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The Smooth, Expanding Universe

1
* Einstein Equation: R, — §gWR = 81GT1,,

Ricci tensor Ricci scalar Energy-momentum tensor

R e’ Q a 175 a 1B
Ry, =T, —T%  +T9.1%, 14,17,

UV, 0 ot v

Christoffel symbol

1

Pop = =5 (Gavp + 9sv.a = Japw)

metric



What is metric?

The gravity of a massive object
bends the fabric of space and

* The metric defines the distance. ™ \
A.ctua? *
Asction

d82 — g,LLI/ dCE'u dCEV oY ‘;:::Apparent

< _diréction
tostat
Curvature of

¢ In Ml”kOWSk' space by mass

ds® = —dt* + dx® + dy* + dz* ‘

Light follows the contours
of space-time

* The geodesic line

d2 _ _m dz® dzP
d)\2 B dX d\

Georgia State University




Hubble’s Law

Hubble's Data (1929)
Not Very Impresive
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omogeneous and Isotropic, expanding
Jniverse

ds? = Gupdztdz”

d 2
ds® = —dt* + a*(t) L —Tk‘r2 - r2d6? 4 r* sin? Odg?
pe
a
1 Closed
k‘ — O Flat
—1 Open




omogeneous and Isotropic, expanding
Jniverse

ds? = Gupdztdz” FRW metric

dr?

2 _ 32 2
ds® = —dt” + a“(t) T

- r2df? + 12 sin® 0do?




Friedmann Equations
1

Ry = 59w R = 87G T, ds® = —dt* + a*(t)(dz® + dy* + dz?)
[(—=p 0 0 0 )
o P 0 0
no__
Ideal gas model 17 = 0 0 D 0
\ 0 0 0 P

2
a\ 8rG
00: H*= (E) 77,



Evolution of Energy [ —p

0
TH =
Y 0
Energy momentum conservation: \ 0
T 0 popa o g _
Tv;u =0 Tu,u + FWTV FWTQ =0
v = 0 component: dp a
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The Evolution of the Universe

* We want to calculate: a(t), p(t), P(t)
* The equations we have:

2 .
2 a IE op a
— (-] = — — + — (3 3P| =0
H (a) 3P 8t+a[p+ P

* We need one more equation.
The relation between p and P.



Cosmic Inventory

* Relativistic particles (Radiation) @ + — [3p+ 3P] =
* Photons & neutrinos 0t a
1 0 4a
7) _ — ‘ —_ = ——
3 P a

-3 for particle number conservation,
-1 for red shift.

h
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Cosmic Inventory

* Non-relativistic particles (Matter) % + ¢ 3p+3P] =0
a

* Baryon & Dark matter
' 3a _
P =0 —> gz—;:—SH — ,0NCL3

-3 for particle number conservation



Cosmic Inventory

0
* Vacuum energy op + — [Sp +3P] =0
* Dark energy & at
The potential energy during inflation B
P=—p ) p ~ const. Tﬁ( 8
1 0
e Ex: Scalar field L=—— u¢aﬂ¢ - V(¢)

=——(‘9“¢&/¢+g,5‘£ m) gV (0)
) p=—P=V(¢)

The larger the Universe is, the more potential energy it has.
The expansion is doing negative work.



The Thermal History of the Universe
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Radiation Domination Era

* Evolution of the scale factor
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Radiation Domination Era

e Bosons and Fermions

A3k L
p = g/ - E(k)f (k) fk) = eE(k)/T £ 1

for bosons and fermions

5 — { (72 /30)gT* (boson)

(7/8)(n?/30)gT*  (fermion)

* Evolution of temperature 1" ~ a !



Radiation Domination Era

* Threshold Effect (Freeze out of heavy particles)

a(t)
“ | ”
m T
T > m, e T Km,
Relativistic (Radiation) Non-relativistic (Matter)
-\ 2
5 a € pt/? m? _99
« H2=(-) =T H~%— ~ ~ 10" 2m,
a 3 Mp1 Mp1

* Relaxation rate R ~ apyme

* R > H, the evolution is quasi-static.



Entropy

* First Law of Thermal Dynamics

dU = —PdV +TdS

] _
U= p(T)V == dU = Vd—:’;dT +pdV

1 d
= 5= —Lyar (p;P> 4V

T dT

) S = 8—5 _p+77
S \ov ), T




Entropy

e 1

* The entropy density p = EQ*TLL P = §,0
4 4
1 7 1
T bZ ” (?> " g fer%i;)nsgz <T)

ge= Y gi<%)3+g > i (%)3

fermions



Entropy

* Match the entropy before and after integrating out heavy particles
a(t)

»
»

T

T » m, Me T K m,

Relativistic (Radiation) Non-relativistic (Matter)

Neutrinos are already decoupled. Consider only the gamma and electron

yX2,etx4 Y X2

11
g*:g*S:? Jx = x5 = 2

1/3
11
after before
) 707 = (—4) T



Bes

Evolution of Relativistic Degrees of Freedom
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Kolb & Turner “The Early Universe”



Matter Domination Era

* Evolution of the scale factor

LN 2
a 1l

H2=(—) -7, p:po(
a 3 a

3 2/3
— CL(t) = (§H0t> ao

H==
3t



Vacuum Energy Domination Era

* Evolution of the scale factor

N
H? = (E) — %p p = po = const.
a 3
H = H,

—> a(t) — ageH(t_tO)



A Little Summary

e Evolution of scale factor

ao(2Hot)'/? RD
a(t) =< ao(3Hpt/2)%/2  MD
ageto(t—to) CC

* Acceleration

a <0 RD
a <0 DM
a > 0 CC
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Today’s Universe

SnlG

H? = —F —>
(0)
Q=
Pcrit
Q, =5.38x107>
1, = 0.0493

Q, = 0.685

/ Hubble parameter today

3H 3
Sl

|

Pcrit

— E ,07, + curvature term

1

Dark energy

0,
S Dark matter
26.8%

Ordinary matter 4.9%




Matter-Radiation Equality

7 (T, \*
WQ
2 X %Q*TéMB/pcrit =, =538 x107°

S)N[ZZS)DA4‘+S2523(127

* Matter-Radiation Equality:

a..\ "% 3.36 a.\ a
QM( ) :'—QV< ) — 1420, = 20 ~ 3000

ao 2 ao Qeg




How large the vacuum energy is?

. 0, ~ 0.685
3H?

— QA X Perit = A X ——
PA A X Pecrit A 3Co

Hy = 67.4 km/sec/Mpc = 1.44 x 10™** GeV
oA = 2.52 x 10747 GeV*

» Quantum corrections from the Planck scale ~ G~% ~ 1076 GeV*

e 120 orders of magnitude fine-tuning. The Cosmological Constant
problem



Beyond the Equilibrium




Beyond the Equilibrium

* We have been cheating in the case of eT annihilation.

|
T » m, Me T K m,

Relativistic (Radiation) Non-relativistic (Matter)
—me /T

* Atsome point, I'cx_, < H

* Nonequilibrium processes always happen during the expansion of the
Universe.



The Boltzmann Equation

e What if no interactions?
e Particle number must be conserved.
* n;: physical number density of some kind of particle.

3,4 .
AT N ——C 3Hn, = 0
4t 4t

 With interactions.

1 3
* Particle 1 can disappear through 12 — 34.
 Particle 1 can reappear through 34 —» 12.

2 4




The Boltzmann Equation

d’p ' ’
* Number density  njp = / (27T)3f1(p1) . >‘<

2 4

_sdnia’ d>py d>po d*ps d*py

YoTar / (27)32F; / (27)32F, / (27)32F5 / (27)32E,
x (2m)*6*(p1 + p2 — p3 — pa)|M(12 — 34)|?
x {fsfall £ fa][1 & fo] = fifo[l & f3][1 — £ f4]}

34 - 12 12 - 34




The Boltzmann Equation

d3p4

a_gdma?’ _/ d’p / d°py / d°ps /
dt ) (2m)32E, | (2n)32E, ) (2m)32E5 | (27)32E,

><(27T)454(p1 + P2 — P3 —p4)\/\/l(12 — 34)‘2

x {fafall £ f1][1 3

= fol = f1f2l1 =

= f3][1 — -

1 + f for bosonic final state, Bosonic condensation.
1 — f for fermionic final state, Pauli exclusion principle.

= f4] }



The Boltzmann Equation

_gdnia® d°p d°ps d°p3 d°py
T / (27)32F; / (27)32E, ,/ (27)32F; ,/ (27)32E,
><(27T)454(p1 + P2 — P3 —p4)\/\/l(12 — 34)‘2
X {fafall £ f1]ll £ fo| — fifol & f3][1 — = fa]}

For homogeneous distributions: f; can only be functions of E;.

Thermal equilibrium means Collision term = 0.

1
€q __
it = e(Bi—pi)/T 1




Non-equilibrium

* Non-equilibrium usually happens when H > T..
e H is suppressed by Planck scale.
* We usually need I" to be suppressed exponentially.

* Non-equilibrium usually happens when particle number is exponentially
suppressed. |

i = e(Ei—pi)/T = 1 et Te <

3
n; = gie'ui/T/ (;i Z)?g e Bi/T — 6“i/Tn§O)
T



Non-equilibrium

dnqa’ ( Nan n1in \

_3any (0) (0) 374 112

a =n; Ny’ {oV) 1 — >
dt b néO)niO) ngo)néo) )

(ov) = ! / d’py / d’ps / d°p3 / d°py
CaOpO ) (2m)32E ) (2m)32E, ) (2m)32E3 J (27)32E,
Xe_(E1+E2)/T(27T)454(p1 _|_p2 — Py — p4)\./\/l]2

374 119

In case of thermal equilibrium: —
néO)nELO) ngo)ngo)




The Thermal History of the Universe
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Big Bang Nucleosynthesis

* Basic facts:
It started when T ~ 1 MeV.
* Tightly coupled relativistic particles: y, e ™.
* Tightly coupled non-relativistic particles: baryons (p, n).
Decoupled relativistic particles: neutrinos.
n=ny/ny, = 6.2x1071°.
Nuclear binding energy, B = Zm, + (A —Z)m, —m

Neutrons and protons can interconvert via weak interactions:
p+DHn+e+ p+e $n+v n<spt+e +U
Light elements are produced via electromagnetic interactions:

p+n—D+~ D+D-—-n+>He >*He+D — p+ *He



Big Bang Nucleosynthesis (Simplified version)

* We only consider hydrogen and
helium and their isotopes.
(Deuterium, tritium, and 3He)

e ForT > 0.1 MeV, we assume no
light nuclei are formed, we can
consider only proton. and
neutrons.

* We first calculate the neutron
proton ratio, and then use it to
calculate the abundances of
other isotopes.

MeV/A

10

Binding Energy per Nucleon
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Big Bang Nucleosynthesis (Simplified version)

* Considern+p e D +y

nvzn(vo) (O)
* Equilibrium condition: "Dy — Mntlp — np _ np
(0),.(0) (0),.(0) (0) (0)
Ny My N, T NpTp Nn ' Ny
d? mT\ >
* For NR particles: n(0) = / b o—m/T—p?/2mT _ ("2 e~ /T
(27)3 27

3/2
— np :Z<47T)/€BD/T

NpTp mpd’



Big Bang Nucleosynthesis (Simplified version)

Bp = 2.2 MeV

np %( A >3/2 oBp/T ) 3/2

npNy 4 \mpT oy D - (1) oBp/T
n p

Ny ~ Ny ,Np = NpNy N an?’ B ‘ )

mm) 7n,/n,<<laslongasT > 0.1 MeV.



Neutron proton ratio

* Leptons (electron, positron and neu%rinos are in thermal equilibrium)
Ne = Ny = néo) = n,(jo) = nl( )

* Boltzmann Equation

( )

dn,a’ ) ()
_3 Uiy _ . (0) (O)< > p'tt n Tt
a =N, 'Nn; "(0V) < ’
dt l nOn®  pOp
dnya’ ()
=) o ° fnt :nl(o)<0v>< T — Ny, P
dt n}(?())

\ /



Neutron proton ratio

* Baryon number is conserved

a

dn,, a’ fn n(o)
— 3 Witn (0) plin
— nl <O'U> < 0
i L O
dX,,

dt

l l

Np +Np ~a

<0'17>nl(0) Q= my —my

\

/

— T, {(1 _X,)e" T Xn}

3




Neutron proton ratio

dT d
_ CL__H

 ConvertttoT T ~ g} = =
‘ Tdt  adt

1

*INRD,H ~ pz ~T? ~ x~2 == H=z*H(z=1)

dX,, 'y, _ _
. = T —X,(1 v
dx H(zx=1) e (T+e™))
255

Ty, T°

T, = 886.7 sec H(x=1)=1.13 sec !

Lpp = (12 + 62 + z°)




209

Ty, 0

Neutron proton ratio Lp = (12 + 62 4 z2)

[ — T Xn ]. v
i~ Ha=1° (L+e7)]

* At x < 1, the system is in thermal equilibrium, X,, = 1/2.

0.50".

e X, freezesat 0.15at T = 0.5 MeV

0.20|

X

* Neutrons decay after freezing-out, 010)

until they are inside stable nucleus. 005/

0.1 0.5 1 5 10



Light Element Abundances

. 7\ 3/2
e Deuterium revisit — ~np (—) eBo/T
n mp

3 B
*Np = Nyt log(my) + 9 lOg(TnuC/mp) ~ T =

=)  Thue ~ 0.07 MeV

* Neutron decay from T¢,..o,, = 0.5 MeV to Ty = 0.07 MeV.
* X,, from 0.15 to 0.11.



Light Element Abundances

* 4He has the largest binding
energy per nucleon.

 All the neutrons will go into “He.

 Mass fraction:

4
X, = e 90X (Thue) ~ 0.22
np

MeV/A

10

Binding Energy per Nucleon
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Recombination
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Recombination

*p t+e— H + 14 (O) All non-relativistic
T~ =1
NpNe  MHTMy g gl Neny, ngo)n}(jo)
W0 0 —
Xe — Te — np

Ne + N Ny + NH

2 3/2
Xe _ 1 (meT) 6—(me—|—mp—mH)/T

1— X, n.+ng 27




Recombination

2 3/2
Xe _ 1 <m€T> 6—(me—|—mp—mH)/T

J 1—X. ne+ng 2T

X? m.\ 3/2
« AtT ~ 10 eV: E —1< ) 101 1
1 —x, b >

mm) X_ =~ 1 Recombination not start yet.

X2
. 1—€X ~ 1 when

~log10® =) Tioc~0.33eV
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Basics about Inflationary Universe
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Problems with the Thermal Big Bang Universe

* Horizon Problem

* Flatness Problem



The FRW metric of the Homogeneous and
Isotropic Universe

* FRW metric
ds® = —dt* + a*(t) (

dr? 2/ 102 .2 2
T - r°(dé” + sin” 0d¢~)

* Choose a new coordinate

ds® = —dt* + a*(t) (dx* + ®x(x°)(d6? + sin® 6d¢?))

sinh? y k
2 _ 2\ — 2
k

+1

]
Q| e

sin? y



Conformal Time and Horizons

dt
a(t)

ds? = a(7)* [—dT2 - (dx2 + ®r(x”)(df” + sin? 9d¢2))]

e Conformal time: :/

l Only consider radial motion

ds* = a(1)? [—d7'2 + dx2]



Conformal Time and Horizons

* Radial null geodesics of light ds? = a(1)? [-d7? + dx?]

Time
A

x(7) = £7 + const.

Future Light Cone

o

causally-disconnected

P and Q are causially disconnected

— Space

Past Light Cone



Particle Horizon

* The maximum distance light can propagate between an initial time t;
and some later time t:

Xp(T)=T—Ti=/tit%

* Physical size:  d,(t) = a(t)xp



Event Horizon

* A event horizon defines the set of points from which signals sent at a
given moment T will never be received by an observer in the future.

Tmax
X>Xe:/ dT = Tmax — T
T

* Physical size of event horizon



The Horizon Problem

* In thermal big bang, a(t) ~ t?,
e p=1/2forRD, 2/3 for MD. p < 1.

1 1 p
dr =t Pdt = ——dt'"™” wmm)p T=-—t'"" an~ TI-p
l—p 1=p
mm) 7€ (0,00)

* The event horizon becomes larger and larger.
* We can see farther and farther.

* The comoving horizon today much larger than the horizon at
recombinnation

* The conformal time has a finite beginning.



The Horizon Problem

Q
()]
| -
Q
=
c
-
Q
-
Jras)
Y
o
Q
o]0}
<

The past lightcones of A and B had never met.



Flatness problem 4

a in radiation domination

— P — Pecrit 2 1 k
Q p— Q — 1 — H —_— =
- Pcrit 3,0(a) a?
Define how flat the Universe is
—k -1 < R
1 _ Q(a) _ -~ a2 |Q(CLBBN) 1 e 0(10 )
(aH) Q(acur) —1| < O(107%)
The Universe is flatter at earlier Qap) —1] < O(107%)

time during radiation domination.



A first look of Inflation

* To solve the problems, we need accelerating expansion.
* Parameterize the scale factor as a(t) ~ tP, we need p > 1.

I =t Pdt = — g7 oy 7= 1P
1 —p l1—p
mm) 7€ (—00,0)
* The event horizon |t|, becomes smaller and smaller.
* The conformal time 7 has a finite ending.



The particle during inflation

Conformal time




How inflation solves the horizon problem?

A

Age of the Universe

End of Inflation

Accelerating Expansion




Physics of Inflation

* Scalar field dynamics

S = / d*z\/=¢ BR + %g“”aﬂaﬁ Oy — V(¢)]

- 2 5S¢ B |
Tp(c(zé) — _\/?g(Sg“V = ,u¢(9,,¢ — Guv (58 ¢80¢ + V(¢)>
po = 50" +V(9) po ~ —py if ¢* <V ()

1.
Py = 59]52 — V(¢) We need to keep a large potential for a long time.



Physics of Inflation

. 054
* Evolution of ¢ 56
V(o)
A 5o ’
<_R\q'b
6502113 ggnd reheating - ¢

1

ﬁau(x/?gc‘?“fﬁ) t V=0
) o

¢+3Hp+Vy=0

Hubble friction

H? > V¢¢

Drives the scalar field down.



Slow-roll Inflation

* The evolution of ¢ must be significantly slower than the evolution of
the Universe.
1 ¢2 H

3
e=qlwptl) =5 «1 c= T

* Accelerated expansion will only be sustained for a sufficiently long
period if the second derivative of ¢ is small enough.
¢

A A
B < BHOL Vel n=—pm <«



. A 3¢

Slow-roll Inflation v Y
==
1
o H? =~ §V(¢) ~ const. Y/
$cmB Pend reheating "
Ag
o a(t) ~ et The space-time is approximately de Sitter.
. Inflation ends when  &(gend) =1
. N(¢) = In fend
a

tend ®end H ¢
_ Hdt = / Hion [ Vao
t &

5 ) ¢ ®end V,¢
_[? do _ d¢
NO = [ ) e

end




Slow-roll Inflation

Age of the Universe

* To solve the horizon problem we need

Accelerating Expansion

Nigi = In =24 > 69 (HW)

Astart

AN

chmb d¢
—— = Nemp =~ 40 — 60
/end \/2_6



Example: m#¢* Inflation

chmb d¢ ¢2
—— = IVemb = 40 — — =
[, o Newsa0-00 = N

m)  Pemb = 2/ Nemb Mp1 ~ 15Mp) Transplanckian problem



Single field inflation models

) )"
* Small field model  V(¢) =V, [1 - (?)
L

o[ ()

* Large field model  V(¢) = \,¢?

- (5)




jons during Inflation

Quantum fluctuat
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Quantum fluctuations during Inflation

* Both the metric and the matter fluctuations.
e Gauge choice is important.
* We need to find gauge invariant quantities.



The Inhomogeneous Universe

* Perburbations
¢(t, X) = q;(t) + 5¢(t, X) ; g/u/(ta x) — g/u/(t) + 5guu(t’ X)

ds? = gy dxtdx”
= —(1+ 2®)dt* + 2aB;dz'dt + a*[(1 — 2¥)d;; + Eyj]dz'da’ .

* SVT decomposition

Bz' = BZB — SZ ) where 8ZSZ =0

Eij = 20 FE + 20; F;) + hij, where 0'F; =0, hﬁ = 8ihij =0



Gauge transformation (coordinate
transformation)

e Gauge transformation of the metric:

® - d—q
t 3 t+a — B — B+ala—apB
' — 2+ 0678, E —» E-p

v — V4 Hao.

* Tensor part is gauge invariant



Gauge transformation (coordinate
transformation)

* Gauge transformation of the energy momentum tensor:

0
TO
1

T;

T —

J

—(p+dp)

(P + P) av;
~(p+p)(v' — B')/a
6;(p + op) + X5 .

bp — O0p—pa
op — dp—pa
bdq — ¢+ (p+D)

(69)i = (p+D)v;

* Tensor part is gauge invariant.



Gauge |Invariant Quantities

* Tensors h;; and X;; are gauge invariant.

* Gauge invariant scalar quantities

H
P
* { remains constant outside the horizon for

adiabatic matter perturbations.

OPen = 0P — %5:0 =0

bp — dp—pa
op = dp—pa
bdq — ¢+ (p+D)«

¢ — «
B—l—a_la—aB
E—-p
V+Hao.

S IV
L]



Gauge |Invariant Quantities

 Curvature perturbation on uniform-density hypersurfaces.

(=T + gép R®) = 4V2¥ /a?
0
* During slow-roll Inflation: p = V'8¢, p = V'¢

H

* Another gauge invariant quantity: comoving curvature perturbation

H
p+p



Gauge |Invariant Quantities

* Comoving Curvature Perturbation

H
R=V¥V - ——)q 0q: scalar part of the three momentum density.

pTp
TL-O — 3z5q

* During slwo-roll inflation: 79 = —$8¢5¢

R=V+ gégb
¢
 During slow-roll, R = —( (This relation holds after inflation for

superhorizon scales)



Statistics of Cosmological Perturbations

* We are going to calculate the power spectrum of R,

<RkRk/> = (271')3 5(1{ + k/) PR(k)

2 _ A2 __
Spactial homogeneity AS — A’R ﬁPR(k)
dln Ag — dns
ns —1=- Y= dink

A ns (kx) —1+4 5 as (ks ) In(k/ k)
A%(k) = Ac(ks) ()

* If R is Gaussian, the statistics is fully determined by the two-point
function.



Statistics of Cosmological Perturbations

* Tensor modes: h = ht, h*

(hhio) = (2m)° 8(k + K') Py(k),  Af = 53 Py (k)
dIn A2
2 o A2 _ t
A2 = oA2 me= S

Af(k) = Ag(ky) ( kﬁ* )”t(k*)



The Quantum Origin of Structure

e Quantum Mechanics of Harmonic Oscillator

* Quantum Fluctuations in de Sitter Space



Quantum Mechanics of Harmonic Oscillator

e Action S = / dt (%:1,2 - %wQ(t)xQ) = / dt L

* EOM: 0S

5 =

0 = |E+w(t)z=0

e Canonical quantization:



Quantum Mechanics of Harmonic Oscillator

e In Heisenberg Picture: & =v(t)a +v*(t)a'

Wave functions
* The wave function v satisfies:
b+ w?(t)v =0

* The commutation relation gives:

(v,v)[a,a] =1 (v, w) = % (v 0w — (O™ )w)

* Imposing [a,a'] =1 (v,v) =1



Quantum Mechanics of Harmonic Oscillator

* Define the vacuum |0), annihilated by a.  a|0) =0
1 .
_ N __ Afa
n) = —(a')"|0 N =a'a
n) = —=(a)"(0)

* w(t) is time-dependent! This is different from the harmonic oscillator
in the textbook. How to define the vacuum??

* We assume that w(t) = w when t - —oo, and define the vacuum
there.



Quantum Mechanics of Harmonic Oscillator

A 1 1
H = 5}524-5&)2@2
1
= 2 [(o2 + w0?)ad + (62 + wh?)*atat + (92 + w?lv]?)(aal + afa)]
2 1 .9 2 2\ atat Lo .9 21,12
H|0) = 5(’0 + w v*)* a'a |0)—|—§(|v| + w?|v|*)|0)

\ J
|

Should vanish ) U = WU

|
®

We choose the standard positive frequency mode  v(t)



Quantum Mechanics of Harmonic Oscillator

e Zero point fluctuations in ground state

(12%)

(0]272(0)

= (0|(v*a" + va)(va + v*a")|0)
v(w, t)|?(0]aa’|o)

= |v(w,1)|*(0|[a,aT]|0)

= |v(w,t)]*.

(121" = [v(w, )* |= -




Quantum Fluctuations in de Sitter

 Scalar perturbation:
1
S =5 [ dov=g [R- (Vo) - 2V(9)

* Using the gauge:
5¢ — 0, gij = a2[(1 — 273)57;3' + hzj] ) 8zhz] = h: =0.

 The free field action of R

1 2,
S(z) — 5 /d4x a3% [R2 — a 2(82R)Q:|



Quantum Fluctuations in de Sitter

e Define the Mukhanov variable

(,7.52
v=2R, where 2% = aQﬁ = 2a°%¢

* Using the conformal time

S(2) = %/de?’x [(v’)2 + (8iv)? + —v?



Quantum Fluctuations in de Sitter

d3k

* Fourier modes: v(1,X) = / P v (T)ez'k-x
Z”
* EOM: vg+(k2—;)vk:0

e Canonical quantization:

A dk’ A _ik'x * AT —ikx
v o U= ()3 [vk(T)ake + vi(7)ae ]

Vk — Uk = Uk(T)&k + ’U*_k(T)fLT_k



Quantum Fluctuations in de Sitter

* Impose canonical quantization condition for creation and annihilation
operators:
. 5 i
e, af ] = (2m)%6(k — K) (ks Uk) =  (Vkvp — vk k) = 1

* We need to specify the vacuum. We need a boundary condition.



Quantum Fluctuations in de Sitter

* The vacuum condition  ax|0) = 0.

* We need to specify the v, to define the vacuum.
* Reexamine the EOM:
!

2
vy, + (kz—;) v =0 v=2R, where

/7 2
2
* € changes very slowly. — ~ —
2 T



Quantum Fluctuations in de Sitter

* AtT > —oo, EOM— vi + ko =0

* We impose the boundary condition: lim v =

T——00 V2k

2
* In de Sitter vy + (k2 — —) v =0

2

—tkT -
* With the boundary condition, v, = © o (1 — L)




Quantum Fluctuations in de Sitter

 Define a field i = a Loy,

2

Gy () = (@mPa(k+ 1))

a?

2
= (2m)8(k +K) 55 (14 K7)

* Superhorizon modes, |k7| <1

(Yo (7)) — (@m)8(k +K) >,



Quantum Fluctuations in de Sitter

R Roe (£)) = (2m)36(k + &) 1Lz : H2 H?

2k° @2 Arlk) = (27)2 2

*



From guantum to classical

Comoving Scales

etk i A
U = (]- — _) horizon exit horizon re-entry  (Ciomoving

\ / é‘ / Horizon

density fluctuation

v=2zR,
2 Inflation Hot Big Bang
P — aQ% = 2a%¢

Time [log(a)]




Contact with

comoving scales

A

sub-horizon

Observations

Qui(7) = Tolk; T; Tx) Ric(Ts)

R ~0

(RxRir) super-horzion

(aH)™

horizon re-entry

AT Cy

projection

Ry
zero-point
fluctuations

horizon exit

T

transfer
function

CMB
recombination  today

» time




