tC9uxf9qX9q8v1LaamV30X9k3fwFjccDu</latexit>

a�3 dn1a3

dt
=

Z
d3p1

(2⇡)32E1

Z
d3p2

(2⇡)32E2

Z
d3p3

(2⇡)32E3

Z
d3p4

(2⇡)32E4

<latexit sha1_base64="YJAZDK0JHKl6QU/tahW6La8QGo8="></latexit>

⇥(2⇡)4�4(p1 + p2 � p3 � p4)|M(12 ! 34)|2

34 → 12 12 → 34

<latexit sha1_base64="ZmK+lJJiTYCWeel6jApXmIM75yQ="></latexit>

⇥ {f3f4[1± f1][1± f2]� f1f2[1± f3][1�±f4]}



The Boltzmann Equation
<latexit sha1_base64="/6gGbShsEeDPlZrrqyuDh21oC7E=">AAACjnicbZFdS+QwFIbT+rE6flW99CY4CHrh0I9xFUVWdhG8VHBUmM6UNE01mKYlORWG0p/jH/LOf7OZsRe7HQ8E3pz3OSR5ExeCa3DdT8teWFxa/rGy2llb39jccrZ3HnReKsoGNBe5eoqJZoJLNgAOgj0VipEsFuwxfv0z9R/fmNI8l/cwKdgoI8+Sp5wSMK3IeSfj6jiocZgqQqsEy8jDZBzUVQI1vsQhl9BY46CIvLo69M OCH40D7ONrs28Tfovw54igRQRzRL9F9OvI6bo9d1Z4XniN6KKmbiPnI0xyWmZMAhVE66HnFjCqiAJOBas7YalZQegreWZDIyXJmB5VszhrfGA6CU5zZZYEPOv+O1GRTOtJFhsyI/Ci2960+Z03LCE9G1VcFiUwSb8OSkuBIcfTv8EJV4yCmBhBqOLmrpi+EJMLmB/smBC89pPnxYPf80567l2/e/W7iWMF7aF9dIg8dIqu0A26RQNErTXLs86tC9uxf9qX9q8v1LaamV30X9k3fwFjccDu</latexit>
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Z
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Z
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Z
d3p3
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Z
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<latexit sha1_base64="YJAZDK0JHKl6QU/tahW6La8QGo8="></latexit>

⇥(2⇡)4�4(p1 + p2 � p3 � p4)|M(12 ! 34)|2
<latexit sha1_base64="ZmK+lJJiTYCWeel6jApXmIM75yQ="></latexit>

⇥ {f3f4[1± f1][1± f2]� f1f2[1± f3][1�±f4]}

1 + 𝑓 for bosonic final state, Bosonic condensation. 
1 − 𝑓 for fermionic final state, Pauli exclusion principle.



The Boltzmann Equation
<latexit sha1_base64="/6gGbShsEeDPlZrrqyuDh21oC7E=">AAACjnicbZFdS+QwFIbT+rE6flW99CY4CHrh0I9xFUVWdhG8VHBUmM6UNE01mKYlORWG0p/jH/LOf7OZsRe7HQ8E3pz3OSR5ExeCa3DdT8teWFxa/rGy2llb39jccrZ3HnReKsoGNBe5eoqJZoJLNgAOgj0VipEsFuwxfv0z9R/fmNI8l/cwKdgoI8+Sp5wSMK3IeSfj6jiocZgqQqsEy8jDZBzUVQI1vsQhl9BY46CIvLo69M OCH40D7ONrs28Tfovw54igRQRzRL9F9OvI6bo9d1Z4XniN6KKmbiPnI0xyWmZMAhVE66HnFjCqiAJOBas7YalZQegreWZDIyXJmB5VszhrfGA6CU5zZZYEPOv+O1GRTOtJFhsyI/Ci2960+Z03LCE9G1VcFiUwSb8OSkuBIcfTv8EJV4yCmBhBqOLmrpi+EJMLmB/smBC89pPnxYPf80567l2/e/W7iWMF7aF9dIg8dIqu0A26RQNErTXLs86tC9uxf9qX9q8v1LaamV30X9k3fwFjccDu</latexit>

a�3 dn1a3

dt
=
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Z
d3p2

(2⇡)32E2

Z
d3p3
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Z
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<latexit sha1_base64="YJAZDK0JHKl6QU/tahW6La8QGo8="></latexit>

⇥(2⇡)4�4(p1 + p2 � p3 � p4)|M(12 ! 34)|2
<latexit sha1_base64="ZmK+lJJiTYCWeel6jApXmIM75yQ="></latexit>

⇥ {f3f4[1± f1][1± f2]� f1f2[1± f3][1�±f4]}

For homogeneous distributions: 𝑓. can only be functions of 𝐸..

Thermal equilibrium means Collision term = 0.
<latexit sha1_base64="SZgbbrHh4xkwwauPw3qCCa8tZaw=">AAACF3icbZDJSgNBEIZ74hbjNurRS2MQ4sE4I4pehKAIHiNkgyxDT6cmadKz2N0jhGHewouv4sWDIl715tvYWQ6a+EPDx19VVNfvRpxJZVnfRmZhcWl5JbuaW1vf2Nwyt3dqMowFhSoNeSgaLpHAWQBVxRSHRiSA+C6Huju4HtXrDyAkC4OKGkbQ9kkvYB6jRGnLMYteJ4H71GH4Erc8QWhipwl0ksKNto5wy48ddnhcSTVF2E4dM28VrbHwPNhTyKOpyo751eqGNPYhUJQTKZu2Fal2QoRilEOaa8USIkIHpAdNjQHxQbaT8V0pPtBOF3uh0C9QeOz+nkiIL+XQd3WnT1RfztZG5n+1Zqy8i3bCgihWENDJIi/mWIV4FBLuMgFU8aEGQgXTf8W0T3Q6SkeZ0yHYsyfPQ+2kaJ8VrbvTfOlqGkcW7aF9VEA2OkcldIvKqIooekTP6BW9GU/Gi/FufExaM8Z0Zhf9kfH5A15PniQ=</latexit>

feq
i =

1

e(Ei�µi)/T ⌥ 1



Non-equilibrium

• Non-equilibrium usually happens when 𝐻 > Γ.
• 𝐻 is suppressed by Planck scale.
• We usually need Γ to be suppressed exponentially. 
• Non-equilibrium usually happens when particle number is exponentially 

suppressed. 
<latexit sha1_base64="cJ0tMRQ+4cAv8WGJw9bER5IdUnc="></latexit>
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e(Ei�µi)/T ⌥ 1
⇡ eµi/T e�Ei/T ⌧ 1

<latexit sha1_base64="UM/zbMDxxR+tsU+XvbMiRqWqIKk="></latexit>
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i



Non-equilibrium
<latexit sha1_base64="leVbJzoIGEiBIjvti7P1fLhktrY="></latexit>
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1 n(0)
2 h�vi
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n3n4

n(0)
3 n(0)
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� n1n2

n(0)
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)

<latexit sha1_base64="8qIbuIRdE1NTnA0Z0zszw+6ibB4=">AAACqXicbZFdS8MwFIbT+j2/pl56ExzKhjDabqI3wlAEL7yY4OZw3UqapVtYmpYkFUbpf/M3eOe/Mdt64VYPBN685znk5Bw/ZlQqy/oxzI3Nre2d3b3S/sHh0XH55LQro0Rg0sERi0TPR5IwyklHUcVILxYEhT4j7/70cZ5//yRC0oi/qVlMBiEacxpQjJS2vPKXyxAfMwJdScchgp/QFUvjHrqBQDi1s5R79jCtWrUMcs9Zqg y6lKscGQ0bsae5quPGtDZsQOdJXwuEs0o4RaKxSjSKRHOVaGZeuWLVrUXAorBzUQF5tL3ytzuKcBISrjBDUvZtK1aDFAlFMSNZyU0kiRGeojHpa8lRSOQgXUw6g5faGcEgEvroxhbu34oUhVLOQl+TIVITuZ6bm//l+okK7gYp5XGiCMfLh4KEQRXB+drgiAqCFZtpgbCguleIJ0iPRenllvQQ7PUvF0XXqds3deu1WWk95OPYBefgAlSBDW5BCzyDNugAbFwZL0bH6JrX5qvZMz+WqGnkNWdgJUz8CyYxy1w=</latexit>
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Z
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Z
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<latexit sha1_base64="VBEISO07Yp881w9PgAbHwimqNUQ="></latexit>

⇥e�(E1+E2)/T (2⇡)4�4(p1 + p2 � p3 � p4)|M|2

In case of thermal equilibrium:
<latexit sha1_base64="l2XQmJiBK3Lqc36efuRhzcAStWc=">AAACMnicbZBNS8MwGMfT+TbnW9Wjl+AQ5mW0c6IXYehFbxPcC2yzpFm6haVpSVJhlH4mL34SwYMeFPHqhzDdqujmA4Ff/s//IXn+bsioVJb1bOQWFpeWV/KrhbX1jc0tc3unKYNIYNLAAQtE20WSMMpJQ1HFSDsUBPkuIy13dJH2W3dESBrwGzUOSc9HA049ipHSkmNedT2BcMydI8idapLCbVyyDpP0OqUEnsFvl63lSuqyf1yVzOWYRatsTQrOg51BEWRVd8zHbj/AkU+4wgxJ2bGtUPViJBTFjCSFbiRJiPAIDUhHI0c+kb14snICD7TSh14g9OEKTtTfEzHypRz7rnb6SA3lbC8V/+t1IuWd9mLKw0gRjqcPeRGDKoBpfrBPBcGKjTUgLKj+K8RDpNNROuWCDsGeXXkempWyfVy2rqvF2nkWRx7sgX1QAjY4ATVwCeqgATC4B0/gFbwZD8aL8W58TK05I5vZBX/K+PwCNi+nrg==</latexit> n3n4
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=
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2



The Thermal History of the Universe

<latexit sha1_base64="oy2RMMUzLUKKcLy+lfEcICOTwFw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR3FgSqeiy6MZlBfuAJoab6aQdOpOEmYlQQjb+ihsXirj1M9z5N04fC209cOFwzr3ce0+Ycqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgqKcxbSpmea0k0oKIuS0HQ5vxn77kUrFkvhej1LqC+jHLGIEtJEC+9CTgyTw+iAEYE8xgeEhP6sVgV1xqs4EeJG4M1JBMzQC+8vrJSQTNNaEg1Jd10m1n4PUjHBalL1M0RTIEPq0a2gMgio/nzxQ4BOj9HCUSFOxxhP190QOQqmRCE2nAD1Q895Y/M/rZjq68nMWp5mmMZkuijKOdYLHaeAek5RoPjIEiGTmVkwGIIFok1nZhODOv7xIWudV96Lq3NUq9etZHCV0hI7RKXLRJaqjW9RATURQgZ7RK3qznqwX6936mLYuWbOZA/QH1ucP6iOV9Q==</latexit>

⇢� ⇠ a�4
<latexit sha1_base64="t9pUJMFt5psuDQm18lAa3bW2KII=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWBIf6LLoxo1QwT6giWEynbRDZzJhZiKUkJUbf8WNC0Xc+g3u/BunbRbaeuDC4Zx7ufeeMGFUacf5tubmFxaXlksr5dW19Y1Ne2u7qUQqMWlgwYRsh0gRRmPS0FQz0k4kQTxkpBUOrkZ+64FIRUV8p4cJ8TnqxTSiGGkjBfaeJ/siyDzJ4Q3SmsgceopyiO6zo5M8sCtO1RkDzhK3IBVQoB7YX15X4JSTWGOGlOq4TqL9DElNMSN52UsVSRAeoB7pGBojTpSfjd/I4YFRujAS0lSs4Vj9PZEhrtSQh6aTI91X095I/M/rpDq68DMaJ6kmMZ4silIGtYCjTGCXSoI1GxqCsKTmVoj7SCJs8lBlE4I7/fIsaR5X3bOqc3taqV0WcZTALtgHh8AF56AGrkEdNAAGj+AZvII368l6sd6tj0nrnFXM7IA/sD5/AJ89mJE=</latexit>

⇢Matter ⇠ a�3
<latexit sha1_base64="0DvyH8JHX0zZ7nV94gyTIlVUggQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiSi6LLoxmUF+4Amhsl00g6dR5iZFEoIbvwVNy4UcetXuPNvnD4W2nrgwuGce7n3njhlVBvP+3aWlldW19ZLG+XNre2dXXdvv6llpjBpYMmkasdIE0YFaRhqGGmniiAeM9KKBzdjvzUkSlMp7s0oJSFHPUETipGxUuQeBqovozxQHA4RLmCgKYfoIfeKyK14VW8CuEj8GamAGeqR+xV0Jc44EQYzpHXH91IT5kgZihkpykGmSYrwAPVIx1KBONFhPnmhgCdW6cJEKlvCwIn6eyJHXOsRj20nR6av572x+J/XyUxyFeZUpJkhAk8XJRmDRsJxHrBLFcGGjSxBWFF7K8R9pBA2NrWyDcGff3mRNM+q/kXVuzuv1K5ncZTAETgGp8AHl6AGbkEdNAAGj+AZvII358l5cd6dj2nrkjObOQB/4Hz+AMeZlwY=</latexit>

⇢vac ⇠ a0



Big Bang Nucleosynthesis

• Basic facts:
• It started when 𝑇 ∼ 1 MeV.
• Tightly coupled relativistic particles: 𝛾, 𝑒±.
• Tightly coupled non-relativistic particles: baryons (𝑝, 𝑛).
• Decoupled relativistic particles: neutrinos.
• 𝜂 ≡ 𝑛0/𝑛1 ≈ 6.2×10234.
• Nuclear binding energy, 𝐵 ≡ 𝑍𝑚5 + 𝐴 − 𝑍 𝑚6 −𝑚
• Neutrons and protons can interconvert via weak interactions:

• Light elements are produced via electromagnetic interactions:

<latexit sha1_base64="yCMVKYAH9571zo0L+pqoJp95b0Y="></latexit>

p+ ⌫̄ $ n+ e+ p+ e� $ n+ ⌫ n $ p+ e� + ⌫̄

<latexit sha1_base64="ZQWaEDaKJoGGiAlvCEvum/bApwg="></latexit>
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3
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Big Bang Nucleosynthesis (Simplified version)

• We only consider hydrogen and 
helium and their isotopes. 
(Deuterium, tritium, and 3He)
• For 𝑇 > 0.1 MeV, we assume no 

light nuclei are formed, we can 
consider only proton. and 
neutrons. 
• We first calculate the neutron 

proton ratio, and then use it to 
calculate the abundances of 
other isotopes. 



Big Bang Nucleosynthesis (Simplified version)

• Consider 𝑛 + 𝑝 ↔ 𝐷 + 𝛾

• Equilibrium condition:

• For NR particles: 

<latexit sha1_base64="fHKTCdBZXwTEzi+TeelCfwL7rOU="></latexit> nDn�

n(0)
D n(0)

�

=
nnnp

n(0)
n n(0)

p

<latexit sha1_base64="Y6EaEkU/cygNb5Uoa/0q3YZfWUk=">AAACJHicbVDNS8MwHE39nPOr6tFLcAjzMlpRFEQY6sHjBPcBWy1plm5haVqSVBilf4wX/xUvHvzAgxf/FtOuiG4+SHi8934kv+dFjEplWZ/G3PzC4tJyaaW8ura+sWlubbdkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y0uM799T4SkIb9V44g4ARpw6lOMlJZc86znC4QT7l6l+uKQu1EKz+GPepdUrYM09yY0SxSia1asmpUDzhK7IBVQoOGab71+iOOAcIUZkrJrW5FyEiQUxYyk5V4sSYTwCA1IV1OOAiKdJF8yhfta6UM/FPpwBXP190SCAinHgaeTAVJDOe1l4n9eN1b+qZNQHsWKcDx5yI8ZVCHMGoN9KghWbKwJwoLqv0I8RLofpXst6xLs6ZVnSeuwZh/XrJujSv2iqKMEdsEeqAIbnIA6uAYN0AQYPIAn8AJejUfj2Xg3PibROaOY2QF/YHx9A5ympCE=</latexit>
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n(0)
D
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p

<latexit sha1_base64="VSxSKZWGCmCS8vCHI1tR8m+J5rg=">AAACAnicdZDLSgMxFIYzXmu9VV2Jm2AR6qZkitZ2IRTduKxgL9COQyZN29AkMyQZoQzFja/ixoUibn0Kd76N6Q1U9EDg4//P4eT8QcSZNgh9OguLS8srq6m19PrG5tZ2Zme3rsNYEVojIQ9VM8CaciZpzTDDaTNSFIuA00YwuBz7jTuqNAvljRlG1BO4J1mXEWys5Gf2pd/uYSEwPIdzvE1y6HjkZ7Ioj2wVi3AMbgm5FsrlUqFQhu7EQigLZlX1Mx/tTkhiQaUhHGvdclFkvAQrwwino3Q71jTCZIB7tGVRYkG1l0xOGMEjq3RgN1T2SQMn6veJBAuthyKwnQKbvv7tjcW/vFZsuiUvYTKKDZVkuqgbc2hCOM4DdpiixPChBUwUs3+FpI8VJsamlrYhzC+F/0O9kHdP8+j6JFu5mMWRAgfgEOSAC85ABVyBKqgBAu7BI3gGL86D8+S8Om/T1gVnNrMHfpTz/gUKR5aS</latexit>

n� = n(0)
�

<latexit sha1_base64="UkQ4FXaQ0x06cRoggzh9Z3sNxuc="></latexit>
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<latexit sha1_base64="jQ+yQB4ZVSJLoZwIImht8ZNuwWU="></latexit>
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Big Bang Nucleosynthesis (Simplified version)

<latexit sha1_base64="jQ+yQB4ZVSJLoZwIImht8ZNuwWU=">AAACOnicbVDLThsxFPVAoRBeKV2ysRohwSbMQFDZVEKUBUuQEkDKhJHHuZNYeDwj+w5SZPm72PAV3XXRTRcg1G0/oM5jUR5HsnV0zrmy70lLKQyG4c9gbv7DwuLHpeXayura+kb90+alKSrNocMLWejrlBmQQkEHBUq4LjWwPJVwld5+H/tXd6CNKFQbRyX0cjZQIhOcoZeS+kWcacatSk6dv0qqEuXoNzpVD5xtORpLyHBnqr TiUjib+2DbxVoMhrh7Yw/29h2FG3uSnO61XVJvhM1wAvqWRDPSIDOcJ/Ufcb/gVQ4KuWTGdKOwxJ5lGgWX4GpxZaBk/JYNoOupYjmYnp2s7ui2V/o0K7Q/CulE/X/CstyYUZ76ZM5waF57Y/E9r1thdtSzQpUVguLTh7JKUizouEfaFxo4ypEnjGvh/0r5kPmO0Ldd8yVEr1d+Sy73m9FhM7xoNY5PZnUskS3yheyQiHwlx+SMnJMO4eSe/CKP5Cl4CH4Hz8GfaXQumM18Ji8Q/P0HvJitVg==</latexit>
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<latexit sha1_base64="AHQE7E5TfHP191k4DYeTddw+Gbo=">AAACI3icbZDLSgMxFIYz3q23qks3wSK4kDLjBcUiFN24VLC20KnDmTStoUkmJBmxFN/Fja/ixoVS3LjwXczUCtr6Q+DjP+dwcv5YcWas7394E5NT0zOzc/O5hcWl5ZX86tq1SVJNaIUkPNG1GAzlTNKKZZbTmtIURMxpNe6cZfXqHdWGJfLKdhVtCGhL1mIErLOi/LGMFA4NE1hGcVgKSzsZ4BMcUgsOZBS2QQjAISilk/sf/+ pmL8oX/KI/EB6HYAgFNNRFlO+HzYSkgkpLOBhTD3xlGz3QlhFOH3JhaqgC0oE2rTuUIKhp9AY3PuAt5zRxK9HuSYsH7u+JHghjuiJ2nQLsrRmtZeZ/tXpqW0eNHpMqtVSS70WtlGOb4Cww3GSaEsu7DoBo5v6KyS1oINbFmnMhBKMnj8P1bjE4KPqX+4Xy6TCOObSBNtE2CtAhKqNzdIEqiKBH9Ixe0Zv35L14fe/9u3XCG86soz/yPr8A8Ciinw==</latexit>
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<latexit sha1_base64="hLQrx4usuVndy2oEWf2qgdR6Jus="></latexit>
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𝐵% = 2.2 MeV

𝑛%/𝑛/ << 1 as long as 𝑇 > 0.1 MeV.



• Leptons (electron, positron and neutrinos are in thermal equilibrium)

• Boltzmann Equation

Neutron proton ratio

<latexit sha1_base64="DDjcy+SocORtRKZbdwGHr8Ll0hg="></latexit>
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<latexit sha1_base64="80ozlp8CqjITfLKo+ROmjyvQb70=">AAACGnicbVDLSgMxFM3UV62vqks3wSLUTZkRRTdC0Y3LCvYB7Thk0jttaCYzJBmhDP0ON/6KGxeKuBM3/o3ptEJtPRBycs693Nzjx5wpbdvfVm5peWV1Lb9e2Njc2t4p7u41VJRICnUa8Ui2fKKAMwF1zTSHViyBhD6Hpj+4HvvNB5CKReJOD2NwQ9ITLGCUaCN5RUd4gC+x8DoiyW64T8v28ehXm3nxCfeKJbtiZ8CLxJmSEpqi5hU/O92IJiEITTlRqu3YsXZTIjWjHEaFTqIgJnRAetA2VJAQlJtmq43wkVG6OIikOULjTJ3tSEmo1DD0TWVIdF/Ne2PxP6+d6ODCTZmIEw2CTgYFCcc6wuOccJdJoJoPDSFUMvNXTPtEEqpNmgUTgjO/8iJpnFScs4p9e1qqXk3jyKMDdIjKyEHnqIpuUA3VEUWP6Bm9ojfryXqx3q2PSWnOmvbsoz+wvn4AE1ydxw==</latexit>
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<latexit sha1_base64="TfpeAGZCF64yvQtMJqmoxHKoDnw="></latexit>
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Neutron proton ratio

• Baryon number is conserved 
<latexit sha1_base64="TfpeAGZCF64yvQtMJqmoxHKoDnw=">AAACYHicbZHPT9swFMedwLaug1G227hYVJPYgSoZm7bLJAQXjiBRQGra6MV9SS0cJ7JfmKoo/+RuO+zCXzKnzYFfT7L08ff9sP11UippKQj+ev7G5qvXb3pv+++2tt/vDHY/XNmiMgLHolCFuUnAopIaxyRJ4U1pEPJE4XVye9rmr+/QWFnoS1qWOM0h0zKVAshJ8eA3zOrDo4ZHqQFRz7mONYfZUeOQGv7L7dWsPgi+uAoFOl PIIyuzHPgdj0wnKEwpqrsROi7bIeumpt12yA9bPTIyW1DUxINhMApWwZ9D2MGQdXEeD/5E80JUOWoSCqydhEFJ0xoMSaGw6UeVxRLELWQ4caghRzutVwY1/LNT5jwtjFua+Ep92FFDbu0yT1xlDrSwT3Ot+FJuUlH6c1pLXVaEWqwPSivFqeCt23wuDQpSSwcgjHR35WIBzidyf9J3JoRPn/wcrr6Owu+j4OLb8Piks6PH9tg+O2Ah+8GO2Rk7Z2Mm2D9vw9vytr17v+fv+LvrUt/rej6yR+F/+g83mbRc</latexit>

a�3 dnna3

dt
= n(0)

l h�vi
(
npn

(0)
n

n(0)
p

� nn

)

<latexit sha1_base64="tIeJIDOJmTi6nLBwQRZJp824jz0=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiCGJJfKDLohuXFewD2hgm00k7dDIJMxOhxC78FTcuFHHrb7jzb5y2WWj1wIXDOfdy7z1BwpnSjvNlFebmFxaXisulldW19Q17c6uh4lQSWicxj2UrwIpyJmhdM81pK5EURwGnzWBwNfab91QqFotbPUyoF+GeYCEjWBvJt3eEn6BDhIQvUEexCOG77Ohk5Ntlp+JMgP4SNydlyFHz7c9ONyZpRIUmHCvVdp1EexmWmhFOR6VOqmiCyQD3aNtQgSOqvGxy/wjtG6WLwliaEhpN1J8TGY6UGkaB6Yyw7qtZbyz+57VTHV54GRNJqqkg00VhypGO0TgM1GWSEs2HhmAimbkVkT6WmGgTWcmE4M6+/Jc0jivuWcW5OS1XL/M4irALe3AALpxDFa6hBnUg8ABP8AKv1qP1bL1Z79PWgpXPbMMvWB/flPyUig==</latexit>

np + nn ⇠ a�3
<latexit sha1_base64="8prq+fo+RhFpmmPwCcpnMJI+2mg=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiCUBJRdFl047KCfUATwmR60w6dTOLMpFBCt278FTcuFHHrH7jzb5y2WWjrgXs5nHMvM/eEKWdKO863tbS8srq2Xtoob25t7+zae/tNlWSSQoMmPJHtkCjgTEBDM82hnUogccihFQ5uJn5rCFKxRNzrUQp+THqCRYwSbaTAxu1AYA8eMjbEXiQJzUUgxpOGT7EI0nFgV5yqMwVeJG5BKqhAPbC/vG5CsxiEppwo1XGdVPs5kZpRDuOylylICR2QHnQMFSQG5efTS8b42ChdHCXSlNB4qv7eyEms1CgOzWRMdF/NexPxP6+T6ejKz5lIMw2Czh6KMo51giex4C6TQDUfGUKoZOavmPaJyUOb8MomBHf+5EXSPKu6F1Xn7rxSuy7iKKFDdIROkIsuUQ3dojpqIIoe0TN6RW/Wk/VivVsfs9Elq9g5QH9gff4A+mOZ4A==</latexit>

Xn ⌘ nn

nn + np

𝜎𝑣 𝑛>
(4) <latexit sha1_base64="D0szyYD2oJiJsTv1DjwKIJHpNBg=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSSi6EUoevHYgv2ANITNdtMu3d2E3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6WCG3Ddb2dldW19Y7O0Vd7e2d3brxwctk2SacpaNBGJ7kbEMMEVawEHwbqpZkRGgnWi0f3U7zwxbXiiHmGcskCSgeIxpwSs5DdvZajwOZZhGlaqbs2dAS8TryBVVKARVr56/YRmkimgghjje24KQU40cCrYpNzLDEsJHZEB8y1VRDIT5LOTJ/jUKn0cJ9qWAjxTf0/kRBozlpHtlASGZtGbiv95fgbxTZBzlWbAFJ0vijOBIcHT/3Gfa0ZBjC0hVHN7K6ZDogkFm1LZhuAtvrxM2hc176rmNi+r9bsijhI6RifoDHnoGtXRA2qgFqIoQc/oFb054Lw4787HvHXFKWaO0B84nz/rXJBd</latexit>

Q = mn �mp

<latexit sha1_base64="v7RRnweD3A8g6aXaUWmeiXpgQiY=">AAACMnicbVDLSiQxFE35Gm0f06NLN2EaQRe2VTKDbgTRhbpTsLWhqy1S6VvdwSRVJLcGmqK+yY1fIrjQhSJu/YhJPxa+DoQczjmX5J44k8Ki7z94E5NT0zM/Zucq8wuLSz+rv5YvbJobDg2eytQ0Y2ZBCg0NFCihmRlgKpZwGV8fDvzLf2CsSPU59jNoK9bVIhGcoZOi6kmYGMaLDm1GunQXlnSPhkdMKRYVOitpKCHBsFgP6O Ygs0HhqtikZ1vn5UigoRHdHoZlVK35dX8I+pUEY1IjY5xG1buwk/JcgUYumbWtwM+wXTCDgksoK2FuIWP8mnWh5ahmCmy7GK5c0jWndGiSGnc00qH6fqJgytq+il1SMezZz95A/M5r5ZjstguhsxxB89FDSS4ppnTQH+0IAxxl3xHGjXB/pbzHXIfoWq64EoLPK38lF9v14G/dP/tT2z8Y1zFLVslvsk4CskP2yTE5JQ3CyQ25J0/k2bv1Hr0X73UUnfDGMyvkA7y3/+nfqBY=</latexit>

dXn

dt
= �np

n
(1�Xn)e

�Q/T �Xn

o



Neutron proton ratio

• Convert 𝑡 to 𝑇

• In RD, 𝐻 ∼ 𝜌
!
" ∼ 𝑇) ∼ 𝑥")

•

<latexit sha1_base64="Zw6iazOS1y1+m4r28/uyIBXJuus=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXKnosevFYoV/QXUs2zbahSXZJskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vpv5nSeqNItl00wSGgg8lCxiBBsr+U1fM4HwY3bhTfvlilt150CrxMtJBXI0+uUvfxCTVFBpCMda9zw3MUGGlWGE02nJTzVNMBnjIe1ZKrGgOsjmN0/RmVUGKIqVLWnQXP09kWGh9USEtlNgM9LL3kz8z+ulJroJMiaT1FBJFouilCMTo1kAaMAUJYZPLMFEMXsrIiOsMDE2ppINwVt+eZW0L6veVdV9qFXqt3kcRTiBUzgHD66hDvfQgBYQSOAZXuHNSZ0X5935WLQWnHzmGP7A+fwBNbCRJA==</latexit>

T ⇠ a�1

<latexit sha1_base64="LmR1AAyRZcTsTnRmxRWo3Y9Rk1g=">AAACE3icbZDLSsNAFIZP6q3WW9Slm8EiiGBJRNGNUHTTZYXeoA1lMpm0QycXZiZCCXkHN76KGxeKuHXjzrdx2gbR1h8Gfr5zDmfO78acSWVZX0ZhaXllda24XtrY3NreMXf3WjJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm4n9fY9FZJFYUONY+oEeBAynxGsNOqbJz1fYJJ6jSxtIE9l6BqdopwhnKX4B9b6ZtmqWFOhRWPnpgy56n3zs+dFJAloqAjHUnZtK1ZOioVihNOs1EskjTEZ4QHtahvigEonnd6UoSNNPORHQr9QoSn9PZHiQMpx4OrOAKuhnK9N4H+1bqL8KydlYZwoGpLZIj/hSEVoEhDymKBE8bE2mAim/4rIEOtAlI6xpEOw509eNK2zin1Rse7Oy9WbPI4iHMAhHIMNl1CFGtShCQQe4Ale4NV4NJ6NN+N91low8pl9+CPj4xvrt5xB</latexit>

dT

Tdt
= � da

adt
= �H

<latexit sha1_base64="ZI6CcsSM2KgK+fuQS6wLPRBaxU4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURRZdFNy5b6AuaUCbTSTt08nBmUqwh+CtuXCji1v9w5984bbPQ1gMXDufcy733eDFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG17o9up3x5TIVkUNtQkpm6AByHzGcFKSz3z6AE59D5hY+T4ApO0nqWNrGeWrYo1A1omdk7KkKPWM7+cfkSSgIaKcCxl17Zi5aZYKEY4zUpOImmMyQgPaFfTEAdUuuns+gydaqWP/EjoChWaqb8nUhxIOQk83RlgNZSL3lT8z+smyr92UxbGiaIhmS/yE45UhKZRoD4TlCg+0QQTwfStiAyxTkHpwEo6BHvx5WXSOq/YlxWrflGu3uRxFOEYTuAMbLiCKtxBDZpA4BGe4RXejCfjxXg3PuatBSOfOYQ/MD5/AH/DlUI=</latexit>

x ⌘ Q

T

<latexit sha1_base64="udML2UFkpvnYf2pW/eaHHV7mFJA=">AAAB+nicbVDLTgJBEOz1ifha9OhlIjHBg2SXaPRCQvTCERN5JLCS2WEWJsw+MjOrkJVP8eJBY7z6Jd78GwfYg4KVdFKp6k53lxtxJpVlfRsrq2vrG5uZrez2zu7evpk7aMgwFoTWSchD0XKxpJwFtK6Y4rQVCYp9l9OmO7yZ+s0HKiQLgzs1jqjj437APEaw0lLXzFVRGaHRfXJWmlQLo7J92jXzVtGaAS0TOyV5SFHrml+dXkhinwaKcCxl27Yi5SRYKEY4nWQ7saQRJkPcp21NA+xT6SSz0yfoRCs95IVCV6DQTP09kWBfyrHv6k4fq4Fc9Kbif147Vt6Vk7AgihUNyHyRF3OkQjTNAfWYoETxsSaYCKZvRWSABSZKp5XVIdiLLy+TRqloXxSt2/N85TqNIwNHcAwFsOESKlCFGtSBwCM8wyu8GU/Gi/FufMxbV4x05hD+wPj8AQj0keo=</latexit>

H = x
�2

H(x = 1)

<latexit sha1_base64="7CdJnHDdIeULhBIg6ojb73P7Ws8=">AAACQnicbVDLahsxFNWkedVtEjdddiNiCg4hZia0pJtAaBbNMoE4cfC4g0a+YwtLmkG6E2zEfFs3/YLs+gHddNFSuu0i8mOR1wGho3PPQdJJCykshuGPYOnF8srq2vrL2qvXG5tb9TfblzYvDYc2z2VuOimzIIWGNgqU0CkMMJVKuEpHJ9P51Q0YK3J9gZMCeooNtMgEZ+ilpH4dZ4Zx16edRFd+G1f0iM61MY2/MKVY4nRRVe 60OT6KdisaS8gwdhS+un3v3p8maTPam593aWzEYIhxldQbYSucgT4l0YI0yAJnSf027ue8VKCRS2ZtNwoL7DlmUHAJVS0uLRSMj9gAup5qpsD23KyCir73Sp9mufFLI52p9xOOKWsnKvVOxXBoH8+m4nOzbonZp54TuigRNJ9flJWSYk6nfdK+MMBRTjxh3Aj/VsqHzPeHvvWaLyF6/OWn5PKgFX1shecfGsefF3Wsk3dkhzRJRA7JMTklZ6RNOPlGfpLf5E/wPfgV/A3+za1LwSLzljxA8P8OOq+vVg==</latexit>

dXn

dx
=

x�np

H(x = 1)

�
e
�x �Xn(1 + e

�x)
 

<latexit sha1_base64="UJ3IKo275yCohckJjdrfjQewUlo=">AAACGHicbVBNSwMxEM36WetX1aOXYBEUoe4Wq14E0YMeFWwVunWZTbM2NMkuSVZalv0ZXvwrXjwo4tWb/8a09qDVBwOP92aYmRcmnGnjup/OxOTU9MxsYa44v7C4tFxaWW3oOFWE1knMY3UTgqacSVo3zHB6kygKIuT0OuyeDvzre6o0i+WV6Se0JeBOsogRMFYKSrv+GQgBQSaTHB9hP1JAsmqtlme+gTSQuHdby7e86s5+b6 d3W90OSmW34g6B/xJvRMpohIug9OG3Y5IKKg3hoHXTcxPTykAZRjjNi36qaQKkC3e0aakEQXUrGz6W402rtHEUK1vS4KH6cyIDoXVfhLZTgOnocW8g/uc1UxMdtjImk9RQSb4XRSnHJsaDlHCbKUoM71sCRDF7KyYdsNkYm2XRhuCNv/yXNKoVr1ZxL/fKxyejOApoHW2gLeShA3SMztEFqiOCHtATekGvzqPz7Lw579+tE85oZg39gvPxBdWdnlg=</latexit>

�np =
255

⌧nx5
(12 + 6x+ x2)

<latexit sha1_base64="1eaxDjQ1dEc/hqHsfSXbw6wlwHw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXIVE1HYjFN24rGAf0IQwmU7boTOTMDMRSmg3/oobF4q49S/c+TdO2yy09cCFwzn3cu89UcKo0q77bRVWVtfWN4qbpa3tnd09e/+gqeJUYtLAMYtlO0KKMCpIQ1PNSDuRBPGIkVY0vJ36rUciFY3Fgx4lJOCoL2iPYqSNFNpHvkZpKOA1rFavnMok8yWHiuBxaJddx50BLhMvJ2WQox 7aX343xiknQmOGlOp4bqKDDElNMSPjkp8qkiA8RH3SMVQgTlSQzT4Yw1OjdGEvlqaEhjP190SGuFIjHplOjvRALXpT8T+vk+peNcioSFJNBJ4v6qUM6hhO44BdKgnWbGQIwpKaWyEeIImwNqGVTAje4svLpHnueJeOe39Rrt3kcRTBMTgBZ8ADFVADd6AOGgCDCXgGr+DNerJerHfrY95asPKZQ/AH1ucPgZSVpg==</latexit>

⌧n = 886.7 sec
<latexit sha1_base64="n/0/41nBMdvRq6oBrt8npn2wp6c=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhFi47PtAmELRJGcE8IFnD7GQ2GTL7YGZWDMta2PgrNhaK2PoPdv6Nk2QLjR64cDjnXu69x404k8q2v4zc3PzC4lJ+ubCyura+YW5uNWQYC0LrJOShaLlYUs4CWldMcdqKBMW+y2nTHV6O/eYtFZKFwbUaRdTxcT9gHiNYaalr7lZLd2V0AMsQWej4PukIH0pK0pvkEKVds2hb9gTwL0EZKYIMta752emFJPZpoAjHUraRHSknwUIxwmla6MSSRpgMcZ+2NQ2wT6WTTL5I4b5WetALha5AwYn6cyLBvpQj39WdPlYDOeuNxf+8dqy8cydhQRQrGpDpIi/mUIVwHAnsMUGJ4iNNMBFM3wrJAAtMlA6uoENAsy//JY0jC51a9tVJsXKRxZEHO2APlAACZ6ACqqAG6oCAB/AEXsCr8Wg8G2/G+7Q1Z2Qz2+AXjI9v2NuWRg==</latexit>

H(x = 1) = 1.13 sec�1



Neutron proton ratio

•

• At 𝑥 ≪ 1, the system is in thermal equilibrium, 𝑋/ = 1/2.

• 𝑋/ freezes at 0.15 at 𝑇 ≈ 0.5 MeV

• Neutrons decay after freezing-out,
until they are inside stable nucleus. 

<latexit sha1_base64="7CdJnHDdIeULhBIg6ojb73P7Ws8="></latexit>

dXn

dx
=

x�np

H(x = 1)

�
e
�x �Xn(1 + e

�x)
 

<latexit sha1_base64="UJ3IKo275yCohckJjdrfjQewUlo=">AAACGHicbVBNSwMxEM36WetX1aOXYBEUoe4Wq14E0YMeFWwVunWZTbM2NMkuSVZalv0ZXvwrXjwo4tWb/8a09qDVBwOP92aYmRcmnGnjup/OxOTU9MxsYa44v7C4tFxaWW3oOFWE1knMY3UTgqacSVo3zHB6kygKIuT0OuyeDvzre6o0i+WV6Se0JeBOsogRMFYKSrv+GQgBQSaTHB9hP1JAsmqtlme+gTSQuHdby7e86s5+b6d3W90OSmW34g6B/xJvRMpohIug9OG3Y5IKKg3hoHXTcxPTykAZRjjNi36qaQKkC3e0aakEQXUrGz6W402rtHEUK1vS4KH6cyIDoXVfhLZTgOnocW8g/uc1UxMdtjImk9RQSb4XRSnHJsaDlHCbKUoM71sCRDF7KyYdsNkYm2XRhuCNv/yXNKoVr1ZxL/fKxyejOApoHW2gLeShA3SMztEFqiOCHtATekGvzqPz7Lw579+tE85oZg39gvPxBdWdnlg=</latexit>

�np =
255

⌧nx5
(12 + 6x+ x2)
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!'
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Light Element Abundances

• Deuterium revisit

• 𝑛% ≈ 𝑛/:

• Neutron decay from 𝑇012232 = 0.5 MeV to 𝑇/45 ≈ 0.07 MeV.
• 𝑋/ from 0.15 to 0.11.

<latexit sha1_base64="hLQrx4usuVndy2oEWf2qgdR6Jus="></latexit>

nD

nn
⇠ ⌘b

✓
T

mp

◆3/2

eBD/T

<latexit sha1_base64="ZWiAMEGVijcAairHwEo0SCwpWEA="></latexit>

log(⌘b) +
3

2
log(Tnuc/mp) ⇠ � BD

Tnuc
<latexit sha1_base64="loH3nmZJfp5F++tXbTls2hlNJg0=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUaUuiy6cSNU6AvaoWTSTBuaSUKSEcsw7t34K25cKOLWD3Dn35hpZ6GtBwKHc87l5p5AMqqN6347S8srq2vrhY3i5tb2zm5pb7+lRawwaWLBhOoESBNGOWkaahjpSEVQFDDSDsZXmd++I0pTwRtmIokfoSGnIcXIWKlfKjf6SU9FkMc4hT0kpRL30K24VZg8ZPoNaaU2ZZUp4CLxclIGOer90ldvIHAcEW4wQ1p3PVcaP0HKUMxIWuzFmkiEx2hIupZyFBHtJ9NjUnhslQEMhbKPGzhVf08kKNJ6EgU2GSEz0vNeJv7ndWMTXvgJ5TI2hOPZojBm0AiYNQMHVBFs2MQShBW1f4V4hBTCxvZXtCV48ycvktZpxTuvuLdn5dplXkcBHIIjcAI8UAU1cA3qoAkweATP4BW8OU/Oi/PufMyiS04+cwD+wPn8Af5bmk0=</latexit>

Tnuc ⇡ 0.07 MeV



Light Element Abundances

• 4He has the largest binding 
energy per nucleon.
• All the neutrons will go into 4He.

• Mass fraction:
<latexit sha1_base64="O34zOI8WCx1Akjhxu208qoJoMuI=">AAACMHicbVBNS8NAEN34bf2qevQyWAS9lKRU9CKIHvSoYLXQ1LDZTnRxs4m7m2IJ+Ule/Cl6UVDEq7/C7cfBrwcDj/dmmJkXpoJr47ovztj4xOTU9MxsaW5+YXGpvLxyrpNMMWywRCSqGVKNgktsGG4ENlOFNA4FXoQ3h33/ootK80SemV6K7ZheSR5xRo2VgvJRM6iDj7cZ74IfKcryOsgg91UMl/VjLIpcBmEBe1CDZiA3z4 aWzFixBT5NU5XcgVut1YJyxa26A8Bf4o1IhYxwEpQf/U7CshilYYJq3fLc1LRzqgxnAouSn2lMKbuhV9iyVNIYdTsfPFzAhlU6ECXKljQwUL9P5DTWuhfbwzdiaq71b68v/ue1MhPttnMu08ygZMNFUSbAJNBPDzpcITOiZwllittbgV1TG5uxGZdsCN7vl/+S81rV2666p/XK/sEojhmyRtbJJvHIDtknx+SENAgj9+SJvJI358F5dt6dj2HrmDOaWSU/4Hx+AZ68p3k=</latexit>

X4 ⌘ 4n4He

nb
= 2Xn(Tnuc) ⇡ 0.22



Recombination



Recombination

• 𝑝 + 𝑒 → 𝐻 + 𝛾
<latexit sha1_base64="9kVKBYhlT9HGHAGrMmhCM7Jdx3k=">AAACPHicbZBLSwMxFIUz9VXrq+rSTbAIdVNmRNGNUHTTZUX7gLYOmTTThiaZIckIZZgf5sYf4c6VGxeKuHVtph1FWy8Evpx7Lsk9Xsio0rb9ZOUWFpeWV/KrhbX1jc2t4vZOUwWRxKSBAxbItocUYVSQhqaakXYoCeIeIy1vdJn2W3dEKhqIGz0OSY+jgaA+xUgbyS1ed32JcCzcEAqXJCncxmX7MEmvU0rgOfx21YzcHSDOUW qt/VinWuZ3iyW7Yk8KzoOTQQlkVXeLj91+gCNOhMYMKdVx7FD3YiQ1xYwkhW6kSIjwCA1Ix6BAnKhePFk+gQdG6UM/kOYIDSfq74kYcaXG3DNOjvRQzfZS8b9eJ9L+WS+mIow0EXj6kB8xqAOYJgn7VBKs2dgAwpKav0I8RCYnbfIumBCc2ZXnoXlUcU4q9tVxqXqRxZEHe2AflIEDTkEV1EAdNAAG9+AZvII368F6sd6tj6k1Z2Uzu+BPWZ9fLfatdg==</latexit> npne

n(0)
p n(0)

e

=
nHn�

n(0)
H

n(0)
�

<latexit sha1_base64="6CCRTVTaAIGZ3HGnjF0AKwwCH/Q=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoW7KjCi6EYpuXFawF2jHciZN29AkMyQZoQzFja/ixoUibn0Kd76N6UXQ1h8CH/85h5PzhzFn2njel5NZWFxaXsmu5tbWNza33O2dqo4SRWiFRDxS9RA05UzSimGG03qsKIiQ01rYvxrVa/dUaRbJWzOIaSCgK1mHETDWarl7stXsghCAL/AP3qUF72jYcvNe0RsLz4M/hTyaqtxyP5vtiCSCSkM4aN3wvdgEKSjDCKfDXDPRNAbShy5tWJQgqA7S8QlDfGidNu5Eyj5p8Nj9PZGC0HogQtspwPT0bG1k/ldrJKZzHqRMxomhkkwWdRKOTYRHeeA2U5QYPrAARDH7V0x6oIAYm1rOhuDPnjwP1eOif1r0bk7ypctpHFm0jw5QAfnoDJXQNSqjCiLoAT2hF/TqPDrPzpvzPmnNONOZXfRHzsc3svOWVQ==</latexit>

n� = n(0)
�

<latexit sha1_base64="yNewr9AEP3H0fvK/ElHzsTu/Gj8=">AAACJHicbZDLSsNAFIYnXmu9RV26GSxC3ZREFAURim66rGAv0MYwmU7aoZNJmJkIJeRh3Pgqblx4wYUbn8VJGkRbDwx8/P85nDm/FzEqlWV9GguLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vs78zj0Rkob8Vk0i4gRoyKlPMVJacs2Lvi8QTrhLIHejVEMjhZfwR71LqtZRmnlTyjsKdM2KVbPygvNgF1ABRTVd860/CHEcEK4wQ1L2bCtSToKEopiRtNyPJYkQHqMh6WnkKCDSSfIjU3iolQH0Q6EfVzBXf08kKJByEni6M0BqJGe9TPzP68XKP3cSyqNYEY6ni/yYQRXCLDE4oIJgxSYaEBZU/xXiEdL5KJ1rWYdgz548D+3jmn1as25OKvWrIo4S2AcHoApscAbqoAGaoAUweABP4AW8Go/Gs/FufExbF4xiZg/8KePrG4lJpBc=</latexit>

nenp

nH

=
n(0)
e n(0)

p

n(0)
H

All non-relativistic

<latexit sha1_base64="FKPgRw0utFKBxVOKCrbuXlYMXHk=">AAACInicbZDLSgMxFIYz9VbrrerSTbAIglBmRFEXQtFNlxXsBdoyZNIzbWgmMyaZQhn6LG58FTcuFHUl+DBm2iraeiDh5/vPITm/F3GmtG1/WJmFxaXllexqbm19Y3Mrv71TU2EsKVRpyEPZ8IgCzgRUNdMcGpEEEngc6l7/OvXrA5CKheJWDyNoB6QrmM8o0Qa5+YuGC7gFdzEb4JYvCU2EC6P0wkdYuOURvvzhUcqjb+7mC3 bRHheeF85UFNC0Km7+rdUJaRyA0JQTpZqOHel2QqRmlMMo14oVRIT2SReaRgoSgGon4xVH+MCQDvZDaY7QeEx/TyQkUGoYeKYzILqnZr0U/uc1Y+2ftxMmoliDoJOH/JhjHeI0L9xhEqjmQyMIlcz8FdMeMYFok2rOhODMrjwvasdF57Ro35wUSlfTOLJoD+2jQ+SgM1RCZVRBVUTRPXpEz+jFerCerFfrfdKasaYzu+hPWZ9fpIKjFg==</latexit>

Xe ⌘
ne

ne + nH

=
np

np + nH

<latexit sha1_base64="81fgql94QJlqO1+AAsZhqCN9NsE=">AAACZXicbVFNj9MwFHTCVyksdBfEhQNPVEhdoe0mBQQXpBVcelykdrdSk0aO+9JaazuR7SBVJn+SG1cu/A3cNkiwy5Msj2bmPdvjvBLc2Cj6EYS3bt+5e69zv/vg4cGjx73DowtT1prhlJWi1LOcGhRc4dRyK3BWaaQyF3iZX33e6pdfURteqondVJhKulK84IxaT2W9b0mhKXOzDBejxsVwAh428BH2fNw4lSG8BpWNG0gEFn a+3watQ3p50rhRUnFv0Hy1tscL9+Z01AAu3AkM5K5fZpWfLbPx8enkjy/Nev1oGO0KboK4BX3S1nnW+54sS1ZLVJYJasw8jiqbOqotZwKbblIbrCi7oiuce6ioRJO6XUoNvPLMEopS+6Us7Ni/OxyVxmxk7p2S2rW5rm3J/2nz2hYfUsdVVVtUbH9QUQuwJWwjhyXXyKzYeECZ5v6uwNbUh2f9x3R9CPH1J98EF6Nh/G4YfXnbP/vUxtEhz8lLMiAxeU/OyJickylh5GfQCQ6Do+BXeBA+DZ/trWHQ9jwh/1T44je9wbQC</latexit>

X2
e

1�Xe

=
1

ne + nH

"✓
meT

2⇡

◆3/2

e�(me+mp�mH)/T

#



Recombination

•

• At 𝑇 ∼ 10 eV:

• when 
6#76$"6%

8
∼ log 109:

<latexit sha1_base64="81fgql94QJlqO1+AAsZhqCN9NsE=">AAACZXicbVFNj9MwFHTCVyksdBfEhQNPVEhdoe0mBQQXpBVcelykdrdSk0aO+9JaazuR7SBVJn+SG1cu/A3cNkiwy5Msj2bmPdvjvBLc2Cj6EYS3bt+5e69zv/vg4cGjx73DowtT1prhlJWi1LOcGhRc4dRyK3BWaaQyF3iZX33e6pdfURteqondVJhKulK84IxaT2W9b0mhKXOzDBejxsVwAh428BH2fNw4lSG8BpWNG0gEFn a+3watQ3p50rhRUnFv0Hy1tscL9+Z01AAu3AkM5K5fZpWfLbPx8enkjy/Nev1oGO0KboK4BX3S1nnW+54sS1ZLVJYJasw8jiqbOqotZwKbblIbrCi7oiuce6ioRJO6XUoNvPLMEopS+6Us7Ni/OxyVxmxk7p2S2rW5rm3J/2nz2hYfUsdVVVtUbH9QUQuwJWwjhyXXyKzYeECZ5v6uwNbUh2f9x3R9CPH1J98EF6Nh/G4YfXnbP/vUxtEhz8lLMiAxeU/OyJickylh5GfQCQ6Do+BXeBA+DZ/trWHQ9jwh/1T44je9wbQC</latexit>

X2
e

1�Xe

=
1

ne + nH

"✓
meT

2⇡

◆3/2

e�(me+mp�mH)/T

#

<latexit sha1_base64="4fCXj5n7y6BbcMBgaXOwE9JVekM="></latexit>

X2
e

1�Xe
⇡ ⌘�1

b

⇣me

T

⌘3/2
⇠ 1018 � 1

<latexit sha1_base64="BUwu8SjoZ+qeKH3fixeDkibCd2E=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8lV1R9Fj04rGC/YB2Kdl0tg3NJjHJFsvS3+HFgyJe/THe/Dem7R609cHA470ZZuZFijNjff/bW1ldW9/YLGwVt3d29/ZLB4cNI1NNoU4ll7oVEQOcCahbZjm0lAaSRBya0fB26jdHoA2T4sGOFYQJ6QsWM0qsk8JWF3CHKKXlEw66pbJf8WfAyyTISRnlqHVLX52epGkCwlJOjGkHvrJhRrRllMOk2EkNKEKHpA9tRwVJwITZ7OgJPnVKD8dSuxIWz9TfExlJjBknketMiB2YRW8q/ue1UxtfhxkTKrUg6HxRnHJsJZ4mgHtMA7V87AihmrlbMR0QTah1ORVdCMHiy8ukcV4JLiv+/UW5epPHUUDH6ASdoQBdoSq6QzVURxQ9omf0it68kffivXsf89YVL585Qn/gff4A36aRgw==</latexit>

Xe ⇡ 1 Recombination not start yet.

<latexit sha1_base64="KpJyzPs7lFd+jSVUYrT82SsySxs=">AAACBXicbZC7TsMwFIadcivlFmCEwaJCYqFKKhCMFSyMRaIXqQmR4zqtVduJbAepirKw8CosDCDEyjuw8Ta4bQZo+SVLn/5zjo7PHyaMKu0431ZpaXllda28XtnY3NresXf32ipOJSYtHLNYdkOkCKOCtDTVjHQTSRAPGemEo+tJvfNApKKxuNPjhPgcDQSNKEbaWIF96EUS4awbkPt6nrnwFBrMoacoh25gV52aMxVcBLeAKi jUDOwvrx/jlBOhMUNK9Vwn0X6GpKaYkbzipYokCI/QgPQMCsSJ8rPpFTk8Nk4fRrE0T2g4dX9PZIgrNeah6eRID9V8bWL+V+ulOrr0MyqSVBOBZ4uilEEdw0kksE8lwZqNDSAsqfkrxENkYtEmuIoJwZ0/eRHa9Zp7XnNuz6qNqyKOMjgAR+AEuOACNMANaIIWwOARPINX8GY9WS/Wu/Uxay1Zxcw++CPr8wdU8pcr</latexit>

X2
e

1�Xe
⇠ 1

<latexit sha1_base64="bf4arvVgaDZX/8jLNASc0xQ4zHU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExRQkFwVjBwlikvqQmihzXaa06iWU7iCoqKwu/wsIAQqx8ARt/g5tmgJYjXenonHt17z0BZ1Qq2/42SkvLK6tr5fXKxubW9o65u9eWSSowaeGEJaIbIEkYjUlLUcVIlwuCooCRTjC6nvqdOyIkTeKmGnPiRWgQ05BipLTkm4dNP3NFBAXBE+gizkVyD22rVsvVB9Ke+GbVtuwccJE4BamCAg3f/HL7CU4jEivMkJQ9x+bKy5BQFDMyqbipJBzhERqQnqYxioj0svyVCTzWSh+GidAVK5irvycyFEk5jgLdGSE1lPPeVPzP66UqvPQyGvNUkRjPFoUpgyqB01xgn+oIFBtrgrCg+laIh0ggrHR6FR2CM//yImmfWs65Zd+eVetXRRxlcACOwAlwwAWogxvQAC2AwSN4Bq/gzXgyXox342PWWjKKmX3wB8bnD+QUmb8=</latexit>

Trec ⇡ 0.33 eV



Summary



Basics about Inflationary Universe



Problems with the Thermal Big Bang Universe

• Horizon Problem

• Flatness Problem



The FRW metric of the Homogeneous and 
Isotropic Universe
• FRW metric

• Choose a new coordinate



Conformal Time and Horizons

• Conformal time:

Only consider radial motion



Conformal Time and Horizons

• Radial null geodesics of light

P and Q are causially disconnected



Particle Horizon

• The maximum distance light can propagate between an initial time 𝑡.
and some later time 𝑡:

• Physical size: 



Event Horizon

• A event horizon defines the set of points from which signals sent at a 
given moment 𝜏 will never be received by an observer in the future.

• Physical size of event horizon



The Horizon Problem

• In thermal big bang, 𝑎 𝑡 ∼ 𝑡; ,
• 𝑝 = 1/2 for RD, 2/3 for MD. 𝑝 < 1.

• The event horizon becomes larger and larger. 
• We can see farther and farther.
• The comoving horizon today much larger than the horizon at 

recombinnation
• The conformal time has a finite beginning.

<latexit sha1_base64="kNrFVs5o1uTUTMZKDLtW5Y6dezQ=">AAACF3icbZDLSgMxFIYzXmu9VV26CRbBTcuMKLoRim5cVrAX6LQlk8m0oZmZkJwRyjBv4cZXceNCEbe6821M21lo6w+BL/85h+T8nhRcg21/W0vLK6tr64WN4ubW9s5uaW+/qeNEUdagsYhV2yOaCR6xBnAQrC0VI6EnWMsb3UzqrQemNI+jexhL1g3JIOIBpwSM1S9VfRdIgq8w9NKKzLCPwVzcQBGaOlnqVLDEU7dnWGb9Utmu2lPhRXByKKNc9X7py/VjmoQsAiqI1h3HltBNiQJOBcuKbqKZJHREBqxjMCIh0910uleGj43j4yBW5kSAp+7viZSEWo9Dz3SGBIZ6vjYx/6t1EgguuymPZAIsorOHgkRgiPEkJOxzxSiIsQFCFTd/xXRITCZgoiyaEJz5lReheVp1zqv23Vm5dp3HUUCH6AidIAddoBq6RXXUQBQ9omf0it6sJ+vFerc+Zq1LVj5zgP7I+vwBGKKdYQ==</latexit>

d⌧ = t�pdt =
1

1� p
dt1�p

<latexit sha1_base64="Gj5cMI4pQia9v403A/f15IAb5D8=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwkrAjil6EoBePEcwDsjHMTmaTIbMPZnqFsOzNi7/ixYMiXv0Fb/6Nk2QPmljQUFR1093lxVJocJxva2FxaXlltbBWXN/Y3Nq2d3YbOkoU43UWyUi1PKq5FCGvgwDJW7HiNPAkb3rD67HffOBKiyi8g1HMOwHth8IXjIKRuvaBCzTBl9j1FWUpyVKCyzjOMNynpBxnXbvkVJwJ8DwhOSmhHLWu/eX2IpYEPAQmqdZt4sTQSakCwSTPim6ieUzZkPZ529CQBlx30skfGT4ySg/7kTIVAp6ovydSGmg9CjzTGVAY6FlvLP7ntRPwLzqpCOMEeMimi/xEYojwOBTcE4ozkCNDKFPC3IrZgJpEwERXNCGQ2ZfnSeOkQs4qzu1pqXqVx1FA++gQHSOCzlEV3aAaqiOGHtEzekVv1pP1Yr1bH9PWBSuf2UN/YH3+AJmwl90=</latexit>

⌧ =
1

1� p
t1�p

<latexit sha1_base64="pER2uPNOOcx5qkS41T45Ay+5hHc=">AAACBHicbVDLSgMxFM34rPU16rKbYBHcWGZE0WXRjcsK9gGdsWTSTBuaZEKSEcowCzf+ihsXirj1I9z5N6btLLT1wIXDOfdy7z2RZFQbz/t2lpZXVtfWSxvlza3tnV13b7+lk1Rh0sQJS1QnQpowKkjTUMNIRyqCeMRIOxpdT/z2A1GaJuLOjCUJORoIGlOMjJV6bgXBQFMOA4PS+yyIFcKZzDP/ROZ5z616NW8KuEj8glRBgUbP/Qr6CU45EQYzpHXX96QJM6QMxYzk5SDVRCI8QgPStVQgTnSYTZ/I4ZFV+jBOlC1h4FT9PZEhrvWYR7aTIzPU895E/M/rpia+DDMqZGqIwLNFccqgSeAkEdinimDDxpYgrKi9FeIhskEYm1vZhuDPv7xIWqc1/7zm3Z5V61dFHCVQAYfgGPjgAtTBDWiAJsDgETyDV/DmPDkvzrvzMWtdcoqZA/AHzucPtTWYJQ==</latexit>

a ⇠ ⌧
p

1�p

<latexit sha1_base64="MxijJ8jSjE47JCOFoP2hBb+PVzE=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSElE0WXRjcsK9gFNKJPppB06mYSZGyGE+ituXCji1g9x5984bbPQ1gOXezjnXubOCRLBNTjOt7Wyura+sVnaKm/v7O7t2weHbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB+Hbqdx6Z0jyWD5AlzI/IUPKQUwJG6tsVD0iKPS5xzTkzLYTstG9XnbozA14mbkGqqECzb395g5imEZNABdG65zoJ+DlRwKlgk7KXapYQOiZD1jNUkohpP58dP8EnRhngMFamJOCZ+nsjJ5HWWRSYyYjASC96U/E/r5dCeO3nXCYpMEnnD4WpwBDjaRJ4wBWjIDJDCFXc3IrpiChCweRVNiG4i19eJu3zuntZd+4vqo2bIo4SOkLHqIZcdIUa6A41UQtRlKFn9IrerCfrxXq3PuajK1axU0F/YH3+AAgOk7k=</latexit>

⌧ 2 (0,1)



The Horizon Problem

CMB
A B

Us

Big Bang Sigularity

Micr
owav

e fro
m A Microwave from B

The past lightcones of A and B had never met.
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𝜏 = 0



Flatness problem

Define how flat the Universe is

<latexit sha1_base64="kJIG+u754j25PQaNMnLv+kpd66k=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXKnosevFYwX5Au5Zsmm1js8mSZIWy7H/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpn67SeqNJPi3kxi6kd4KFjICDZWauGH9KyW9csVt+rOgJaJl5MK5Gj0y1+9gSRJRIUhHGvd9dzY+ClWhhFOs1Iv0TTGZIyHtGupwBHVfjq7NkMnVhmgUCpbwqCZ+nsixZHWkyiwnRE2I73oTcX/vG5iwis/ZSJODBVkvihMODISTV9HA6YoMXxiCSaK2VsRGWGFibEBlWwI3uLLy6R1XvUuqu5drVK/zuMowhEcwyl4cAl1uIUGNIHAIzzDK7w50nlx3p2PeWvByWcO4Q+czx8cK47S</latexit>

a�4 in radiation domination

<latexit sha1_base64="LyVaFPrvVda8BUNZ7WS+YtvQNWY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd2g6DHoxWME84BkDbOT2WTIPNaZWSEs+QkvHhTx6u9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kntrmEC4Ydqr1T2K/4MaJkEOSlDjnqv9NXtK5IKKi3h2JhO4Cc2zLC2jHA6KXZTQxNMRnhAO45KLKgJs9m9E3TqlD6KlXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGV2HGZJJaKsl8UZxyZBWaPo/6TFNi+dgRTDRztyIyxBoT6yIquhCCxZeXSbNaCS4q/t15uXadx1GAYziBMwjgEmpwC3VoAAEOz/AKb96j9+K9ex/z1hUvnzmCP/A+fwBaq4+E</latexit>

⇠ a2

The Universe is flatter at earlier 
time during radiation domination.



A first look of Inflation

• To solve the problems, we need accelerating expansion.
• Parameterize the scale factor as 𝑎 𝑡 ∼ 𝑡;, we need 𝑝 > 1.

• The event horizon 𝜏 , becomes smaller and smaller.
• The conformal time 𝜏 has a finite ending.

<latexit sha1_base64="kNrFVs5o1uTUTMZKDLtW5Y6dezQ=">AAACF3icbZDLSgMxFIYzXmu9VV26CRbBTcuMKLoRim5cVrAX6LQlk8m0oZmZkJwRyjBv4cZXceNCEbe6821M21lo6w+BL/85h+T8nhRcg21/W0vLK6tr64WN4ubW9s5uaW+/qeNEUdagsYhV2yOaCR6xBnAQrC0VI6EnWMsb3UzqrQemNI+jexhL1g3JIOIBpwSM1S9VfRdIgq8w9NKKzLCPwVzcQBGaOlnqVLDEU7dnWGb9Utmu2lPhRXByKKNc9X7py/VjmoQsAiqI1h3HltBNiQJOBcuKbqKZJHREBqxjMCIh0910uleGj43j4yBW5kSAp+7viZSEWo9Dz3SGBIZ6vjYx/6t1EgguuymPZAIsorOHgkRgiPEkJOxzxSiIsQFCFTd/xXRITCZgoiyaEJz5lReheVp1zqv23Vm5dp3HUUCH6AidIAddoBq6RXXUQBQ9omf0it6sJ+vFerc+Zq1LVj5zgP7I+vwBGKKdYQ==</latexit>

d⌧ = t�pdt =
1

1� p
dt1�p

<latexit sha1_base64="Gj5cMI4pQia9v403A/f15IAb5D8=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwkrAjil6EoBePEcwDsjHMTmaTIbMPZnqFsOzNi7/ixYMiXv0Fb/6Nk2QPmljQUFR1093lxVJocJxva2FxaXlltbBWXN/Y3Nq2d3YbOkoU43UWyUi1PKq5FCGvgwDJW7HiNPAkb3rD67HffOBKiyi8g1HMOwHth8IXjIKRuvaBCzTBl9j1FWUpyVKCyzjOMNynpBxnXbvkVJwJ8DwhOSmhHLWu/eX2IpYEPAQmqdZt4sTQSakCwSTPim6ieUzZkPZ529CQBlx30skfGT4ySg/7kTIVAp6ovydSGmg9CjzTGVAY6FlvLP7ntRPwLzqpCOMEeMimi/xEYojwOBTcE4ozkCNDKFPC3IrZgJpEwERXNCGQ2ZfnSeOkQs4qzu1pqXqVx1FA++gQHSOCzlEV3aAaqiOGHtEzekVv1pP1Yr1bH9PWBSuf2UN/YH3+AJmwl90=</latexit>

⌧ =
1

1� p
t1�p

<latexit sha1_base64="H/TCB8cQi3utND4gmgAGfVD9mdc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBS2JKLosunFZwT6gCWUynbSDk0mYuRFiKP6KGxeKuPU/3Pk3Th8LbT1wL4dz7mXunCARXIPjfFuFhcWl5ZXiamltfWNzy97eaeo4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYK7q9HfuuBKc1jeQdZwvyI9CUPOSVgpK695wFJscclrpyYHkJ27Bx17bJTdcbA88SdkjKaot61v7xeTNOISaCCaN1xnQT8nCjgVLBhyUs1Swi9J33WMVSSiGk/H18/xIdG6eEwVqYk4LH6eyMnkdZZFJjJiMBAz3oj8T+vk0J46edcJikwSScPhanAEONRFLjHFaMgMkMIVdzciumAKELBBFYyIbizX54nzdOqe151bs/KtatpHEW0jw5QBbnoAtXQDaqjBqLoET2jV/RmPVkv1rv1MRktWNOdXfQH1ucPeR+T8A==</latexit>

⌧ 2 (�1, 0)



The particle during inflation
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How inflation solves the horizon problem?

CMB
A B
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End of Inflation
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Accelerating Expansion

Decelerating Expansion



Physics of Inflation

• Scalar field dynamics

<latexit sha1_base64="5Ku64q1LjWtKJaU1VTGWQpmaHQg="></latexit>

⇢� ⇡ �p� if �̇2 ⌧ V (�)

We need to keep a large potential for a long time.



Physics of Inflation

• Evolution of 𝜙

Hubble friction
Drives the scalar field down.

<latexit sha1_base64="4vEtWt2+GxU3iU37yMzNNfbNahs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpii6LbrqsYB/QxjCZTtKhkwczE6GG4q+4caGIW//DnX/jpM1CWw9cOJxzL/fe4yWcSWVZ30ZpZXVtfaO8Wdna3tndM/cPOjJOBaFtEvNY9DwsKWcRbSumOO0lguLQ47TrjW9yv/tAhWRxdKcmCXVCHETMZwQrLbnmUfO+jgZBgDpuNkhGLK+pa1atmjUDWiZ2QapQoOWaX4NhTNKQRopwLGXfthLlZFgoRjidVgappAkmYxzQvqYRDql0stn1U3SqlSHyY6ErUmim/p7IcCjlJPR0Z4jVSC56ufif10+Vf+VkLEpSRSMyX+SnHKkY5VGgIROUKD7RBBPB9K2IjLDAROnAKjoEe/HlZdKp1+yLmnV7Xm1cF3GU4RhO4AxsuIQGNKEFbSDwCM/wCm/Gk/FivBsf89aSUcwcwh8Ynz+AW5Sg</latexit>

H
2 � V��



Slow-roll Inflation

• The evolution of 𝜙 must be significantly slower than the evolution of 
the Universe. 

• Accelerated expansion will only be sustained for a sufficiently long 
period if the second derivative of 𝜙 is small enough. 

≪ 1

≪ 1



Slow-roll Inflation

•

•
• Inflation ends when
•

•

The space-time is approximately de Sitter. 



Slow-roll Inflation

• To solve the horizon problem we need 

(HW)
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Example: 𝑚!𝜙! Inflation

•
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Transplanckian problem



Single field inflation models

• Small field model

• Large field model



Quantum fluctuations during Inflation 



Quantum fluctuations during Inflation 

• Both the metric and the matter fluctuations.
• Gauge choice is important. 
• We need to find gauge invariant quantities.



The Inhomogeneous Universe

• Perburbations

• SVT decomposition



Gauge transformation (coordinate 
transformation)
• Gauge transformation of the metric:

• Tensor part is gauge invariant



Gauge transformation (coordinate 
transformation)
• Gauge transformation of the energy momentum tensor:

• Tensor part is gauge invariant.



Gauge Invariant Quantities

• Tensors ℎ.< and Σ.< are gauge invariant.

• Gauge invariant scalar quantities

• 𝜁 remains constant outside the horizon for 
adiabatic matter perturbations. 



Gauge Invariant Quantities

• Curvature perturbation on uniform-density hypersurfaces.

• During slow-roll Inflation: 𝛿𝜌 ≈ 𝑉=𝛿𝜙, 𝜌̇ = 𝑉=𝜙̇

• Another gauge invariant quantity: comoving curvature perturbation



Gauge Invariant Quantities

• Comoving Curvature Perturbation

• During slwo-roll inflation:

• During slow-roll,                        (This relation holds after inflation for 
superhorizon scales)

𝛿𝑞: scalar part of the three momentum density.
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Statistics of Cosmological Perturbations

• We are going to calculate the power spectrum of 𝑅>

• If R is Gaussian, the statistics is fully determined by the two-point 
function.

Spactial homogeneity 



Statistics of Cosmological Perturbations

• Tensor modes:



The Quantum Origin of Structure

• Quantum Mechanics of Harmonic Oscillator

• Quantum Fluctuations in de Sitter Space



Quantum Mechanics of Harmonic Oscillator

• Action

• EOM:

• Canonical quantization:



Quantum Mechanics of Harmonic Oscillator

• In Heisenberg Picture:

• The wave function 𝑣 satisfies:

• The commutation relation gives:

• Imposing 

Wave functions



Quantum Mechanics of Harmonic Oscillator

• Define the vacuum |0⟩, annihilated by 𝑎.

• 𝜔(𝑡) is time-dependent! This is different from the harmonic oscillator 
in the textbook. How to define the vacuum??

• We assume that 𝜔 𝑡 → 𝜔 when 𝑡 → −∞, and define the vacuum 
there.  



Quantum Mechanics of Harmonic Oscillator

Should vanish

We choose the standard positive frequency mode



Quantum Mechanics of Harmonic Oscillator

• Zero point fluctuations in ground state



Quantum Fluctuations in de Sitter

• Scalar perturbation:

• Using the gauge:

• The free field action of R



Quantum Fluctuations in de Sitter

• Define the Mukhanov variable

• Using the conformal time



Quantum Fluctuations in de Sitter

• Fourier modes:

• EOM:

• Canonical quantization:



Quantum Fluctuations in de Sitter

• Impose canonical quantization condition for creation and annihilation 
operators:

• We need to specify the vacuum. We need a boundary condition.



Quantum Fluctuations in de Sitter

• The vacuum condition                      .
• We need to specify the 𝑣> to define the vacuum. 
• Reexamine the EOM:

• 𝜀 changes very slowly.
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Quantum Fluctuations in de Sitter

• At 𝜏 → −∞, EOM→

• We impose the boundary condition:

• In de Sitter

• With the boundary condition, 



Quantum Fluctuations in de Sitter

• Define a field

• Superhorizon modes, 



Quantum Fluctuations in de Sitter



From quantum to classical



Contact with Observations


