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Three Generations of Matter

mass of proton ~ 938 MeV

mass of u(d) quarks ~ 3 MeV
m=E/c?

99% of the proton mass comes from the strong force
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Symmetries of QCD in the vacuum
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Classical QCD symmetry (mq=0)
L SU(Nf)L X SU(Nf)R X U(l)v X U(l)A

v
Quantum QCD vacuum (mq=0) E—% o ;

Chiral condensate: Axial anomaly:
spontaneous mass generation quantum violation of U(1)a
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Lattice gauge theory

PHYSICAL REVIEW D VOLUME 10, NUMBER 8 15 OCTOBER 1974

e

M — R ER K Confinement of quarks™ PREERE BRI
EENG SV NC DR T T N R AT R NS R

Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14850
(Received 12 June 1974)

A mechanism for total confinement of quarks, similar to that of Schwinger, is defined which requires
the existence of Abelian or non-Abelian gauge fields. It is shown how to quantize a gauge field theory
on a discrete lattice in_Euclidean space-time, preserving exact _gauge invariance and treating the gauge
fields as angular variables (which makes a gauge-fixing term unnecessary). The lattice gauge theory has
a_computable strong-coupling limit; in this limit the binding mechanism applies and there are no free
quarks. There is unfortunately no Lorentz (or Euclidean) invariance in the strong-coupling limit. The
strong-coupling expansion involves sums over all quark paths and sums over all surfaces (on the lattice)
joining quark paths. This structure is reminiscent of relativistic string models of hadrons.

Kenneth G.Wilson
June 8, 1936 - June 15,2013

for his theory for
critical phenomena
in connection with
phase transitions

© Cornell University
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First numerical lattice simulations

Spawned golden age in lattice QCD M- Creutz, PRD 1980

string tension
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VOLUME 47, NUMBER 25 PHYSICAL REVIEW LETTERS 21 DECEMBER 1981

Numerical Estimates of Hadronic Masses in a Pure SU(3) Gauge Theory

H. Hamber
Depaviment of Physics, Bvookhaven National Labovatory, Upton, New Yovrk 11973

and

G. Parisi

Istituto Nazionale di Fisica Nucleave, Frascati, Italy, and Istituto di Fisica della Facolta di Ingegneria,

Rowme, Italy
(Received 2 October 1981)

In lattice quantum chromodynamics, the hadronic mass spectrum is evaluated by com-
puter simulations in the approximation where closed quark loops are neglected. Chiral
symmetry is shown to be spontaneously broken and an estimate of the pion decay con-
stant is given.

PACS numbers: 12.70.+q, 11.10.Np, 11.30.Jw, 12.40.Cc
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for the discovery
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e Algorithms and Machines 1. BENITEA
e Applications Beyond QCD 2. HBHEQCDZIMNINFE
e Chiral Symmetry 3. FAFT R
e Hadron Spectroscopy and Interactions 4, RFIEFIE T
e Hadron Structure | S o
e QCD at nonzero Temperature and Density °. ﬁ?,ﬁl"fﬂ o
e Physics Beyond the Standard Model 6. BIREEZEQCD
e Standard Model Parameters and Renormalisation 7. #B4in/EERIRY)IE
* Theoretical Developments 8. ARSI SHA] TR
e Vacuum Structure and Confinement A -
» Weak Decays and Matrix Elements 9. HILUR \
e Code Development 10. EX=EMFIERA]
11. 5RTMEFETT
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http://lattice2022.uni-bonn.de/
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we are trying very hard to get the 256-
node machine built and get good
physics out of it.

—Norman Christ, Columbia

e've done a conjugate algorithm for QCD
with dynamical fermions that is run-
ning on the CM-2 in excess of 1 gigaflop.

-John Richardson, Thinking Machines

THINKING MACHINES

fter the initial 16-node system is run-
ning, we’ll go on to build a 256-processor
machine with 5.0 gigafiops peak.

-Themas Nash, Fermilab

Peter Batacan, New Computer Architectures for Lattice QCD, Computers in Physics 3, 17
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“".QCD on a dngntal Signal Processor
- =0.6Tflops
- =completed 1998

QCDOC:

- =10 Tflops

Q'-—EISP

- Gordon Bell (& D1/R) Prize

QCD On a Chip

- =completed 2005
- Parent of IBM Bluegene

14



QCDOC: -
Quantum ChromoDynamics
| (QCD) On a Chip

capable of handling the
complex calculations of QCD,
the theory that describes the
‘& nature and interactions of the
' basic building blocks of the
universe '

~ Retirement of QCDOC in 201 lat Brookhaven National Lab, N, USA
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https://www.bnl.gov/newsroom/news.php?a=22647

Available online at www.sciencedirect.com

—
.~ ScienceDirect Computer Physics
Communications

ELSEVIER Computer Physics Communications 177 (2007) 631-639

www.elsevier.com/locate/cpe

TR E -~ (GPU)
Lattice QCD as a video game 5y ) Sl R 22 |

~

Gy6z06 1. Egri?, Zoltan Fodor “*<*  Christian Hoelbling ®, Sandor D. Katz*", Daniel Nogradi®
Kéilmén K. Szabo®

¢ Institute for Theoretical Physics, Eétvos University, Budapest, Hungary
b Department of Physics, University of Wuppertal, Germany
¢ Department of Physics, University of California, San Diego, USA

Received 2 February 2007; received in revised form 29 May 2007; accepted 7 June 2007

Available online 15 June 2007
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A EAEFGR .55 8% 51 ) P AT =g —
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(Standard Model, SM). Z#R 1 5 F 3R 4 B 4E A
W 4 B HE A BRI S B F 14 3 7 %% (Quantum Chro-
modynamics,QCD), ‘& 7E & fE X FMIKAE X 2 30 1 i
AR HRFE : 76 R BE X QCD 2 L Mk F #h (as-
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D) J B T A X iR P A ke A e A B 4 A AR 4
. HF QCD 7EAKAE X (Gl % 45 L1~ GeV LA F) A
AR SR AR, B T B X A 4 B
DAF AR R Fmie k. HMCARER
Se AR RS s QCD, P 1 . umam'mmmnnt

AL QCD S —HEIRIE & 46 QCD fMEA Lo PR 2 i[irecienrmle
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k4 (China Lattice QCD Collaboration, fij f#& CLQCD),
IR T LA BRUIAR sOB AL B9 o X EE4Fk,
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Lattice QCD (8 R=FE1/1%F)
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Two key equations in Lattice field theory

¢ Euclidean correlator: Useful to extract matrix elements of
operators and the energy spectrum of the theory (Interpretation)

1 A A A A N
ve dim ——Tr[e” T 0y e O1] =) (0|02n)(n]0:1]0) e~ **r

1T'— 00 ZT
n

partition function: Zr = Tr[e‘Tﬁ]

¢ Path integral formalism used to be evaluated numerically on
the lattice (Computation)

1 7oA 7oA 1
\/\/ Z—TTI'[G_(T_t)H 02 e_tH 01] — Z_T /D[(I)]e_SE[CI)] OQ[CI)(,t)] 01[(1)(,0)]

22



Eucligean correlators

(O2(t) 01(0)) 1 = ZLT tr [e‘“”‘“ﬁ Oy e tH 61] Zr =% (e " Hjn) = % e T B
]. Ir A~ S
<02(t) 01(0)>T — Z—T Z <m|e—(T—t) H02|’I’L> <n|e—tH 01|m>

1 ~ ~
_ Z—T Z e—(T—t) E., (m|02|n) e—tEn (n|01|m)

Zm,n <m|62|n> (n|51 |m> e~ tAE, e—(T—t) AFE,,

1+e—TAE1 +€_TAE2+...

lim (O3(t) 01(0))7 = Z (002|n)(n|O1 [0) =" &

T —o0
n

Determine the mass spectrum of e.g. proton

EO S El S Ez“'

AE,=E, - E,

lim (0,(t) 05(0)") 7 = |(p|O}[0)[* e ¥ + |(p'|OF|0)[* e ™* &' + ..

T —o0
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Path integral for a scalar field theory

1
¢sLagrangian  L(2.0,9) = 5 (9,9)(0"®P) — % ¢* — V(D)

Hamiltonian | 1~ Y GO A PR N >
operator 1 = / d*r (5 (@) +5 (Vo)) + 5 B(@) +V (@(:::)))
A, 0
Discretization in time: T'= Ny € e: spacing in the temporal direction
Trotter formula: e**” —’}Lrilo( ele B/” W, = o—€U/2,—eHo ,—€U /2

I = / D& (BoleTH|dy) = lim / Dby (Bo|W.NT|By)

N1 — 00

Discretization in 3D-space: @ an, n;=01...,N—-1 for =123

@(f(m)z Pn+j7)—Pn—7j) + O(a?)

2a

U = a® z; (;Z<4’ n+j) 4("’ ”) +”;é3(n)2+v(4?(n)))

a: spacing in the spatial direction

o 1 i 9\’ 1 2
_ 3 N —
Ho=a ; 2 ( a3 8925(77,)) 2 a3 2 0 P(n)?
n 3

’nEA3

24



T = / D& (Bole TH|Bo) = lim [ DBy (Bo| W VT |By)

N1 —00
_ /mso DBy (Bo|[We| By W BNy |[We| By o) ... (1| TWe|Bo)

periodic boundary

. —817/2 —eﬁo —817/2 . . .
d5z+1|e € € |¢z> condition is used

e~ €U[Pit1]/2 (D;11 |e—€ﬁ0 |P;) e¢ Ul®i]/2

(Dit1|We|P;)

—_— CN3e_€ U-[é'i]/2 _a'3/(2 8) En(¢(n)i—@(n)i+1)2 — £ U[Sp,,;+1]/2

— N Nr / D&y ... DOy, 1 e 2=

Euclidean
Action
In discretized
Space-time

25



Fuclidean

Action i fun 1 Do
In discretized 22 =5 jz::O a’ n;l — (2(n)j+1 —d(n);)* +¢ JZ::O Ul®;]
Space-time

In a compact 4D-space, the action becomes

SE[@]:S(I.'S Z (2( ('n 41 ) (n 724)> 4

(n,na)EA N

3 2 2 9
Z( (n_"] ‘ 7?—1) > (n R 714)) n 77; gﬁ(n '77-4)2 4+ V (@(n 724)))

(N

DO | =

j=1

Discretization error:  f(x + €) = f(x) £ ef'(€) + €X"(€)/2 £+ €3 f"(€)/6 + -+

Forward difference: USh Gz /) = f'(x) + O(¢)

Central difference: f(x+ 6)2_ef (x—¢) = (x) + O(c?) o6




Partition function & correlators

Partition function:

75 = CNgNT /D[@] o~ SE[?]  D[D| = H dd(n.,ny)

! (n,ng)EA
Correlation function:

. CON'Nz o -
(02(t)01(0)5 = =z [ Dl#le 55 0a[a(.. )] O1[a(..0)

e Functionals O,[D( ., n,)] and O[D(.,0)]: lattice transcripts of
operators O, and O in the Hilbert space

e O,|D(.,n)], O[DP(.,0)] and S| P] are numbers but not operators

. 3 . . .
e [rivial factor CN Nr cancels out in the correlation function
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e NN =17)

E—w EENXEKTE = BeRI4DN KT8], &mBEENaG;
B = T a EN2HIZT S0

\nn

B FRRERZENEAZ Sp(P) B, FiiAtta — OFEE
o] Bl HE E 2L = 8] FRYME,

= RERBPHNEFTRIAZE: BEN=>2HNIRRATES

\nn

N5 ERRPAS EITEIZRMMSEIRIRKE, ZEFIE A 8E
1 E’]W,ﬁ\iﬁiﬂu WERF NI /REEEFeXp(—S(D))

CC \ap
c gty
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Brief review of QCD

¢Fermion action

Splt i, A =Y / a%e 9 (@) (3 (O + 1A () +m ) 60 (2)

— Z/cl4z L_(f)(;l?)a ((’M)aﬁ (5cda +14 ( ") )

+ mH§ o0 d) () (2 ) s
d

a, B: Dirac index, 1,2,3,4 u: Lorentz index, 1,2,3,4 c,d: color index, 1,2,3
@Gauge action

_ 4 (’L 1
= /d ) E () 4JQZ/C1TF F( ()

Fg)(x) = 0,40 (2) — 0,A (x) — fijn A (2) AP (z)
Invariant under gauge transformations:
L’(l) — 'z;'_'..r/(;l:) — Q(;L.')"z;'f,r(;l:) ;(1) — ;’(1) — ;(J)Q(L)T SU(3) matrix:
Qz)" = Q(z) !

Au(z) — Al (x) = 2(x) A, (2)2(x)T +1(0,2(x)) 2(x)T det Q(z) =

29



Discretization of the fermion action

¢ Free fermion action (A =0):

1

S% ), ﬂ] _ /d433 @(x) (,Yuau +m)Y(z) A () — o (Y(n+ i) —(n—f))

S, —(142 n (Z (72_1_’“)2_(1}(”_’“) - 772L(72)>

neA

¢ Not gauge invariant:
Y(x) = ¢ (2) = L)) Plx) — P (x) = Y(x)2(z)!
P(n)p(n + i) — @' (n) ' (n + 1) = P(n) Qn)" 2(n + 1) (n + )
¢ Introduction of a gauge link:
F () U ()¢ (n+ ) = $(n) 2(n)! Uj(n) 2(n+ 1) p(n + 1)
Up(n) — Up(n) = 2(n) Uu(n) 2(n + )}

7+ g +7+ﬁ Un(n) = exp (iad,(n))
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Doubler prob\em & Wilson fermion action

Naive fermion action: Spl, 4, U] =a gla n) Z , Jemp(nti) QGU‘ u()(n= “>+nw(n)>
Sp[, ), U] = a* Z Z P(n)a D(nlm)as (m)g
n.meA a,b,a,[ @ ab b
4 i .
U,(m)ab Ontiam — U—_pn(1)ab On—g I
D(7’2,|7n)a’8 :Z(A}“)aﬁ u(n)ab n-+p,m > M(N)ab n—fp,m T m ()af)' Sub ()n’m
ab =1 a
- —ia=t Y Yy Sin(pya) o0 —1) ., YuPu Sin(p a)
. N— - a— ) L4 ‘
Propagator: D)™ | = — o= g 7 > Pu
123 sin(py, a

ohysical poles: p = (0, 0, 0, 0)
unwanted poles,doublers: p = (7/a,0,0,0), (0,7/a,0,0), ... ,(7/a,7/a,7/a,7/a)

—~

i 1
| | ix:  D(p) = ml + — , sin(p,, 11— 1 — cos(p,a
Wilson fermion matrix: (p) = ml + - Z%. sin(ppa) + ) Z( cos(pua))

p=1 T op=1
Wilson term
Wilson term vanishes when py =0 and gives an extra mass l/a (infinity at a=0)

Wilson fermion action: Sg[v, v, U] = Z a’ Z u_(f)( ) DY) (n|m) ) (m)
f=1 nmeA
+4

4\ . . . 1 . .
D) (nm)ap = (nz.(f) — —) OB Oab On.m— = E (1 — Al"u)aﬁ Un(n)ab Ontio,m
ab a ‘ Q(Lu::izl 34



Wilson gauge action
Plaquette: U, (n) = U.(n) Uy(n+ ) U—p(n+ i+ 0) U—,(n + D)
n+ v Uu(n+ D) n+ i+ v
smallest Wilson loop that is gauge invariant 2 " +

Wilson gauge action: Uuln) | Q | Uv(n+ i)

2 >
SG [U] — S‘ S‘ Re tr []l — UM,/(”I'I.)] H_T U,(n) T_n i

“} neA p<v

Problem: Derive the gauge action in the continuum limit with an
order a2 correction

> >jt1 v (n)?] + O(a?)

neA p,v

2J“

The above the above equation can be obtained with the help of

1
U,(n) =exp(iad,(n)) - exp(A) exp(B) = exp (A + B + 5[‘4" B] + - )



Staggered fermions (33455 28 K F)

4 . ) | )
' . T - Y(n+ ) —Ppn — 1) .
Naive fermions: Sr[,¢] =a" ) () (,?:1 T on + m(n)

neA
staggered | — — o
Jo b(n) =7 252 gt ()", d(n) = d(n) vt 3% v5% 1"

transformation:

;(n) Y3 "g'f,:(n, — 3) — (_1)711 +ng /, L ( ) ]l'lﬁ'f.-’(n 1 :’3)/
4

*SF Lv ; — (14 Z (Z 77#(17) L’(n + ,U) )—alﬁ(n — /l) +m C’(n)/>

ncA n=1

mn) =1, mn) = (=)™ m(n) = (~1)™+"  ny(n) = (-1t

staggered fermion action: keeping 1 of 4 identical Dirac components

U n+0)—U(n—i)y(n—ii
Pl X =S x(n) (2’7# )/u( n)x(n+ip)— | p(n—p)x(n—p) +m\(n)>

2a
neA p=1

x(m) :Grassmann-valued fields with only color indices but without Dirac structure
16 -> 4 tastes (doublers)
M(taste) BEE: FXEEREN| (SREFEBNNFEFIL) 33




600

500 r

400 r

300

200 r

100 |

Taste symmetry breaking of staggered fermions

action(group)

Improvements at T—0

Improvements at T oo

naive (Mumbai) none none
p4(BNL-BI) pPOOr very good
asgtad(hotQCD) ok good
2stout(WB) good none
4stout(WB) very good none
HISQ(hotQCD) very good good
RMS M, [MeV] 1.80 5 .
naive & stout H
HISOMree e 160 L P/PsB asqtad & hisq
asqtad = o
2stout v A
4stout a 140 b
1.20
1.00 |
la[fm]

0.05 0.1 0.15

0.2

0.80 |




Chiral symmetry of QCD

Sl 0 A = [ ' L(6,5,4), L (0.5, 4) =57 @ +1A4) 6 =T Dy

D: massless Dirac operator

Chiral rotation: 1) — ' = e "), ) — ' =)@
¢ Lagrangian density is invariant under the chiral rotation:
L (L,?/ A) = 'y, (0 +1A,) ' =5, (0, +1A4,) 5
= 1) ela’Yoe—la’YS o (C) + 1A ) L’ = [, (l’;q A)

120y L

& A mass term explicitly breaks the chiral symmetry: m 'y’ = mae
P — L+ 75 P, — 1 — Y5 - B B
=g T L (¢,¢,A) =+ Do +1r DR

I mip=m (Vrvr + ¢ VYR)

vr=FPrY, Yp=FPrv

¢ Essence of chiral symmetry: D5 +v5 D = 0
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chiral symmetry on the lattice

¢ Massless Wilson Dirac operator breaks chiral symmetry

+4
4 1
Df (n‘m)aﬁ,ab — 5@B5ab5n,m a8 Z (1 _ /Yu)aﬁ U,u(n)ab 5n—|—,&,m
a 2a
p==1
T 2 _
- . . V5 =5, V5 = 1, {757} =0
§ The Ginsparg-Wilson equation o o

lattice spacinga — 0
Dvys+v5D=aDvys D ﬁD% +v5D =0

¢ Lattice fermion satisty the Ginsparg-Wilson equation preserve the
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice

' = exp (ioz% (]l — %D)) v, Y =exp (iar (]1 — %D) 75>
Problem: Derive

L (L*’;’) =)' D/ = explia (]l — — D) 7’5) D exp (ia% (]1 — %D)) 0

a
P
2
— 1) exp (ia (]1 — %D) 7‘5) exp (—icy (]1 — %D) '7'5) D )

|
~
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chiral symmetry on the lattice

¢ Massless Wilson Dirac operator breaks chiral symmetry

+4
4 1
Df (n‘m)aﬁ,ab — a 5@B5ab5n,m — % Z (1 _ /Yu)aﬁ U,u(n)ab 5n—|—,&,m
p==1

W=7 7 =1, {5} =0

¢ The Ginsparg-Wilson equation

lattice spacinga — 0
Dvys+v5D=aDvys D ﬁD% +v5D =0

¢ Lattice fermion satisty the Ginsparg-Wilson equation preserve the
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice
' = exp (ioz% (]l — %D)) v, Y =exp (iar (]1 1 D) 75>
Problem: Derive ~ 147 5 1-7;
PR — , PL — 9
2 2
P2=Pr, P2=P,, PprPL,=P Ppr=0, Pr+P,=1

Y5 =75 (L —aD)

Yr=PrvY, YrL=PLY, Yp=%P,, Y =vPFg

L’ D L’ — 1;’} I D L‘ L + L’ R D L* R
36



¢ Overlap
Wilson ec

Doy = — (1 + 75 sign|H|)

chiral fermions on the lattice

fermion operator Doy : Only operator that satisfies the Ginsparg-

uation

sign(H) = H|H|™' = H(H*)™2 | H = 5 A

a

A denotes some suitable Ys-hermitian “kernel” Dirac operator

large numerical cost due to the evaluation of (HH*)-1/2

costs = 100 x costs of Wilson formulation

& Domain Wall fermions: introduce the fictitious 5t dimension of extent Ns

preserve exact chiral symmetry as N5 — 00. Residual symmetry
breaking

IS quantified by the additive renormalization factor mres to the

guark mass

costs = N5 x costs of Wilson formulation

Ns = 16-64
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Recap: Discretization schemes

Discretization schemes | Chiral symmetry Cost Collaborations
CLQCD, ETMC,
Wilson fermions Explicitly broken OK HALQCD, FlowQCD,
PACS,...
MILC, HotQCD
Improved Staggered . ’ ’
fermions Partially reserved Cheap CLQCD, NPQCD,
BMW....
Domain Wall fermions | Almost reserved Expensive JLQED, RBRC,

UKQCD, TWQCD,...

Overlap fermions

Exactly reserved

Very expensive

chiQCD,
Bielefeld-Chenai,...

To recover QCD, thermodynamic and continuum limits are required!
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setup of Lattice QCD simulations

* Discretization schemes:Wilson, staggered...

\ \\ \\ \ e Four dim. Euclidean lattice: N> X N,

y \ y e Temperature: 7' = 1/(aN,)
NAR / / /

v”3 N 1T =N_ UV cut: 1/a, IR cut: 1/(aN )
o
a << iA<aN,

Thermodynamic limit: V = (aN0)3 — 00
Continuum limit:a — 0O

Input parameters

e lattice gauge coupling: f = 6/g>

/ \
€A > e quark masses: am , am, am,, am., -

* lattice size: N, N,

No free parameters
input bare parameters of QCD Lagrangian

fixed by reproducing e.g. M_, M etc
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Current hot & dense lattice QCD simulations

Lattice QCD: discretized version of QCD on a Euclidean space-time
lattice, reproduces QCD when lattice spacing a—0 (continuum limit)

Mostly dynamical QCD with N+=2+1 and physical pion mass

% at a=0: taste symmetry breaking

“* 1 physical Goldstone pion +15 heavier unphysical pions
“* averaged pion mass, i.e. Root Mean Squared (RMS) pion mass

“* Smaller RMS pion mass — Better improved action: HISQ, stout
o at az0

* preserves full flavor symmetry and chiral symmetries

* computationally expensive to simulate, currently starts to

produce interesting results on QCD thermodynamics
40



The lattice QCD Path integral

QCD Lagrangian
L= P But 3l @uiaA)-mle Discretization in
Euclidean space

—>
f quarks: lattice sites
= gluons: lattice links

® quark A gluon

Supercomputing the QCD matter:

structural equivalence
between
statistical mechanics
& QFT on the lattice

Ne@N@Nspin@Ng@No@N3 = 06

det Mf = 1: Quenched approximation
det Mt =/= 1: dynamic/full QCD simulation
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BREFBE)FRI

det My e —SclU]lp [ ]
fD det Mf —Sg|U]

ke dP(U) =

Ll

— 1 — O Unlz le\§

E‘ J —Fi —— =
BRITESER S SLIOFA 3T AR Y

1. F=A2H75(gauge configurations) INIRZS

2. = _Qﬂlu\l_'_ﬁ—#j'/k_ﬂm/)ﬂ” EI%T%;U_”JDD

3. HENHE AR AT
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BEBFEMNNE: REABRIENE (M)

I/ T \b

¢ F1EEEsR (chiral condensate)

Conjugate Gradient

~ OlnZ  ny M x =y
<QQ> 8mq 4 <TI'M > < — M—ly
FEFE RN 109

¢ INZX M FHBEPRIIRS (general susceptibility)

82an ny 0°(In det M) (e A(ln det M)\ °
ou? 4 op? 4 ou
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A\
i

QCD Lagrangian & - {A,3)] J] ==& H &=

L‘,=—FF+

—6»&—

<9

0

— ik JE

ol BR=EFRBNIF

Y=

HAZ BN IRED « RSk

Z Q[n’“(au - 'igA“) - mq)] q

A v> o

® quark A gluon &1

2 RN Z BBt T —EEERS T

5L QCD AL

: JoT B BRI 5 1

EZERBR+FR T FARBR

T EBERRAERL, RFEARERZEINE 5,% o] 2JQCD

> BIERZE B EL (Wilson, staggered etc), \

BRI BE TR IRER AT
TTERERRAE PR 1L

2 EXFILMp4EE
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ol BR=EFRBNIF

RGu i

o — e S B 8 B QMK IR 5D
QCD Lagrangian - T2 ) 1 Hi 4% 1T F i

£=——F Y Fuy + Z q[w“(au—igAu)—mq)]q ,

—6»5—

4t
Z=37 @ quark Agluon JZ 1

BRIitETE:

1. }t*— A7 (gauge configurations)
2. 2 ‘Qﬂ/uﬁ'%ﬁh/\

3. TEH NG BE

A Y> L@ =

SYNl=

5L QCDAE Y 5 oy B3 Uy 1%

25 EESEE0 A 53 HHAY
INIRZS
T
AR
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RAZ B AT
@ /A QCDERY, T RH IR & X

 “Quantum Chromodynamics on the Lattice”, C. Gattringer & C. B. Lang,
Springer 2010

 “Lattice QCD for Novices”, G. Peter Lepage, arXiv:hep-lat/0506036
*BREFENNFEFE, X, WRAKFLERT, 2017

Q@ i 7 WAL 35 BE RS S QUDAI G SOk famous plots

“ “Thermodynamics of strong-interaction matter from Lattice QCD”,
T =38, F Karsch, S. Mukherjee, arXiv:1504.05274

* Conference proceedings in the annual “lattice conference”

e | attice 2018, Michigan, USA

e | attice 2019, CCNU, Wuhan, China

e | attice 2021, MIT, USA

e | attice 2022, Bonn, Germany

* .. 45
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ERBRFSEFN | f RHAEHT L 3K

>

Ordinary Quark Gluon Plasma D,
nuclear (QGP) _—

“The whole is more than sum of its parts.”

Aristotle, Metaphysica 10f-1045a u7|;/;< ?FE% ;ZD H , ﬂj }fs_‘u H /i]fﬁ/u ) 2
}\AE}?\'I/[/_\JZE‘U %Ig'fzti/lf\; Ink painting masterpiece 1986:

"Nuclei as Heavy as Bulls, Through Collision
Generate New States of Matter”,
by Li Keran,
reproduced from open source works of T.D.Lee.
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Symmetry restoration in extreme conditions:
QCD phase transitions

Ordinary Quark Gluon Plasma

nuclear (QGP)
matter

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a

What are the phases of strong-interaction matter and
what roles do they play in cosmos?

What are the T¢, orders and universality classes
of (chiral & deconfinement ) phase transitions?

What does QCD predict for the properties of the strong-
Interaction matter in extreme conditions?
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Relativistic Heavy-Ion Collisions

Hadronization

|

Initial energy
density

pre-
| gumbmum
’ ynamics |

t~0fm/c t~1fm/c

« J‘:ih” ﬁ : . - oo c\/ &
KBsmF3J1E 4 (Large Hadron

viscous hydrodynamics

collision evolution

final detected
particles distributions
Kinetic 7
freeze-out _—

| free streaming

t ~ 10" fm/c

t~ 10 fm/c

~s= R s

N -

- e
»
»

P . .,..'. . -~ \ i 4

HE S B B A

(Relativistic Heavy lon Collider

Superconducting Dipole

iTOF

R BEMFEE CEE) @ IR RADEHFA,




€ rhIfiE A AR E AR
u NuclearScience
Computing CenteratCCNU

¢ |Eﬂ$/]\ NSCs
N: Nuclear, S: Science, C3: Color 3-> QCD
M EEAREIS(QCD)FERHm B L 4ris = Ee

BAE—, —HET, THA=, ZEAY — (BEfRER) EF 600BC

Confinement  Chirality
2 4] FIE

Mirror

{
| [ "l‘
YR | : ' " ¥
= \ .
l\ | /
{ \
/ \

Left hand Right hand




€ LRI A SRR S E A
u NuclearScience
Computing CenteratCCNU

Mg AR R A EQCD % F A4 f-F

BT A

e T A R E A

Nuclear Science Computing Center at CCNU

2 20184 % 5

43 computing nodes
(304 V100 +40 A100 GPUs)

Peak performance:
3 PFlops/s

—

(BW3TRICRERIZE)

Storage:
6PB

June, 2021 The
GREEN

500 H(J()

The List.
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u NuclearScience
Computing CenteratCCNU

KB TR A 5 QCDE AR T4, 20184 %,

Af(%computing nodes
(304 V100 +40 A100 GPUs)

Peak performance:

3 PFlops/s
(BT RN ZSEE)
Storage:
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June, 2021  The
GREEN

500 H(J()
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,/T\ K = THERMODYNAMICS OF STRONG-INTERACTION
MATTER FROM LATTICE QCD

18 RQCDHA R 52 1H B AF Y BV 5 1E 5|

Heng-Tong Ding

Key Laboratory of Quark & Lepton Physics (MOE), Institute of Particle Physics,
Central China Normal University, Wuhan, 430079, China

2R
—

Frithjof Karsch

7~ Y ? AP BT ?
Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA ‘5‘ j% Hjl # I% 1ZI§
and
Fokultdt fiir Physik, Universitdt Bielefeld, D-33615 Bielefeld, Germany
Swagato Mukherjee Sl
\)

Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA _L'f% y NI

We review results from lattice QCD calculations on the thermodynamics of strong- &

interaction matter with emphasis on input these calculations can provide to the

exploration of the phase diagram and properties of hot and dense matter created

in heavy ion experiments. This review is organized as follows: ‘Eisz%“ jt
1) Introduction L’ IJ
2) QCD thermodynamics on the lattice
3) QCD phase diagram at high temperature

4) Bulk thermodynamics

5) Fluctuations of conserved charges

6) Transport properties

7) Open heavy flavors and heavy quarkonia
8) QCD in external magnetic fields

arXiv:1504.05274v1 [hep-lat] 21 Apr 2015

9) Summary

T=8, F Karsch, S. Mukherjee, https://arxiv.org/pdf/1504.05274

ESI(B11%)E# 5| X &, S #5308/ £


https://arxiv.org/pdf/1504.05274

F

PP IR QCDMSI 1), F-3XQCD I 57 A%

+
QCDEEILE
7J - -
%‘300 B]200 1 Vs = 62.4 GeV
= EHEBRFEBFIE
e 250
- 19.6
14.5 Quark-Gluon Plasma
200 | 11.5

=10

100
50 \ )\ Color
vuciez \ Y.i=arconductor
o 1 . It 1
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-amous plots

#1: What is the QCD Equation of State (EoS) ?
#2: At what temperature a QGP can be formed 7

#3: What happens if # of baryons is more than that of anti-

baryons ?
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Famous plots #1:

Lattice QCD calculation of EoS at ps =0

SU(2) pure gauge; Quenched QCD

at a finite lattice cutoff of Nt=2

0.2..

01t

Ny =2

i

\\\jfi

3.0

4/g?

J. Engels, F. Karsch, H. Satz, |. Montvay, [Bielefeld]

Phys. Lett. B 101 (1981) 89-94

0

Ni=2+1, physical point
continuum extrapolated

stout HISQ
(e-3p)/T+ B W

p/T4 B8
/4T

T [MeV]

\130 170 210 250 290 330 370 /

HotQCD, PRD 90 (2014) 094503
Cited by 1074 records
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Quenched QCD v.s. dynamical QCD

Z:/DU [] Dy Dyl ede5r Z/DUG_SG [T detary

F=u,d,s, Integrate out the f=u,d,s,

Grassmann variables

1
<O>:§/DU(’)QSGJC_1;[ mdeth

-»-Quenched QCD: detMs=constant, computationally cheap,
no sea quarks

-»-Dynamical (full) QCD: detM:(U), more computing resources needed

-»Ni = #+# QCD: Ni=2+1 QCD: my=mgzms , Ni=3 QCD: my=mg=ms,
Ni=1+1+1 QCD: muzmgzms, Ni=2+1+1 QCD: my=mg#ms#mc

-»-Physical mass point: u, d, s quark masses are tuned to reproduce
the pion, kaon, and 7. masses

-»-Stout & HISQ: two different improved staggered discretization
SChemeS (see slide 34) 55



QCD thermodynamics
¢ Free energy(F), pressure(P), entropy (S), energy density (€)

F(T,2V)=-TmzZ(T,V)—F,, Fy= —%1m01nZ(T V)
%

OF F TinZ
p:—— = — — =
oV it V V
dF = —pdV — SAT »
U F+TS T2an‘ _T26(p/T)‘ . S
TV TV vVorl ~ ~or vy 7TV

o _
¢ Trace anomaly: @T_4 = ¢ T43p _ T(%(

p/T*)

o - . P Do , O (1)
& — — T
s Integration method: 1 = 73 +/TO a1’ —

e = O + 3p

s = (0" +4p)/T
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o e—3p 9,

OF F _ TinZ V= (aN,)’

P="9vie = v~ v 1
B alN,

ZLCP(B7NO'7NT) :/HdUaﬁ,,u G_SE(U)
T,

T varies from a

OM(T) _ o o NP (1 /dSp 1 /dSg\ \ _ ©"M(T) eMT) with N fixed
7~ ROy N7<d5 >T_N0<dﬁ >O =T T 5= fa)
B a3 d3 Lattice gauge coupling
Rg (5) = Td_T — —a,£ m(f): Line of constant physics

Se(U) = B5a(U) — Sr(U, 5)

$+(U, B) = 5 TrnD(A(B)) + 5 TrInD(, (B)

I 1 1

<‘Z’¢’>q,x = Z Nng <TrD_1(rhq)>x’ q=1s, x=0,7, <SG>x = Nng <SG>x'
1 dmy(B)
RnlB) = 5B dp
@4 (T) .
GT4 — Rﬂ[<SG>0 — (sg),]N# Problem: Derive these formulae
(T _ _ _ _
* ST RyR, om0 — (0)12) + ()0 = ), N
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)<l¢'

7%5'%1%’\ FFETIREEEE,

2.0
£ [GeV/fm®]
BEERE
10 [ -
: K :
. D e -
critical -
energy .
density
JH =
/M2 T[MeV]
0.1 l S W — — ] S | —

130 140 150 160 170 180 190

A.Bazavov,... T i@ et al.[HotQCD], Phys.Rev. D90 (2014) 094503
BM511074)%
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SRRFFREFANNER
Ni=2+1 QCD at physical point
RHIC: p =1030 bar

rr 1 1rrrrrr rrrrrrrrrrrrT4

p [GeV/fm3] E28

10

HNEERL
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e
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L1 1111l
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A.Bazavov,... T 5 3@ et al.[HotQCD], Phys.Rev. D90 (2014) 094503
BHE5]1074%
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Famous plots

#1: What is the QCD Equation of State (EoS) ?
#2: At what temperature a QGP can be formed 7

#3: What happens if # of baryons is more than that of anti-

baryons 7
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L andau functional of QCD

Symmetry:  SU(Ny¢)r X SUNf)r xU(1)y xU(1)a
1 . L
Chiral field:  ®;; ~ 5(?(1 —5)q" = qrqy

Chiral transformation: & — e 2**4 V/; & Vzl;

1 ;
Leps = §tr8<l> 0P + gtrCI)TCID

b1 2 by 2 SU(NH)XSU(N)rxU(1)A
+o (trofe)” + 2o (efe)”_]

d
—~ 5u~h(c1>+c1ﬂ).

SU(Nf)LXSU(Ni)r

Quark mass term

Results on phase transitions should be eventually
checked by Lattice QCD
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Famous plots #2: 76

two pure
flavors gauge
o0 L \\\ \\\
second
m.a / order
0.1 n one
flavor
L first - -
Corder ™ —
025 -_@_-_
o1 f-1-1-°C
O 1 |
.01 .025 O

F. Brown, F. Butler, H. Chen, N. Christ, et al., [Columbia]

Phys.Rev.Lett. 65 (1990) 2491-2494

EbolzAH & (Columbia plot)

Z<< —— = Z
=5 = F[E

1HIQCDIEE
© N=2 PURE
m .“IGAUGE
S 2" order 2" order \ 1%
O(4) Z(2) x/xorder
R
hysical point
pny P | ~Ne=3
mtri Nf=1
2" 5rder
Z(2)
> 00
mu,d

T =&, F Karsch, S. Mukherjee,
arxXiv:1504.052/74
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https://arxiv.org/pdf/1504.05274

Order of the Ni=2+1 QCD transition at the physical point

X/ T?

200

FALHL

{2
150

100

S0

crossover transition

B | | 1 | | I 1 1 1 | | 1 ] | 1 I _
- ki, J—
| Staggered: A 6x18 _
REENKT g 3
: EFEBEKF 2 0 6x24° -
B § i O 6x323
h— m —
i I m )
I y. 3
_— i 31 ! —
§z . |
r.Y. & _
- 1= N
— & ‘G—
- I | | | | I | — 1 | | | q
3.4 3.5 3.6 3.7
6/ 9>
Y. Aoki et al., Nature 443 (2006) 675-678

Cited by 1516 records

Domain Wall fermion: FEZE K F

%fﬁﬁéﬁ*ﬂjﬁ,ﬁ HISQ: Highly Improved Staggered Quarks
40 T T T e e
MS 2 Domain Wall Fermions
X} disc T m, = 135 MeV
i 323x8 ~—e—
oo - 64°x8 o
m, =200 MeV
¥ 163X8 bl nf
o0 | 2438 =~
323x8 v
HISQ
m_ = 161 MeV
10 ¢ 483x12 —a—
oL\, o N B
120 130 140 150 160 170 180 190 200 210 220 230

T [MeV]
H=NIBM BGQBITE

(IR IRIR) FmigEFRIE. EEExS (MR) RoikE
T. Bhattacharya,... T Zi#,...et al.[HotQCD],
PRL,113(2014)082001

Cited by 355 records
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Ginzburg-Landau-Wilson approach

Partition function: Z = /[da] exp ( — /dX,Ceff (a(x);K))

Same symmetry with

Landau function: L, = 9 (Vo)™ + Zan(K)a the underlying theory

o(x): order parameter field; K={m,u}: external parameters

2nd order phase transitih

Z(2) Ising model, Ni=2 QCD
1 1
£€ff — 5010'2 —|— Zb(f4

Leff N 15T T=Te T<Te

\. "

1st order phase transition
/(3) Potts model, Ni=3 QCD

1 1 1
Leff — 5&0'2 — §CO'3 —|— Zb0'4
Lot T T=Te T<T

>
o

. <




Ginzburg-Landau-Wilson approach

Partition function:

7 - /[da] exp ( - /dxzeff ((x): K))

Same symmetry with

Landau function: L, = 9 (Vo)™ + Zan(K)a the underlying theory

o(x): order parameter field; K={m,u}: external parameters

2nd order phase transitim

order parameter M:
continuous In T

fluctuations of M:
X(T) = T((M?) — (M)?)

\ x(T¢)

~ 1/ (2=1)/3

/

ﬁst order phase transitiom

M:
discontinuous In T

fluctuations of M:

X(Tc) ~ V

. <




Crossover transition temperature Tpc
N the real world

& Crossover nature of the transition

sley
inflection point

(1))

uds u,d,s

Tpc:
peak location

¢ Chiral phase transition: most likely 2nd order, 3d O(4)

Ejiri et al., PRD 80(2009)094505,
HotQCD, arXiv:1903.04801

¢ A well-defined chiral crossover transition temperature:
based on Scallng propertles Of QCD HTD, P. Hegde, O. Kaczmarek et al.

[HotQCD], arXiv:1903.04801
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> 5 TS

l%ébkjtlx
$IR1E TR (Paul Ehrenfest) AR 4028 AHZAR B AR L 22 1Y)
n-1 IR R AE S, o IR AR, XA AH 28 5 P n 2l opH 28

§ EGHIAS: >0

FZzaklBEKEE RS
e+

METIRATE

Great fleas have lesser fleas

i
o

Upon their backs to bite ‘em. Kerson Huang,
And lesser fleas have lesser still.  Statistical Mechanics,
And so ad infinitum ISBN-0-471-81518-7

Johnathan Swift

Fig. 16.3 Scale invariance. 67



Universal be

'|:(|"n,-|-)=h1'H/6 fs( ) ~+ freg(m,T),

navior of chiral phase transition

N Ni=2+1 QCD at pg=0

Behavior of the free energy close to critical lines

—=t/N1/Bd

n: external field, t: reduced temperature, [3,6: universal critical exponents

M

2.2
2

1.8 |
16 |
1.4t
12t

1 L
0.8 |
0.6 |
0.4 |
02 |

0

= -9f(t,h)/dh =h1/ fg(z) + freq (t,)

(M-t

reg

G

'm_=160MeV —g—
m_=140MeV —e—
m_=110MeV —aA— _

m_=90MeV —o—
m_=80MeV —s— 1

h~m;t~TTc
fG(z): (O(2))scaling functions

Good evidence of
O(N) scaling for chiral
phase transition

Sheng-Tai Li, Lattice 2016

68



Scaling behavior of chiral observables

chiral condensate: (7T, ug) ~ m!/° e

chiral susceptibility: x=(T, ug) ~ mt/°~} fx

Taylor expansions:

Z(T, ,UX) = i C;anrrg;) (MTX)%

n=0

6TXZ (T)
OrCy(T)  ~ m!Om1 VB ()
Cy (T)

07Cy (T)

" 1/6—2/Bd gl
aTCQE(T) m fG(Z)

= G0 (F)

n=0




Well-defined notation of chiral crossover transition temperature

0.4

0.35 | Orx=(T)

03 | 1

025 | 3T0X<T> ~ m! TR ()
02 | Cy(T)

0.15 |

01 | 52 C’E(T)

0.05 | ] 1"~0 _ 1/6—2/B5 g1

w

-3 2 -1 0 1 2
~ (T = T0)/T0 + K (pp/T)?) JmPs

¢ 5 conditions to extract Tc: maxima of f, and f'g

Orx=(T)=0 OrCX(T)=0 CHT)=0 2CH(T)=0 0rCy(T)=0

¢ m=0: all these susceptibilities diverge at a unique

¢ m=/=0: non-unique temperatures, crossover
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A. Bazavov, T i, P. Hegde et al. [HotQCD],
Phys. Lett. B795 (2019) 15, 2 #£5|386,KX

Tc(0)=156.5(1.5)MeV ~1.8x102 K (25

*ﬁ/

Temperature | K |
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S e %o EXIE
o 0©
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®» KPFHFEmIEE:
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‘J
= . — M/ T/ ST
mu Ei?r %Ejjjj ——’ﬂ'* < m/E
EHRITEASRRE T E R QCDIEFFR S/ EE IR
160 | 7’@'#@}% H‘ﬁlﬁj E](J
*Hf%‘ (753

CToe(H) =T7Y (1+ H66>
20

Ts(H)  ZBMEZE,O(4)RFE1ER

L
\
N
[

FETRPE FROEZEE
EHFEE o T — 13273 MeV

L ! | _

0 0.01 0.02 0.03 0.04

T =@, P Hegdeetal., Phys. Rev. Lett. 123(2019) 062002, =#5]150/%
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Nature of chiral phase transition

¢ At physical point Ty = 156 MeV
HotQCD, PLB 795 (2019) 15
WB, PRL125 (2020) 052001

¢ Chiral phase transition T =132(+3)(-6)MeV

HotQCD, PRL 123 (2019) 062002

GAUGE

Ua(1) symmetry:

Columbia plot:
QCD phase diagram in quark mass plane
% N=2 PURE
m
Z(2) _-order
O(4) o ;
physical point ‘N=3

e Broken, 2nd order (O(4)) phase transition

mtri Nf=1
° ? Pisarski and Wilczek, PRD 29 (1984) 338
? e Effectively restored, 1st or 2nd
order (U(2)L®U(2)r/U(2)v)
.\ 2" order
o Z(2) Butti, Pelissetto and Vicari, JHEP 08 (2003) 029
|-“order 1l o Pelissetto & Vicari, PRD 88 (2013) 105018

Grahl, PRD 90 (2014) 117904
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Signature of symmetry restorations

-#- Susceptibilities defined as integrated two point correlation functions of the

local operators, e.g. X5 = /d4az<7ri(:v)7ri(0)> with 7°(x) = i (2)ys7"; ()

SU(2) LX SU(2) R

X5,con . EI\(512:‘:I< - O EICI Xcon"'Xdisc
ul), ' ' u(1),
Xcon 0 : EI; q ~- -1’ aY5q X5.con” X 5,disc

SU(2) Lx SU(2)

Restoration of SUQ2)1xSUQ)r: You Yo =O Y = NS =N disc =)s,disc
£d = An=0
: : . Xrn = A6=0
Effective restoration of U(1)a: Yo - =0 e = U =Ydisc=s.disc =O
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. € local GPU
attice setup  NSH =
@CCNU
o Ng=2 PURE
o o rder 2" order 18?[./"”“ GAUGE ¢ At a single T=205 MeV
Z(2) .~order
O4) ¢ HISQ/tree action
physicgl point Nf=3 & Ni=2+1:
mgi N=1 M Nt=8,12,16 (a=0.12,0.08,0.06 fm)
" phy
ms /my = 20, 27, 40, 80, 160
mn =~160,140,110, 80, 55 MeV
2" order
Z(2) IZ 9>Ns/Nt >4
mu,d -7

HTD, S.-T. Li, A. Tomiya, S. Mukherjee, X.-D. Wang, 5K ¥

arXiv: 2011.04870
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https://arxiv.org/abs/2011.04870

Continuum and chiral extrapolations with

m; < 140 MeV data at 1= 205 MeV

I

35 F | -

Mg (XW — X5)/TéL
30 -

— —
-
-
-
-
-
-
-
-
-
-
— - —
-
-
-
-
-
-
-

-
-
-
-
— - —
-
o
-
-
-
-

10 —,4}' —L}’ - N, 8,12,16 " B}
D F B
0 |_ | | | | | |

0 0.0003 0.0006 0.0009 0.0012 0.0015
(my/mg)?

chiral limit

¢

. simultaneous fits

Continuum: quadratic in 1/N;
Chiral: quadratic in quark mass

Value at N, and m—o0 :
8.0t2.4
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Continuum and chiral extrapolations with

m; < 140 MeV data at 1= 205 MeV

35 . . . : simultaneous fits
2 — 4 . . °
20 L m; (O = X6)/Te Continuum: quadratic in 1/N,
Chiral: quadratic in quark mass

25
20 - Value at N,—>o and m—o :
15 B 800 i 204
10 N. % oo & first continuum

5 Ny —— o0 &9 and then chiral extrapo.

0 | | | | s Continuum: quadratic in 1/N;

0 0.0003 0.0006 0.0009 0.0012 0.0015 with N_ =12 & 16 data

(my/ms)* . .
Chiral: quadratic in quark mass

o Value at N,—o and m—o :
chiral limit

6.1+1.9
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Continuum and chiral extrapolations with

m; < 140 MeV data at 1= 205 MeV

35 I 5 ! 4 ' T
my (Xﬂ' - X5)/Tc

& . simultaneous fits

Continuum: quadratic in 1/N;

30
Chiral: quadratic in quark mass

25
20 Value at N, and m—o :
15 8.0+t2.4
10 L N. % oo s & first continuum

5 | Ny —— o0 =9 _ and then chiral extrapo.

0 | | | | s Continuum: quadratic in 1/N;

0 0.0003 0.0006 0.0009 0.0012 0.0015 with N_ =12 & 16 data

Axial anomaly remains manifested in the U(1)a measure nass
at a 2-3 sigma level o :
Indication: Chiral phase transition is 2nd order O(4)

chiral
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-amous plots

What is the QCD Equation of State (EoS) ?
At what temperature a QGP can be formed 7

#3: What happens if # of baryons is more than that of anti-

baryons ?
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BREFBE)FRI

- det Mg e ¢lUID[U]
[ D[U] det My e=SclU]

T2fhRE: dP(U)

Ll
i)

det Mf J_:Z‘

¢ Ys-hermiticity: (ysM)" = ysM or M" = y-Mys
det[M]* = det[M '] = det[ysMys] = det{]M] = detM € R

0 < det[M]det[M] = det[M]det[M'] = det{[MM "]
Wilson fermion matrix (sice 31) satisfies Ys-hermiticity
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-5 )
det M¢ () e~ >¢lUID[U]

dP(U) =
) [ D[U] det M¢(p) e=5clVl
ok G
¥ HEHAE AT
¢ WEATIEXCA T, g RARE N, IRES,

¢ :.:.%ﬂdjﬂjm; P

\/

CMI

NP AL RPHE 0 RS

FEFH L2 EEE N RIS R QCDAL
i

Ys-hermiticity A~

3 AAL

M (—p) = ysM(u)ys

AARERE ] : NP-

hard Problem (Non-deterministic Polynomial time Problem)

§ BRI AP AEAEZ A )8 : Hubbard i %

¥ ARG LSRR 13X A 8

Millennium Prize Problems
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Demonstration of the sign problem using a toy model

7 = Z sign(¢) e °(®) . 7, — Z e~ 5(¢)
{¢p(z)==%1} {¢(z)==+1}

1 :
(O) = — O(¢)sign(¢p) e (@) _ (O(¢) sign(¢)),
? {qbg::il} ) (sign(¢))g

. A e £f)- f dens
— = _ o= f)V/T (fo): free energy density
ien(g)lo Zo < corresponding to Z(Zo)

: o). 2 _
Ssign(o) _ \/<Slgn o — signlo S <1 N > 20— f)V/T

(sign(¢))o VN (sign)g VN

Solve the Problem 5.7

in Yagi, Hatsuda & Miake
Quark-Gluon plasma, from big bang to little bang

R EBE, DRM & R N



Lattice simulations at nonzero us

¢ Taylor Expansion method, Imaginary chemical potential,
Complex Langevin...

Allton et al., Phys.Rev. D66 (2002) 074507

5 Taylor expanSIOH Of the QCD pressure Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506

0O BQS .

p 1 Xijk  (HB\" (PQ\! (1s\F
L e - 3 S () () (2)
71 = yrs ALY s fa fis) ijzk:_ol!j!k! ) \1) \T

A Taylor expansion coefficients at u=0 are computable in LQCD

BQS _ | BQS ) 1 OP(T,j)/T*

X’L . — X’L . = . - R |
I I VI 0l 00 =0

4 Thermodynamic quantities can be obtained using relations, e.g.

c—3p _ L OP/T" < Tdx; /AT g\ o\ [ sk
= = Z i51k! ( ) (?) <?)

T4 0T T

1,7,k=0
82



INZXI 1 FBEEUBIR S (general susceptibility)

BQS __ BQS(T) L 1 aP(T’ ’a)/T4 | ﬁ — ! In Z(T7 V7 laua lada :aS>

X — X . — . = R , —
1k 1k VT3 a”%ﬁﬂéaug =0 T4 VT3

:/DU@‘SG dletM,j/4 dletM;/4 dlet]\fsl/4 mn;;tM - tr(M_lg—Aj)

Problem: 0°’lnZ  /ny 0%(In det M) (e d(In det M)\~
- o2  \ 4 O? 4 o)1
Derive

/ \

9?> M oM oM oM
1 PO VY 1 1
Tr (M 92 ) Tr (M N M~ N ) Tr (M o >
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Taylor expansion coefficients at pg=0
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[P(T,ug)-P(T,0)/T*

Famous plots #3:
QCD Equation of State at small baryon density

Pressure difference _Baryon number densit

uB/'II'=2.I5 | ' 0.8 ué,>=us=0 Ha/T=2.5
_ 07| -
06 [ Mp/T=2 p—
——_ E 0.5 - 7
g i
I_" 0.4 N ]
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o) € 03} He/T=1 _
O(up) = | 0o i O(ug)
. ' O ()
0.1 O(pg) W
0 ] ] ] ] ] ] ] ] ] ] ] ] 1 | , | \
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A. Bazavov, HTD. P. Hegde et al.,[HotQCD], Phys.Rev.D 95 (2017) 5, 054504
Cited by 370 records
00 B B
T4 —~ (2n) \T 92 B 123" P 360 (1) P

The EoS is well under control at ps/T=2 or y/snn 212 GeV



Changes of degree of freedom in thermal QCD

f Baryon number —> B \

Baryon number fluctuation —> B2

Bound state of quarks
B=1, -1
B2="1

Unbounded quarks

B=1/3, -1/3
B2=1/9

.

1.2

0.8
0.6 |
04 r

0.2

measure of fluctuations of B

X2 /X5

1 cont. est.

N=6 & |
Appearance of s

fractional B
mg/m=20 (open)
ry T. ~155 MeV 27 (filled) |
u
-
. RHIC _
& 1 " lgfree quark gas

BN

160 180 200 220 240 260

T [MeV]

Bielefeld-BNL-CCNU: PRL 111(2013) 082301, PLB 737(2014) 210




Tpc(ﬂB)

Chiral crossover line:
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Phys. Lett. B795 (2019) 15, 215|386,

A. Bazavov, T
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hot & dense |attice QCD

Other contents/frontiers not covered but very important

electrical conductivity & baryon diffusion
energy loss of heavy quark in hot & dense medium
thermal dilepton & photon emission from QGP
shear & bulk viscosities
fate of heavy quarkonia
QCD in the external magnetic field

See recent reviews:

HTD, F. Karsch, S. Mukherjee, Int. J. Mod. Phys. E 24 (2015) no.10, 1530007
plenary talks@lattice conference: HTD, arXiv:1702.00151, S. Kim, arXiv:1702.02297
C. Schmidt & S. Sharma, arXiv:1701.04707
G. Endrodi, PoS CPOD2014 (2015) 038
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Quark-Gluon Plasma
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f— N\

215

Stay hungry. Stay foolish.

#1180 October 1974 titled Whole Earth Epilog

90



