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e Natural Unit system

 Kinematics and bulk properties
of nuclear collisions
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nuclear collisions ot
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e Slunitin daily life: [length, mass, time] - [m, kg, S]

 To describe small particle with high speed conveniently
we need the natural unit. For example, a nucleus, its
mass about 10727-1072> kg, size about 10~1> m, nucleon
speed inside the nucleus: in the magnitude of ¢ = 3 x 108
m/s. In these cases, it is not convenient to use Sl unit.

e cgs unit: [length, mass, time] - [cm, g, s] - cm?gPs‘K?

« The dynamics of microscopic particles is controlled by
guantum mechanics: (reduced) Planck constant #

 Natural unit system:
[angular momentum, velocity, energy] —» A%cPeVYkS,
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e S0 the quantity with the dimension
[D] = cm®gPs°K? = hecPeVTEKS

 For non-thermal quantity, we haved = 0 and é = 0.

G = a+c a = 2a+8+2v+20
b = a—2b b = a+vy+90

v = b+d—-a—c c = —a—0p—2y—26
o0 = —d d = -0

Problem: derive these relations
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e natural unit - cgs unit

lc = 3x10%cm- st

1h = 1.05x107%"g.-cm? s~}

leV = 1.6x102g.-cm?-s72

lkg = 1.3806488 x 107 °g.cm? .72 . K1

* CQs unit — natural unit

ls = 152x10%h-eV!
lem = 5.06x10*hA-eV 1. ¢

lg = 5.6x10%2eV.c2

1K = 8.617x107°eV - k'
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e natural unit convention: A =c¢ = kg = 1, SO any quantity

has unit eVY

[time]
[length
[mass

[temperature]

eV—1
eV 1
eV
eV

« Another example, if we say a particle move at speed 0.5,
It actually means its speed is 0.5c.
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 Unrationalized Gaussian units in electromagnetism: the factor
4m appears in the Maxwell's equation and it is absent in the
Coulomb's force law. Maxwell's equations in cgs unrationalized
Gaussian unit read

VB = A4mp
4iT . 1 8E E and B have the same unit:
VXxB = ?J_I_EE Gauss (Gs)
v-B = 0
VXE = _l@_B
c Ot
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« Theinverse-square force laws (Coulomb's law and Biot-
Savart's Law)

q1q2
F = r _
There is no 4w

r3
1 lhidly x (hbdly x r) in force laws

« Rationalized Gaussian (Lorentz-Heaviside) unit is related to
unrationalized Gaussian by

1
ELH — \/T—W Eunrat—Gauss
GLH = V4T qQunrat—Gauss

Qun Wang (USTC) and Qi-Peng Hu (LLNL), Introduction to high energy nuclear collisions



* In the cgs-Gaussian units, the charge is in the electrostatic unit
(esu) which can be determined from the Coulomb's law

2
F = —2—>esu2:g-cm-s_2Xcmzzg-cm3-s_2
r
— esu:gl/z-cm3/2-s_1

« We know that the Coulomb's force law in the Sl unit system has

the following form Vacuum electric permittivity is

€0 = 8.8542 x 10712 C2N~"1tm—2

1 g2 1
F — a _ 8.9 x 10% C2Nm?
Ameq r? 4meo
1C = 3x100esu
le = 1.602x1071°C=4.8x101esu
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* In the Sl system, the unit of the electric field is Volt/m=N/C,
while in the unrationalized Gaussian units, the electric and
magnetic fields have the same unit: Gauss (G). So we have

dyn

1G = W12, 12 g1
esu
— 6.92 x 1072 (hic) "3/ . 6V?
10":dyn - cmy
1Volt = 1N-m/C=—"—-2-
0 m/ 3 x 10%¢su
1 1o
= %8}1/2 cem'/? 57 = ﬁ'sﬁ@t_\f@:ﬁ!
lerg = 1statVolt-esu
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* In natural unit, a physical quantity has the unit: eVY, under the
convention h = ¢ = kg = 1, how to find its exact form? We
assume its exact form is A%cPeVYk$ where a, 8, 6 are to be
determined, we can write its cgs form

hecPeViky = cmgPstK?
— om20tB+27+26

ga+’}f—|—58—a—ﬁ—2fy—25K—5

e Oncea,b,c,dincgs unit are determined from physical
relations involving this quantity, we can determine

a = a-—+¢c
B = a—2b
o = —d
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QCD phases as properties
of strong interaction
matter: quark-gluon
plasma (QGP, new state of
matter)

Two forms of QGP: (a)
QGP at high T in the early
universe; (b) QGP at high
baryon density pg in cores
of compact (neutron) stars

In 1974, T.D. Lee and W.
Greiner proposed high
energy nuclear collisions
to form QGP in the
laboratory
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RHIC@BNL, 2000-,

\Svy > 200 GeV

[beam energy scan /syy = 7.7,
11.5, 19.6, 27, 39, and 62.4 GeV]

LHC @ CERN

Run I, 2009-13: /Syy = 2.76TeV
Run I, 2015-18: \/Syy = 5.02TeV
Run Il (HL-LHC): /Syy = 5.5TeV

NICA@JINR, 2021,
3< VSyn < 11 GeV
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E-802 Collab., Nucl. Instrum. and Meth. A290, 41(1990)

(a)

o

\‘\ "\\ o,
l/ \\\ ///
14.6A GeV Si Beam \ §
> . — /
AN /1 Z
Au target — AR ——
—A \ ~DD
oo 221 tracks

Problem: what is the center-of-mass energy per nucleon?
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(b)

158 A GeV Pb beam + Pb target

—

Problem: what is the center-of-mass energy per nucleon?
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(C) Au +Au collisions at 200 GeV

~3000 tracks Tp T

L
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Run:244918

Timestamp:2015-11-25 11:25:36(UTC)
System: Pb-Pb

Energy: 5.02 TeV

LHC-ALICE@CERN

Pb+Pb collisions at 5.02TeV
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Problem: we see from
the figure that

0.15
Ncp~An - Npart "SNN

Npart"’AZ/3

if there are 3000 tracks
on average in Au+Au
(A=197) collisions at
\JSyn = 200 GeV, how
many tracks on average
are there in Pb+Pb
(A=207) collisions at
\JSyy = 2.76 TeV and 5.02
TeV?
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_ The net—proton rapidity

| A AGS AGSy, distribution at AGS

- (E802.E877, E917) (AU+AU at \/Syn=5 GEV),

- mSPS ’ SPS (Pb+Pb at \/Syy = 17

6ol-  (NA49) GeV) and this
measurement (\/Syy =

80

- @ RHIC 3 S
- (BRAHMS) A | 200 GeV).

It is clear that the
nuclear collision
changes from stopping
to transparent in these
energies. In analogy to
optics, one may say that
the nucleus becomes
transparent in high
energy collisions.

dN/dy net-protons
N
|

BRAHMS Collaboration, PRL 93, 102301 (2004)
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Space-time view of a central
collision of heavy nuclei A+A
in the Landau picture.

(@)

(b)

(c)

Two nuclei approaching
each other with relativistic
velocities and zero-impact
parameters in the center-
of-mass frame.

They slow down, stick
together at the center and
produce particles.

A light-cone diagram of
the collision in the
Landau picture, where the
particle production takes
place in the shaded area.
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(a) (c) Space-time view of the central
Ecm/2 Ecm/2 AA collisions in the Bjorken
picture.

(@) Two nuclei approach each
other with ultra-relativistic
velocities and zero-impact
parameters in the center-of-
mass frame.

(b) They pass through each
other, leaving highly excited
matter with a small net
baryon number (shaded
area) between the nuclei.

(c) Alight-cone diagram of the
collision in the Bjorken
picture: the highly excited
matter is formed in the
shaded area.
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thermalization
pre-equilibrium

>
Z

Light-cone diagram
showing the longitudinal
evolution of an ultra-
relativistic AA collision.
Contours of constant
proper time t appear as

hyperbolas, T = Vt? — z2.

Slow particles emerge
first near the collision
point, while the fast
particles emerge last, far
from the collision point.
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Initial state ~ Hard QGP formation Hydrodynamic Hadronization and

scatterings expansion freeze-out Detection

Tec,iacp ~ 155-159 MeV [1-4]
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The wee partons may be considered as vacuum fluctuations
which couple to the fast-moving valence quarks passing
through the QCD vacuum (Bjorken, 1976).

Wee partons may be regarded as part of a coherent classical
field created by the source of fast partons, which is called the
color glass condensate (McLerran and Venugopalan, 2004).

Since nucleons and nuclei are always associated with these
low-momentum wee partons, the longitudinal size of hadrons
or nuclei, Az, can never be smaller than 1/Ay¢p~1 fm owing to

the uncertainty principle at ultra-high energies.

So the two incoming nuclei in the center-of-mass frame before
the collision wear the "fur coat of wee partons" (Bjorken, 1976)
of typical size 1 fm, while the longitudinal size of the wave
function of a valence quark is ~2R/Y :n-

27

Qun Wang (USTC) and Qi-Peng Hu (LLNL), Introduction to high energy nuclear collisions



* |t takes a certain proper time, 4., (de-excitation or de-
coherence time), for these quanta to be de-excited to real
guarks and gluons.

« The state of matter for T € [0, t4.] IS Said to be in the pre-
equilibrium stage.

 Since 14, Is defined in the rest frame of each quantum, it
experiences Lorentz dilation and becomes T = yt,4. In the
center-of-mass frame, where y is the Lorentz factor of each
guantum. This implies that slow particles emerge first near the
collision point, while the fast particles emerge last, far from the
collision point. This phenomenon, which is not taken into
account in the Landau picture, is called the inside-outside
cascade.
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(b) Graectissosatatone Participant-spectator picture.

@_) Since the spectator keeps its
longitudinal velocity and
emerges at nearly zero
(_w degrees in the collision, it is
el relatively easy to separate
the spectator and the
participant experimentally.
(b) projectile spectators
In experiments, information
about the impact parameter,
< 00090 b, is obtained by measuring
sioaciile 90 0\ the sizes of the spectator
- and/or the participant.

target spectators
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 Glauber model [Glauber 1959] is semi-classical model, treating
the nucleus-nucleus collisions as multiple nucleon-
interactions.

 Nucleons are assumed to travel in straight lines, and are not
deflected after the collisions, which holds as a good
approximation at very high energies. [Optical limit]

 Nuclear thickness function (number of nucleons per unit area)

Ta(s) = /dzApA(S,EA), /dstA(s) =1

nucleon number density

 Nuclear overlap function (number of nucleon-pairs per unit
overlapping area)
Tap(b) = f 25 Ta(s)T(s — b). / &b Tap(b) = 1

T 45 is proportional to joint probability TAB(b)O_NN probability of nucleon
per unit overlapping area inel_ interaction (inelastic)
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a b

Side view Beam-line view

Projectile B Target A
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The inelastic nucleon-
nucleon cross section
as parameterized by
PYTHIA in addition to
data on total and elastic
NN cross sections as a
function of collision

energy.

The stars indicate the
nucleon-nucleon cross
section used for
Glauber Monte Carlo
calculations at RHIC.

Miller, et al., Annu. Rev.

Nucl. Part. Sci. 57, 205
(2007).
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» Elastic processes lead to very little energy loss and are
consequently not considered in the Glauber model.

« The probability of having n such interactions between nuclei A
and B is given as a binomial distribution

P(n7 b) CAB [TAB (b)alnel ] []- — TAB(b)O_i]r\lreIY] AB—n
—

inelastic cross section

« The total probability of an interaction between A and B is
d2 AB

P 1nel Z P n, b =1— [1 — TAB(b) Tinel

AB
inel (b) — db2 ]

n=1
1nel /d2b 1_ [1_TAB(b) fr\lfé}f}AB}

To determine N_part and centrality through N_ch
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e The total number of nucleon-nucleon collisions is

AB
Neon(b) = » nP(n,b) = ABTsp(b)oiy
n=1

Problem: prove this relation

« The number of participants (or wounded nucleons) at impact

parameter b . _ _ _
Probability of pB or nB inelastic scattering

Npart :A/dQS TA(s) {1 — 1 - Tg(s— b)aﬁg]B}

Probability of pA or nA inelastic scattering

_|_B/d23 TB(S—b){l — |1 —TA(S)Uﬁg]A}

inel — inel

ol /dQS {1 — [1 — TA(S)UNN} A} PA or nA inelastic cross section
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7l <1

1210 8 6 4 2 0 (b (fm)) An illustrated example of the

: ] correlation of the final-state-

50 100 150 200 250 300 350 (N,,.) - observable total inclusive
charged-particle multiplicity N_ch
i with Glauber-calculated

] quantities (b, N_part).

10

The plotted distribution and
102 | . various values are illustrative and
i ] not actual measurements.

Miller, et al., Annu. Rev. Nucl. Part.
E Sci. 57, 205 (2007).
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Nbinary and Npart

0 2 4 6 8 10 12 14 16

b [fm]

Nummber of binary collisions
and number of participant
nucleons as a function of the
Impact parameter in Au + Au
collisions.

The Woods-Saxon distribution
with parameters a = 0.53 fm.

R_Au = 6.38 fm and o{¢!=42 mb.
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 The total energy of the system in the center-of-mass frame

Wcm = AEcm = 2AmN’ycm

Lorentz contraction factor

 The initial energy density

Wcm L 2AmN7cm
V Vrest / Yem

Enm =T N Pnm = 0.15 GeV/fm3 Mass density of nuclear matter

A

an =
Vrest

2 2
€ = = 2€nmYem X Ly,

= 0.16 fm_3 Number density of nuclear matter
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 If we assume the perfect fluid, only an equation of state of
matter is necessary for a hydrodynamic description of the
system. For ideal gas of relativistic particles (neglecting u) the

EOS is

e+ P =Ts

1 3

P:§€:>621T8

e The results are consistent with $tefan-Boltzmann's law

de dT

dP =d(T's — €) = sdT = — =4— = exT?
=>d€:38dT/ p T

] , 3 3/4 3/2
de —Tds ) = s I” xe’" x B
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By definition the perfect fluid has no viscosity and does not
produce entropy. The total entropy stays constant during the
hydrodynamical expansion. The number density of the
produced particles (pions) is proportional to the entropy
according to the black body formula B o B2

/
N_. x sV Egr/n?‘/rest/’}’cm X AEclnézz X ‘4E'l14zz/ljL

 |In Landau picture, the nucleons of colliding nuclei must lose all
their kinetic energy in the center-of-mass frame while
traversing the other nucleus. This demands that the average
energy loss of nucleons per unit length be greater than

2 For E_cm =200 GeV,
(dE) Ecm/2 ~ 9 ( Eem ) GeV/fm The energy loss is too large!!
cr

dz - 2R/Yem 10 GeV ~ 800 GeV /fm
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 Fluid dynamics is equivalent to the conservation of energy,
momentum and net charges.

/ Charge current density

3# JE = 0« No. of equations: 1

3#Tp’y = (0« No. of equations: 4

e Choose u*, an arbitrary, time-like, normalized 4-vector,u-u=1

Charge density v v v v
_-AH — gy AHY —
T A s A=
*f
™ = eufu” — (P + m)A" + ¢"u” + utq” + 7"
Energy density Pressure
« So there are 5 equations but 14 variables: WP = 0

\faria,bles n pH € P + T qf-'[‘ ﬂ.p.x/ ﬂ'#u&pp =0
No.dof | 1| 3 |1 1 3 5
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 Since u* is arbitrary, there are many choices:

7]
’u,‘”N = J < Eckart or particle frame
vJ-J
THuY
*u% = v _E < Landau or energy frame
fe] &)
\/”aETﬂ I up

 Inthe Eckart or particle frame, u‘,\‘, IS the physical velocity of the
flow of the conserved charge

JH = T T, —— v =0

 Inthe Landau or energy frame, the velocity u’bf Is actually the
eigenvector of T, and we have g* = 0.
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We can check 4. =0

TAuy, (eul

EuEu — PAP 4+ ¢Puf —I—U,qu + 78)uk,

= EH% +q° = \/H%TQ‘STﬂTHEHE

Consider an ideal gas in local thermodynamical equilibrium.
The single particle phase space distributions for fermions and
bosons are

fo(z, k) = (27)3 exp|(k - u(z) — p(x))/T(z)] £ 1

The chemical potential for anti-particles is —u. We denote the
anti-particle distribution as f,(z,k).
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« The charge density and energy-momentum tensor can be
expressed as

’ » B ke _

ro= Qe e -Towr) T [ Gy B Vol + ot k)

_ Q0 dgk F
= Q _/ dk ( )fu:ck) fola,k)] 17 = / oy & Lfo(@ k) + fola, k)] =
3 t1.J _
= m(l, :rm; Tii - / (jﬂ’;“ [folz. k) + Fola. )]
no= Q[ G ol k)~ Tola ) Pr K .

= [ amagg®” ol )+ Fola k)] = P
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 For ideal fluids, there are 5 equations but 6 variables
(n, P, e, u*). One needs the equation of state (EOS) P(¢,n) to
close the systems of equations. But the EOS of this type is not
complete, the complete EOS is s(e,n) or P(T, u).

« From entropy density s(e,n) one can determine G%) through

1
ds = ?de — %dn

« From the thermodynamical relation, one can determine the
unknown function P as function of eand n

P(e,n) =Ts+ un — ¢
(o) 0 05\
7\ 9e an \ e ‘
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« The energy-momentum conservation is

P=Ts+ un —e¢

-

0=05Tg" = —0°P+ (e P)usu?}
,/’/ = —0“P+0s[(Is+ ;m]_u“"tlﬁ]
g = —9%P+ 0p (Tsu®v”) + 95 (pu*nu”)

A/

757 = (e + Pyuu? — g°°P —0%P + 03 (Tsu“u’ﬂ) + nuP dp (pu®)

 The continuity equation is
Bg(nuﬁ) = U,Baﬁ’l’b + nf)guﬁ =

« The 4-velocity satisfies

aﬁ(u . ’U,) = Qﬂaagua = []
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« The energy-momentum conservation projected onto the
velocity gives

U %Tj“ﬁ

— a0 P 4+ 1,03 (Tsu“uﬁ) + nuauﬁag (pu®)
—u®0p P + suP 05T + TuP s + TsOpu” + nuPdzp
u? (- 8313 + 50T + Tgs + nag + Tsdpu”

- RN

Tos(su”) =0---
& ‘‘‘‘‘‘ 1‘;:_1\*{1 P :I =SdT + ndp}

Entropy is conserved

« The entropy current density is su”, where the fluid velocity is
the same as defined in the charge density J* = nu”.
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« The energy-momentum conservation projected onto A*¥ gives

AR TSP = (gh — ulug) O5TE"
= (g* — utuq) Op [(e + P)u*u’ — g*P P]
= (gt — uluy) (e + P)uﬁc‘)ﬁua‘ — (gt — u"uy) go‘ﬁ@gP
=(e + P)u”dgut — A*P95P =

-\, Dut

Dt

« With v* =7(1,v), the above equation can be put into 3-dim
form (Navier-Stokes equation)

ov 1 —? oP
EJr(*U-V)v——EJrP (VP—F‘UE)

Problem: prove this equation
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« The current density and energy-momentum tensor are

JH = nut +v#
™" = eu'u” — (P + m)A" + ¢"u” + ut'q” + 7"
« The conservation equations: 9,J* = 0 and 9,7"" = 0

 Projecting EM conservation equation onto fluid velocity gives

0= uadgT* = Taégsuﬁ) — pdp’
=T ’—I—uaag(qauﬁ +uq” + ﬂ'aﬁ) — uaaﬁ(on‘ﬁ)

Af

w0 T5" = T [aﬁ(suﬁ) N %aﬁf/ﬁ
1 1
+Tua8g(qo‘uﬁ + u“‘qﬁ + ’/Taﬁ) — fua(‘?,g('eraﬁ)
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« We can rewrite the above equation into this form

1
+ = (g°u” + u*q” + mF)dsu,

Bﬁ(suﬁ) = —0g [1fa‘..fq:.f(qv‘:'“z,aﬁ —|—’uaq’8 +:rr“‘9)] 7

1
ua (g7’ +uq® +7)95 = + 9 (5

1 1 T
—6,9 (?qﬁ — %Uﬁ) + T(q u -+ ?Taﬁ)aﬁ’ua + qﬁag— — Uﬁaﬁ% + faﬁuﬁ

ﬁ)_ B 8
v v 3,9T+T3,3u

e which leads to

1 1
D (suﬁ + —¢° - Euﬁ) = 1 0zuy +

1 1
—q* [ vPOsu, + T, —
" T T T 7 (“’ Bl + T)

T
—BasE + T osuf
uﬁﬁT—l—Tagu

o5l
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By assuming

2
Tag = 1) (Baug + Jgtig — gaaﬂa . u) Shear stress tensor
1
g" = kKTA* (uﬁ Ogta + T0q T) Heat flow
[ a— —JTQA“QQUE Difusion flow
T = gaﬂuﬁ Bulk viscosity

The entropy equation can be put into a quadratic form

1 L4 'ﬂ'aﬁﬂ'aﬁ q“qa uﬂyﬁ T2
0 - ) =
ﬁ( ol =7 ) T kT2 T oT2 (T
Entropy flow Positive definite
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 In HIC, the reaction volume is strongly expanded in the
longitudinal beam direction (z-axis). In the 15t approximation, it
Is therefore reasonable to drop transverse spatial dim (x, y) and
to describe the reaction in z and t. We use (t,n) to replace (¢, z)

T=Vt?—22, n==In
t = Tcoshn, z =T1sinhn

« An ansatz such that the local velocity u* of the perfect fluid has
the same form as the free stream of particles from the origin

u* =v(1,0,0,v;) w----mmmmeeemmm e (P . S
t t coshn
— (—,0, 0, i) = (coshn, 0,0, sinh n) v =coshm
T T
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* Definition of the (1 + 1) coordinates. The hyperbola shown by
the solid line corresponds to a curve with a constant proper
time . The dashed line represents the direction of the local

flow velocity ut.

1. t+z
, T:\/tz—zz,nziln *

t— 2

t
A
T=/12-72 /! t = TCOSh n, 2 = TSiIlhT]
‘ =2
t=-7 7 ’UJ‘U’ :’Y(]-)OJO?UZ)

t
— (_7 0,0, f) - (COSh 7, 0,0, sinh 77)
T T

z  sinhn
Vv, =— =
t coshn
v =coshn

o4

Qun Wang (USTC) and Qi-Peng Hu (LLNL), Introduction to high energy nuclear collisions



 Transformation rule between (z,Y) and (¢, z)

9 or  9n 82
0z 0z 0Oz TON

B coshn —sinhn %
~ \ —sinhn coshnp on

e Then we have

0 0 P P
uy, O o + Tz g oMuy, :3_: + E(’yvz)
0 0
= (cosh'na— —smhn,ran) =% coshn + %sinhn
sinhn O 9 1 sinh 0 coshn 1 dsinhn
_ . = n + — cosh7

+ l\cosh'q ( sinh n g + cosh nT 87)) an - an

0 _1
— \\ T

or "4y =coshn
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« The pressureis Boost invariant (a constant on the hyperbola)

Lorentz boost is linear in n

* The proof opP 0P P ( oP
VP+v—=—"+v,— =(v,,1)| &b )
ot 0z ot %5,
. oP
v 1— 2 ap (o 1 ( coshn — —sinhy ) ( S )
aJr'v-Vv:— = (VP—F’UE) (vs:1) —sinhn  coshn '?T}i;
orP . oP
=cosh'q@ —smhng
ov dv, ov, ) oP oP
E“"V”:at + v, o szIthran+szOShn87
z oz .12
—— — 4+ - =0 B _ sinh"np\ IP
2t N (COShn coshn) TON
1 oop
~rcoshn On
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« The entropy equation
0s(T) s(T)

O, (sut) =0

ot T
e giving the solution
70

s(r) = Zs(m)

« The energy equation

u, 0, [(e + P)ut'u” — g""P| =0

l ideal fluid TH

w0, e+ (e+ P)out =0 =

Oe(T) e+ P

ot T

o7
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Consider a simple form of the equation of state with ug = 0

OP
P=)X, A=c*=
& Cs Oe
A special caseis A 1=>C !
° I | = — s — ——=
P 3 /3
e Withe+P=(1+Ne=Ts, dP = \de =sdT, de=Tds, we obtain
de _ 1 1 gds 1
dT 1+ X  14+X dT )\
Tﬁ—ls
dl’ )\

1 T
. Solution s =aTY*, e=-p=_-°" %

— Tl-l—l/)\
A 1+XA 14X
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The proper time behavior of entropy density, energy density
and temperature

(r) =s0=
T) =Sg—
S 50 . The energy density and pressure
To 14X decrease faste_r than the entropy
E(T) =€ (_) under the scaling expansion
T of the fluid.
T0 A
T'(r) =Tt (—)
T

where sy, €9, T are values at the initial time z,.
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: dN dE
 Let us construct the relations between sy and €y to 2 and d—yT at

freeze-out time 7y (y Is momentum rapidity). Since the volume
element on the freeze-out hyper-surface at 7, in (1+1)-dim
expansion is mR*tydn ~ TR*tsdy, we have

dN ) ¢§ dN

@ =R T}:Lf T}‘ S0To =Sfo = ﬂ-—m@

number density sp=¢&ng Problem: the relationship between

(momentum) rapidity and pseudo-rapidity?

 Similarly the total energy produced per unit rapidity is given by

A A
dE T 1 T dE
— = ?TRQTfEf = TR?79¢g (D) = €0 = —— (f) i
dy Tf/v mR*Ty ’;D dy y=0
dE _dEp A measure of the energy transfer
dy = 4y |, due to the work done by pressure

during expansion
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Another way to estimate €, is to use the entropy density and

convert this to the energy density by using the equation of
state

L
(1+ N)a?

1 a1 ¢ danN\'"™
(14 N)a? e (1+N)a* \7R?7 dy

€np —

Using these two formula we can estimate €, by the observed
particle number per unit rapidity in the central rapidity region.
By equating two formula we can determine a (treating ty as
parameter).
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 One-particle distribution function in phase space f(t,x,p) . For
simplicity, we do not consider spin or any other internal
degrees of freedom.

« The particle density and current can be expressed in terms of
f(t x,p)
n(t.2) = [ dpf(t.2.p

Ttw) = [ dposit.z.p)

« The change in distribution with time takes place through two
different processes: drift and collision

or (a5 (0
ot N ot drift ot collision
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 The drift tem describes the change in particle distribution
through single-particle motion flowing into and out of phase-
space volume

8f)
— =—(v- Vo +F-V,)
(at drift g

« The collision term describes the change through kicking-in
(gain) and kicking-out (loss) processes due to particle
collisions in the phase-space volume

9 Transition rate for two particles
(f) =Cga.in — Closs T~~~ in (py,p2) to the range of
ot collision : (pllf p’2)~(p,1 + dp,lf plz + dp’z)
1 I
Cgain =5 fd3p2d3p’1d3p’2w(1’2’ — 12):)(‘(2) (t,z,p,ps) two-particle
identical .——=-=-"" S : distribution
particle =~ _'C:lcuss =§ /d3p2d3pid3pf‘2w(12 — 1!2f):-f(2) (t'r ﬁ’:.}.&, p2)
B P=D
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e The detailed balance relation results from the time-reversal and
rotational invariance of the two-body scattering

w(l'?2 — 12) = w(12 — 1'2')

 Boltzmann proposed "Strosszahl Ansatz* (1872): the

correlation between the two particles before the collision is
neglected: f@(t,z,p,,p,) = f(t,z,p,) f(t,x, ps)
 Boltzmann equation (celebrated non-linear integro-differential
equation)
af

E+v-vm+F-vp=C[f]

1
C[f] = f P pod®p dPphw(12 — 1'2')

x [f(t,x,p1)f(t, 2z, ps) — f(t, 2, p1)f(t, 2, ps)]
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* The differential cross-section is related to the transition rate

v, — va|do = w(12 = 12")d>p d>p!

« The collision term can be put into the form

Clf] = /dgi"?/dQ vl —‘”2| [flffzf fife]

scatterlng solid angle between p; — p, and p; — p;

 Note that most of the integrals over momenta can be carried
out due to implicit delta-functions in w(12 - 1'2") representing
the conservation of both total energy and total momentum.

« Maxwell-Boltzmann distribution in equilibrium can be derived
as a unique stationary solution of the transport equation.
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The necessary and sufficient condition for C[fyg] = 0 is

fve(py) fuB(D2) = fue(PL) fre(Py)
P+ Py =P+ P

We see that Infyp is an additive and a conserved quantity. So
it can be written as a linear combination of E, and p

In fpyp(p) =a+boE,+b-p

For example, for non-relativistic particles with averaged
momentum p, , the standard Maxwell-Boltzmann distribution

(p— P0)2
2mT’

n
27mT)3/2

nonrel

MB (P) = (

exp [—

Relaxation time approximation: the collision term can be
linearized as

1 1 relaxation time
C[f]z__(f_feq):__df o 1
T ¢ PR »T =
Notot (V)
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 The spatially uniform distribution (no x dependence)

1 t

Ol s —Lof = 1(t0) = fua®) + [ =0.0) ~ fra(p)exp (1
t T T

« which shows that the system approaches the equilibrium

distribution with a typical time scale t

1 feq 1feq2_feq l’fqu’
Clf] =—/d3p d’pid°pyw(12 — 1 )T

______ T . equmbrlum condition
[(fqu 80 (Jege875) — (fegi +311) eqn +052)]

A R ! - -
x_ifs;f d3p2d3 dEPQW(12 19 ) relaxatlo; time
» frao + foqr 32 — p o2y 0T P T i )
' eq,2 eq,l 5f1 eq,l 5 f1 eq,2 5f1 !
""""""""""""""""""" settozero

68
Qun Wang (USTC) and Qi-Peng Hu (LLNL), Introduction to high energy nuclear collisions



The entropy density and entropy current

s(t, @) = / Ppf(t,z.p)[1 - n f(t,z,p)]

s(t,x) = / Bpof(t,z,p)[1 —In f(t, 2, p)

The time variation of the entropy density and entropy flow are
related
Os For equilibrium dist. C[f] = 0,

5 +V.-8=— /dapC[f] In f the entropy is conserved

The Boltzmann entropy and the associated H-function for a
non-equilibrium system

S(t) = —H(t) = f Prs(t, z)
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« The production rate of the entropy

w > 0, (m—y)ln%?_*[]

% =%/dSmd3p1d3pzd3pid3p’2w(12 S 12) .
X (fvfor — fif2) In(fr for) —In(f1f2)] = 0

e The entropy is conserved for feqifeq,2 = feq.1’ feq,2

« The proof of Boltzmann's H-theorem

‘if fd%—s (t,x) fd3 /d3p6'[f] lnf

1

T2 / d%d_gﬁ’_ldaﬁzd%ld:apzw(l? — 1'2') (flffzf - fif2)In fi

d3zV - s(t,x) =0

1 3. 03, 3. 3.7 13 !
= _ gfd rd’prd’pad’p d°pyw (12 — 1'2") use the symmetry

X (furfo = fifo) I (fifo) = (frrfo)] "7 162,162, 126 ()12
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 Covariant form of transport equation (de Groot, van Leeuwen,
van Weert, Relativistic Kinetic Theory, 1980)
2t = (t,x), p* = (p” = E,.p)
f(ﬂ.’:‘,p)lpc}:Ep — f(t‘} m*}p)

 Particle-number current, energy-momentum tensor and entropy
current

43 a3
Jt=(nJ)= / P f(a,p), T = | ZLprp” f(a,p)
Po Po

3
o = (s,5) = / %p"f(:r,;ﬂ) [1—In f(z,p)]

e Lorentz-invariant volume element
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« We obtain a covariant form of transport equation

d3p2 d3 d3p
poC[f] = / 2 [p1op20pyoPhow (12 — 1'2)]
P20 Pilo Pho s

X [f(mfpi)f(:EJPQ) o ($1p1) (:EJPZ)] \\‘ {5(12 — 1’2’)

 Conservation of energy, momentum and other quantum
numbers can be obtained by momentum integrals with weight

x(p) =1,p”

#0905+ ) 0= [ ot

Po

72
Qun Wang (USTC) and Qi-Peng Hu (LLNL), Introduction to high energy nuclear collisions



« We obtain the identity by applying a similar step as in proof of
the H-theorem

d? | |
/ p1 X (P1)p10C| f1] A=x(p1) + x(p2) — x(P}) — x(Ph) =0

A oS

10 ~<
1 f d®py d°py d°py dpy s
=— w(12 - 12 r for — 5)A =10
8 D10 P2o piﬂ szn ( )(fl f flf )

 Using the Boltzmann transport equation and the relation
| d3p 05 |po ' p*F*(x, p)|f = 0 after the partial integration, we
arrive at the macroscopic conservation laws for y = 1, p“ for
particle number and energy-momentum

OpJ"(x,p) =0, 9,T"" =0
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« The entropy production rate can be written as

dust(x) = —fd3p0[f] Inf>0 /'— dust(z) =0

L 27 C[f1=0
 Inlocal equilibrium, we have .- /]

e
”

e, p)f(@,p2) = [, p) f(x,p5) _ral@) = % bi(x) =
In f(x,p) = a(x) + b, (x)p" .-~
fe(z,p) = Nexp|[-B(x) (ppu”(z) — p(z))]

« Extension to Bose-Einstein and Fermi-Dirac distributions
furfa(LE f1)(1 £ f2) = (1 £+ fir)(1 £ for) f1 fo

; 1 1
BEWED) ™ (2m)3 exp [B(z) (ppur(z) — u(z))] F 1
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(a) The color strings formed
between two nuclei passing
through each other. An
average color charge, +gZ, is
accumulated in each nucleus
due to the exchange of
multiple gluons at the time of
the collision.

(b) Decay of the strings and
the production of quark and
gluon pairs due to the
Schwinger mechanism

(c) The formation of the quark-
gluon plasma due to the
mutual interaction of

the produced partons.
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« Two nuclei collide and pass through each other. Wounded nucleons
In nuclei have color excitations and become a source of color strings
and color ropes between the two nuclei. The color-string is assumed
to be a coherent and classical color electric field.

« Schwinger mechanism: qq and gluon pairs are created under the
influence of strong color electric field between two nuclei. The
general pair creation rate per unit space-time volume is given by

o0

o ™5
wq;g(cr):—m i dp? In llqiexp (—ﬁ)]

(9E.)? (9E.)?

~ gE.) ~ N
wq(g g ) I 247 A8

J wﬂ(g ~ gE.) ~ N,

« The quark-gluon plasma with local thermal equilibrium is expected to
be produced through the mutual interactions of the quarks and
gluons just formed.
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« Valence quarks carry color
sources p; and p, which are
located on the light cone

JH = J{* + J; McLerran, Venugopalan (2004)
= 8""o(z7 )pr(zr) + 0" 8(2™ ) pa(z7)
1

L=- T (FWF““) + J" Ay

/
e

—>[D ,F'] = -
(A=
A

- —
_——-——— -
-

e ——— -
_—_—— -
- -
- -
-
-
-

. —[D” D¥}="9"A" — 9V A" — ig[ A, A]

_—

4--

FIv = 9k A% — 9" A + g fabc A} AL Figures taken from F. Gelis’ lecture in
Schleching, Germany, February 2014
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 Light-cone variables (x=+,—,1,2)

zH :/(’:p"', :z:_,)g?)

- ~
- ~

g 1 T
rE = — (2% £ 23)

V2

e The Minkowski metric tensor and some formula

XT = (1:1,5132)

d*r = datde~ dzr

01 0 0
_ow_ | 10 0 0 roy=aty” 4oyt —ahylh
I =9"=10 0 -1 0 5 5
— K — + = = —
00 0 -1 " = (8,07, —or) (Bx—’a:z:"" aT)
_ Vo (— ot 0 0
x, =g, =(r ,z7,—Xx _ _
n = 9u ( T) 8“_(8+’3"8T)_(ax+’ax—’3T)
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e Region0 (x* <0, x <0):A4A*=0

e Region1 (x* <0, x~ > 0): the field
depends on p4

« Region 2 (x* >0, x~ < 0): the field
depends on p,

e Region 3 (x* >0, x~ > 0): the field
depends on p; and p,

 The continuity equation

D, J"| =0,J" —ig|A,, J'] =0 Figures taken from F. Gelis’
lecture in Schleching, Germany,

February 2014

e We choose an axial gauge which
Jaug AT+ AT =0

satisfies the continuity equation
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« The gluon fields in the axial gauge are

_---Y Fields after collisions
At(z) =00z )2t Alr,xp) 'St
A~ (z) = —O(a1)O(z ")z~ A(r,x7) .-~ 7 Fields from p;
, : _.-”" Dbefore collisions
A'(z) =0O(—2)O(z7) AL (xp) .-
+0(z")O(—z7)AL(xy) AL » Fields from p,

: / before collisions
+0O(z7)0(x™ )AL (1, x1)

 Inthe forward light cone the fields have the simple form

AT (.‘1?) = :1?+A(T, XT) There is no explicit dependence
_ _ on the space-time rapidity n

A7 (z) = —z~ A(7,x7) reflecting the boost-invariance

Al (:13) — A?P(T, XT) of the system
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« By the above gauge potential, we can express the strength

tensor
FM =AY — 9V Al — ig[AM, A”]
Ft= —2A—T%
FY9 = 9'A), — &Y Al — ig[Al, A
: 1 DAL
i+ .+ i
F'" ==z ( T + [D*, A])
i— = 1 aAiT i
F'"=x (T 5 D ,A])
 Solve EOM for gluon fields Gluons'
uons’ momentum spectra

in the early stage of HIC

0= [Dy, F*"] = [0, — ig Ay, F*] )
A% (T, — k
O, iglA, FW) ) A% (7, x7) = |a(7, kr)|
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* Single gluon transverse momentum spectra

- KNV
o KNV II

——Lappi

s
1 IIIIIIII ] ||||II'I'| 1 IIIIIIII ] IIIIIII| 1 IIIII"l | IIIIIlI

1“‘ i i | L I | | | i | i | i | I i i i i I I i i i I

o

1 2 3 4 5

Real time lattice calculation

Important softening at small
k; compared to PQCD
(saturation effect)

Figures taken from F. Gelis’ lecture at the 45th 'Arbeitstreffen Kernphysik’,

Schleching, Germany, February 2014
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« Glassma = Glass Plasma [Lappi, MecLerran (2006)]

« Beforethe collision, the chromo-electric and chromo-magnetic
fields are localized in two sheets transverse to the beam axis

 Immediately after the collision (r = 0), the chromo-electric and
chromo-magnetic fields have become longitudinal

E? = ig[A}, AL], B” = igeli[AL, A}
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 In high-energy HIC, hard or semi-hard parton scatterings in the initial
stage may result in a large amount of jet production.

 Minijets have typical transverse momentum of a few GeV and can
give rise to an important fraction of the transverse energy, which are
good candidates for initial seeds of QGP.

« The minijet production can be estimated by models based on Monte
Carlo event generators such as HIJING [Wang, Gyulassy,1994;

Wang,1997].
P4 N P2
PV

PQCD is applicable for semi-hard processes with
Pr > p0~1'2 GeV
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« The semi-inclusive cross-section of a dijet with a transverse
momentum py = po~ 1-2 GeV in pp collisions

« The cross-section may be factorized into a long-distance part and a
short-distance part:

Diff. cross
transverse -~
d3 PP , |do?®(3,t, )| section of
momentum \ _]et —K T .'E T .‘IT y by
partons a,b=q.,3.9 \\3\ \\ scatterings
’/ PP 1 5/ 2 Jin ~ol s
rapidities of’,’ Tiet =715 . dprdy1dys dp2-dy,dys ~~< = distributions of
out-going Pt T ™ incident partons
partons L
e momentum fractions Mandelstam variables
symmetry factor § = 1 1 =1$T(eyl + e¥?) S =x1T25
for out-going identical % > 9 1+ ( )]
= — ex —
partons T =§$T(8—y1 + e ¥2) - Pg PlYy2 — 1
5 u=—pr[l+exp(ys —y2)]
gp =2L
Vs Problem: derive these formula
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Assuming independent binary parton collisions, the total number of
jets in a central AA collision

N2 (Vsipo, [yl < Ay) ~ A2Taa(b=0)olk (Vs po. ly| < Ay)

For a Au+Au collision, we have [T 45(b) is normalized to 1]
9A?

- —1
8?TR§1 ~ 28.4 mb

RA=Tfm

A2TAU—1—AU (0) —

Partons produced with in the central rapidity region probe the gluon
distributions at

. QPT 103 for LHC (\/syn = 5.6 TeV)
~ /s | 1072 for RHIC (,/syn = 200 GeV)

There are two nuclear effects which are not included in the above
simple formula: the initial state and final state interactions: nuclear
shadowing and the energy loss or jet quenching.
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1000
-/ v | Au+Au(b=0)
| full A Jsnn= 200 GeV
800 :

__ minijet

600 |

dNch/ dn

400

---------
N,

200 —
no minijet

IIII|I'-,’III|III
fv

0 2 4 6
n

Figure adapted from the HIJING
simulation (Wang, Gyulassy 1994; Wang
1997) on the charge multiplicity per unit
pseudo-rapidity dN.,/dn, for Au+Au
collisions with a zero impact parameter
at \/syn=200 GeV.

The solid line includes all possible
effects, namely the soft production,
semi-hard minijets, nuclear shadowing
and jet quenching.

The dotted line denotes the case where
only soft interactions are considered
without minijet production.

The dash-dotted line corresponds to the
case for minijets with py > 2 GeV.

The dashed line includes the effect of
the nuclear shadowing.
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« A model for longitudinal plasma expansion with a first-order
QCD phase transition

350
g To =2T, = 340 MeV Time evolution of the temperature
1 of hot matter with a first-order
300¢ QCD phase transition (solid line)
i at T, = 170 MeV created in the
S 250F central region of an ultra-
@ i relativistic heavy nucleus-
E i nucleus collision. The initial
~ 200( T 2170 MeV temperature is taken to be T, =
LA - : 2T, at 7y=0.5 fm and the freeze-
150/ \ out time is given by Ty /T, = 5.9.
100: ! ‘:r"]r'cl I T T B ?"F}-II I T T T J‘E‘:Efl L
0 10 20 30 40 50
T (fm)
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* Inthe Bjorken picture, the longitudinal expansion of QGP obeys the
simple scaling solution

S07T0 prat
S=——, Uy = —
T t

* Inthe Stefan-Boltzmann limit of the QGP entropy, the temperature in
the QGP period behaves as

Te

1/3
T=TC( ) , (o <7< 1)

-
* Inthe first order phase transition, the system becomes a mixture of
QGP and hadronic plasma during the phase transition, we introduce

the volume fraction f(t) of the hadronic phase

s(1) = su(7)f(r) + seap(r) [1 — f(r)] = 220

—_ T

Nflr) =0, flri) =1

90
Qun Wang (USTC) and Qi-Peng Hu (LLNL), Introduction to high energy nuclear collisions



* In the Stefan-Boltzmann limi, the lifetime of the mixed phase is given

by the ratio
TH _ SQcp _ doep _ [ 123 (Njy=2)
Te  sH das 59 (Nj=3)
5 g N1 Difference in Fermi
_ T 3 M =Np = % and Bose statistics
Problem: derive SH _4dM%T ! e
this formula 2 docp =dg4 + §d9"
Saar =4dQGP%T =2epin X (NZ = 1) + [25pin X 243 X NeNj]

» After the phase transition is over at the interacting hadron plasma
undergoes a hydrodynamic expansion. In the Stefan-Boltzmann limit,
we have

TH 1/3
T=TC(—) . (tm< 1 <71y)
T —__
“* Freeze-out time
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« Atransverse hydrodynamic expansion is caused by a transverse
pressure gradient which is significant near the transverse edge of the
system (r = R) [Bjorken (1983); Blaizot, Ollitrault (1990); Rischke
(1999)]

 Ararefaction wave is created at the transverse edge: a flow where the
fluid is continually rarefied as it moves. A boundary of the rarefaction
wave (the wave front) propagates inwards at the velocity of sound in
the local rest frame of the fluid.

Outward moving AT Hadrons
2 2 matter /
r on = R —cs /14 — 2 .
rarefaction 5 BT ,v 4 Rarefraction
- oy [ front (r=ryg)
SRR E IS
R R Bl
time scale for
.~ — . -
rr c transverse expansion :|1>—’Z
&5
AR
SRR,
e

(>
A

N
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« Theinvariant momentum spectrum of hadrons emitted at freeze-out is
given by a local thermal distribution f(x,p) at the freeze-out
temperature Ty boosted by alocal velocity field u* at the freeze-out

hypersurface X, [Cooper, Frye (1974)]

Edf;N / IX,p" £ (z, p) mr coshy
d°p  mp medydqbp 5 f o TTe--l L . — P COS ¢y,
f(@.p) =2 N pr Sin Oy
(27)3 exp {B(z) [ppw( ) (@)} F 1 my sinhy

« Therapidity and the transverse mass ‘|

1. E+p,
y=gg s M=

Normal time-like vector on
freeze-out hyper-surface Xy.
A special static case:

dz, = (dVv,0,0,0).
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 Acylindrical thermal source expanding in both the longitudinal (z) and
transverse (r) directions with boost-invariance in the z-direction leads
to the following qualitative formula for the transverse mass spectrum

dN Vf‘ ------------------------------ volume at freeze-out
. ~ —smrk; (&m)Lo(Ep) .
2 mrpedmer 27 —- R »Bessel functions
x’/ 4*”/1’ v 1 . 1., 1+,
=_ =—mpsinhay .7vaf=;n
Problem: derive this formula Em _Tf mr COShi $p T T Laf 75T T 9,

transverse rapidity
* Formy~pr > Ty, the arguments of K_1 and I_O are large, we can

utilize the asymptotic forms of K;($;, > ) and I(§, — o) to obtain

dN 1+ v,
mexp(mT), T}"E%Tf T

mydmy TJ‘?H 1—uv,
. T;ff > T by ablue shift fé-c_t_é_r_implies that a rapidly expanding source

shifts emitted particles to higher momenta.
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« For moderate values of my, the effective
freeze-out temperature is defined as Ol 4

d dN - |
eff _ o
Tf N [me n (demT)]

« Atthelimit m > Ts,pr and Ty >» mv;

[

1
TJ?H ~ T+ Emvf.

« This shows that the heavier the particles, 0 Mr-m
the more they gain momenta/energy from _
the flow velocity, and hence the larger the ~ 'ansverse mass spectra with
i transverse flows of v, = 0 and
effective temperature. v, =0.5
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 Forreferences, please read Chapters 10-13 in the book.

 Solve problems for exercises for Chapters 11-13 on page 261, 279,
293.

 No time to talk about Chap. 15-16 (experimental results), so we
append slides as separate a file for further reading.
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