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Matching QCD currents onto 

SCET at 2-loop
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Heavy-to-light quark currents
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 ഥ𝒒𝚪𝒊𝒃 with 𝚪𝒊 = {𝟏, 𝜸𝟓, 𝜸
𝝁, 𝜸𝟓𝜸

𝝁, 𝐢𝝈𝝁𝝂} play an important role in B physics:

➢ in the shape-function region (to suppress 𝑩 → 𝑿𝒄ℓ𝝂ℓ): hadronic final state has small 

invariant mass but large energy SCET is the appropriate theoretical framework!

➢ for exclusive B decays, ⟨𝑴|ഥ𝒒𝚪𝒊𝒃|𝑩⟩ generally parametrized 

as 𝑩 → 𝑴 FFs, also important for hadronic decays in QCDF;

 How to accurately represent  ഥ𝒒𝚪𝒊𝒃 in SCET  is of particular interest!

➢ govern hadronic dynamics in inclusive 𝑩 → 𝑿𝒔𝜸, 𝑩 → 𝑿𝒖ℓ𝝂ℓ, 𝑩 → 𝑿𝒔ℓ
+ℓ−;

Feynman mechanism dominated 

or pert. calculatable?



Heavy-to-light currents

2022/06/07 李新强 华中师大 Matching QCD onto SCET at 2-loop 5

 A generic ഥ𝒒𝚪𝒃 is represented in SCET as:

- 2-loop result: now also known for other currents;          [Bell,Beneke,Huber,Li '11]

 Some basics of HQET and SCET:

b-quark field in HQET

collinear field in SCET



General procedure for matching
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 At leading power and for 2-body operator:

gauge-invariant SCET operator 

 Matching coefficients 𝑪𝒊
𝒋

for various Dirac structures:

𝒏+
𝝁
= (1,0,0,1)

𝒏−
𝝁 = (1,0,0,−1)

𝒗𝝁 = (𝒏+
𝝁
+𝒏−

𝝁)/𝟐

𝒑𝝁 =
𝒏+
𝝁

𝟐
𝒏− ⋅ 𝒑 +

𝒏−
𝝁

𝟐
𝒏+ ⋅ 𝒑 + 𝒑⊥

𝝁

𝜸𝝁 =
𝒏+
𝝁

𝟐
𝒏− ⋅ 𝜸 +

𝒏−
𝝁

𝟐
𝒏+ ⋅ 𝜸 + 𝜸⊥

𝝁

 Adopt light-cone coordinate:

 Example:

𝑱𝐒𝐂𝐄𝐓 = ത𝝃𝑾𝒉𝒄 𝒔𝒏+ 𝚪𝒋
𝝁
𝒉𝒗，𝑱𝐐𝐂𝐃 = ഥ𝒖𝜸𝝁 𝟏 − 𝜸𝟓 𝒃

with    𝚪𝟏
𝝁
= 𝜸𝝁(𝟏 − 𝜸𝟓)

𝚪𝟐
𝝁
= 𝒗𝝁(𝟏 + 𝜸𝟓), 𝚪𝟏

𝝁
= 𝒏−

𝝁(𝟏 + 𝜸𝟓)



General procedure for matching
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➢ compute on-shell matrix element ⟨𝒒|⋯ |𝒃⟩ in both QCD and SCET;

➢ matching quite simplified in dimensional regularization with on-shell quarks, because 

SCET loop diagrams scaleless and vanish;

➢ parameterize QCD result in terms of 12 𝑭𝒊
𝒋
(𝒒𝟐):

kinematics

𝑝2 = 0

𝑝𝜇 = 𝑢𝑚𝑏𝑛−
𝜇/2

𝑞2 = 𝑝𝑏 − 𝑝 2 = ത𝑢𝑚𝑏

𝒒 ത𝝃𝑾𝒉𝒄 𝒔𝒏+ 𝚪𝒋
′𝒉𝒗 𝒃 = 𝒁𝑱 ത𝝃𝑾𝒉𝒄 𝚪𝒋

′𝒉𝒗

𝒁𝑱: universal renormalization 

factor of the SCET currents.

𝒒(𝒑) ഥ𝒒𝚪𝐢𝒃 𝒃(𝒑𝒃) =

𝒋

𝑭𝒊
𝒋
𝒒𝟐 ഥ𝒖 𝒑 𝚪𝒋

′𝒖(𝒑𝒃)
𝑝𝑏
2 = 𝑚𝑏

2,

➢ final result for matching coefficients: 𝑪𝒊
𝒋
= 𝒁𝑱

−𝟏 𝑭𝒊
𝒋

 At leading power and for 2-body operator:  Perform 𝐐𝐂𝐃 → 𝐒𝐂𝐄𝐓 matching in 

momentum space:



General procedure for matching
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 Note: due to chiral symmetry of QCD, not all 𝑪𝒊
𝒋

independent in NDR scheme; 
𝑪𝑺 = 𝑪𝑷, 𝑪𝑨

𝒊 = 𝑪𝑽
𝒊

 The 12 form factors 𝑭𝒊
𝒋

are UV finite after standard renormalization, but IR divergent ;

𝒒(𝒑) ഥ𝒒𝚪𝐢𝒃 𝒃(𝒑𝒃) =

𝒋

𝑭𝒊
𝒋
𝒒𝟐 ഥ𝒖 𝒑 𝚪𝒋

′𝒖(𝒑𝒃)

 On the QCD side, 2-loop Feynman diagrams:

canceled exactly by 𝒁𝑱 factor,

making sure that 𝑪𝒊
𝒋

are finite. 



Calculation on QCD side
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thousands 
of scalar 
integrals

reduce them to 
totally additional 
18 MIs!

double lines: massive;

single lines: massless

dots on lines: squared 
propagators



Calculation on QCD side
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AMBRE.m

MB.m

requires Laporta
reduction result.

obtain boundary 
condition in 𝑢 =
0 or 𝑢 = 1 from 
Mellin-Barnes 
representation!



Example of MB representation
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penguin diagrams in QCDF

 After the loop-momentum integration, we get:

with 𝝃 = 𝟏 − 𝟒𝒔/𝒖



Example of MB representation
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Example of MB representation
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One-dim. MB representation:



UV renormalization in QCD
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 𝑭𝒊
𝒋

are UV & IR divergent, with the UV part renormalized via standard QCD counter-terms; 

 Renormalized on-shell 

matrix element: 
+

➢ adopt the standard 
counter-term method:



IR subtraction
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 After UV renormalization, 𝑭𝒊
𝒋

still IR divergent: 

 To obtain finite 𝑪𝒊
𝒋
= 𝒁𝑱

−𝟏𝑭𝒊
𝒋

via 𝐌𝐒

counter-term 𝒁𝑱 of SCET current:

 Remember: QCD calculation is in 

5-active quark flavors, while the 

𝒁𝑱 is given in 4-active flavors, so 

we need 𝜶𝒔
(𝟓)

→ 𝜶𝒔
(𝟒)

.

∝ 𝟏/𝝐𝟒

∝ 𝟏/𝝐𝟑

indeed IR finite



Calculation of 𝒁𝑱
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 Leading-power Feynman rules in SCET:

[Bauer, Fleming, Pirjol, Stewart, hep-ph/0011336]

collinear-quark interaction with two collinear gluons

collinear-quark propagator 

collinear-quark interaction 
with one soft gluon

collinear-quark interaction 
with one collinear gluon

 One-loop Feynman diagrams for ത𝝃𝒏,𝒑𝚪𝒉𝒗 :

 Use off-shell-ness 𝒑𝟐 = 𝒑⊥
𝟐 ≠ 𝟎 of collinear 

quark to regulate IR divergences;

 Explicit results for each diagram:

vertex correction

self-energy correction

Feynman rules in HQET



Calculation of 𝒁𝑱
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 Renormalization factor 𝒁𝑱 for SCET ത𝝃𝒏,𝒑𝚪𝒉𝒗 :

[Bauer, Fleming, Pirjol, Stewart, hep-ph/0011336]

 One-loop Feynman diagram of the full QCD heavy-to-light current ഥ𝒒Γ𝒃:

➢ 𝒁𝑱 is independent of the spin structure 

of SCET currents, and hence universal!

+ the wavefunction renormalization factors

+ the current renormalization factors

𝒁𝑱 = 𝟏 −
𝜶𝒔
(𝟒)

𝝁 𝑪𝑭
4𝜋

1

𝜖2
+
2

𝜖
ln

𝜇

𝑢𝑚𝑏
+

5

2𝜖

 Matching coefficients at one-loop:

𝑪𝒊
𝒋
= 𝒁𝑱

−𝟏𝑭𝒊
𝒋
: finite



Self-energy diagram in QCD and EFT

2022/06/07 李新强 华中师大 Matching QCD onto SCET at 2-loop 18

 One-loop diagram in QCD:

 One-loop diagram in HQET:

wave function renormalization of quark 

field in full QCD in MS scheme:

wave function renormalization of quark 

field in HQET in MS scheme:

 One-loop diagram in SCET:



Pheno. applications
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 Inclusive 𝑩 → 𝑿𝒖ℓ𝝂 and |𝑽𝒖𝒃| extraction:

 Heavy-to-light FFs in large-recoil regime:  Semi-inclusive 𝑩 → 𝑿𝒔ℓ
+ℓ−:

[Greub, Neubert, Pecjak 09]

NNLO corrections shift |𝑽𝒖𝒃| upwards by 

𝟏𝟎% compared to NLO.

Zero point of 𝑨𝑭𝑩(𝐪
𝟐): 



Matching QCD operators onto 

SCET at 2-loop
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QCD factorization
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 QCDF for 𝑴𝟏𝑴𝟐|𝓞𝒊|ഥ𝑩 : systematic framework to all orders in αs, but limited by 1/mb corrections.

[

reduces 𝑴𝟏𝑴𝟐|𝓞𝒊|ഥ𝑩 to simpler 𝑴|𝒋𝝁|ഥ𝑩 (form factors), 𝟎|𝒋𝝁|ഥ𝑩 , 𝑴|𝒋𝝁|𝟎 (decay constants & 

light-cone distribution amplitudes), all can be obtained from exp. data, lattice-QCD, or LCSR.

[BBNS, ’99-’03]

form-factor term
spectator-scattering term

◆ At LO in αs and 1/mb, reproduces the naïve 

factorization result.

◆ Higher-order pert. corrections in αs could be 

calculated systematically.

◆ Factorization generally broken at higher-order 
power in 1/mb.



Soft-collinear factorization from SCET
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 SCET diagrams reproduce precisely QCD diagrams in collinear and soft momentum region

QCD - SCET = short-distance coefficients

 For hard kernel 𝑻𝑰: one-step matching, QCD → SCETI hc, c, s !

 For hard kernel 𝑻𝑰𝑰: two-step matching, QCD → SCETI hc, c, s → SCETII c, s !

𝑻𝑰𝑰

 SCET result exactly the same as QCDF, but more apparent & efficient;   [Beneke,1501.07374]



General procedure
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 QCDF/SCET for 𝑩 → 𝑴𝟏𝑴𝟐 decay amplitudes:

𝜆𝑢 = 𝑉𝑢𝑏𝑉𝑢𝑑
∗ ∼ 𝓞(𝜆3)

𝜆𝑐 = 𝑉𝑐𝑏𝑉𝑐𝑑
∗ ∼ 𝓞(𝜆3)

𝐵 → 𝜋𝜋:
tree-dominated!

𝛼4 is loop suppressed vs 𝛼1,2 !

 Start with  

 Hard kernels 𝑻𝑰,𝑰𝑰 by 𝐐𝐂𝐃 → 𝐒𝐂𝐄𝐓 matching;  

𝑏 → 𝑢ത𝑢𝑑

𝜆𝑢 = 𝑉𝑢𝑏𝑉𝑢𝑠
∗ ∼ 𝓞(𝜆4)

𝜆𝑐 = 𝑉𝑐𝑏𝑉𝑐𝑠
∗ ∼ 𝓞(𝜆2)

𝐵 → 𝐾𝜋:
penguin-dominated!

decouple already



General procedure
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 NO LP interactions between collinear-2 and collinear-1 fields. 

 Hard kernels 𝑻𝑰𝑰 by 𝐒𝐂𝐄𝐓𝐈 → 𝐒𝐂𝐄𝐓𝐈𝐈 matching;       [Beneke, Jager ’05]

 Final results for hard kernels 𝑻𝑰,𝑰𝑰 at leading power: 

SCETI form factor!



Hard kernel 𝑻𝑰at NNLO
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 Complete SCET operator basis;  On-shell matrix elements at NNLO: full QCD side

 Note:

 𝐐𝐂𝐃 → 𝐒𝐂𝐄𝐓𝐈 matching calculation:

only physical operator and 
factorizes into FF*LCDA.

evanescent operators must 
be renormalized to zero.

factorized QCD operator, with 𝑂𝑄𝐶𝐷 =FF*LCDA

 On-shell matrix elements at NNLO: SCET side

right insertion wrong insertion



Hard kernel 𝑻𝑰at NNLO
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 Master formula for 𝑻𝑰: right insertion

 Master formula for 𝑻𝑰: wrong insertion

from Fierz difference of factorizable QCD diagrams

From renormalizing the 1- and 2-loop SCET 
matrix element of ෩𝑶𝟏 − 𝑶𝟏 to zero.



Two-loop QCD diagrams
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 Relevant Feynman 

diagrams in QCD: 

- totally 70 “non-fact.” 
diagrams;

- one-loop counter-term 
insertions; 

- evanescent operators 
at 1-loop;



Penguin topologies and various insertions
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 Effective Hamiltonian including penguin operators:                               [BBL ’96; CMM ’98] 

 Various operator insertions but all featured by wrong insertion:

current-current operators

QCD penguin operators

chromo-magnetic 
dipole operators

tree topology penguin topology

(i) Dirac structure of Qi (ii) color structure of Qi   (iii) types of contraction, and (iv) quark mass in the fermion loop;



Hard kernel 𝑻𝑰at NNLO
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 Complete SCET operator basis:

 On-shell matrix elements at 

NNLO: on the full QCD side

 Note: always 

wrong insertion!

 𝐐𝐂𝐃 → 𝐒𝐂𝐄𝐓𝐈 matching calculation:

 On-shell matrix elements at 

NNLO: SCET side

the only physical operator 
and factorizes into FF*LCDA.

𝒏 now up to 4, with 7 gamma matrices



𝑻𝑰 at NNLO

2022/06/07 李新强 华中师大 Matching QCD onto SCET at 2-loop 30

 Master formula for 𝑻𝑰:

about 100 Feynman diagrams

tree-level matching of Qi involves 
already evanescent SCET operators



Some ingredients
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 Matching relation for 𝑶𝑸𝑪𝑫:

 SCET renormalization kernel 𝒀𝟏𝟏
(𝟏)

:



Status of the NNLO calculation of  𝑻𝑰 & 𝑻𝑰𝑰
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 For each 𝑸𝒊 insertion, both tree & penguin topologies, and contribute to both 𝑻𝑰 & 𝑻𝑰𝑰.

Bell, Beneke, Huber, Li ’20Huber, Krankl, Li ’16 



Status of the NNLO calculation of  𝑻𝑰 & 𝑻𝑰𝑰
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 Complete NNLO calculation for 𝑻𝑰 & 𝑻𝑰𝑰 at leading power in QCDF/SCET now complete;

 Soft-collinear factorization at 2-loop established via explicit calculations;

 For tree amplitudes, cancellation between 𝑻𝑰 & 𝑻𝑰𝑰;

 For leading-power QCD penguin amplitudes, cancellation between 𝑸𝟏,𝟐
𝒑

& 𝑸𝟑−𝟔,𝟖𝒈

T C

P



Summary
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 NNLO QCD corrections to color-allowed, color-suppressed tree & leading-power penguin 

amplitudes now complete.

 Individual contributions sizeable, but tend to cancel each other among them, and thus 

NNLO shift in amplitudes is rather small.

 Updated phen. analyses including these NNLO corrections and progress from other sides 

are work in progress.

 Matching of heavy-to-light currents from QCD onto SCET plays an important role in B-

decay processes; NNLO matching coefficients now complete for various Dirac structures.

Thank You for your attention!


