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✤  “Quantum Chromodynamics on the Lattice”, C. Gattringer & C. B.  Lang, 
Springer 2010

✤  “Lattice QCD for Novices”, G. Peter Lepage, arXiv:hep-lat/0506036

介绍格点QCD基础，了解其⾮微扰定义

✤໒ᅩᰁৼᜋۖێ਍੕ᦞ҅ڝ૝҅۹Ղय़਍ڊᇇᐒ, 2017

看懂有限温度密度格点QCD相关⽂献： famous plots
✤  “Thermodynamics of strong-interaction matter from Lattice QCD”, 

  ӟԿ᭗, F. Karsch, S. Mukherjee, arXiv:1504.05274  
✤  Conference proceedings in the annual “lattice conference”

• Lattice 2018, Michigan, USA 
• Lattice 2019, CCNU, Wuhan, China 
• Lattice 2021, MIT, USA 
• Lattice 2022, Bonn, Germany 
• …
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३̵ظᚂৼ޾୩ፘ԰֢አ

mass of proton ~ 938 MeV

mass of u(d) quarks ~ 3 MeV

99% of the proton mass comes from the strong force

m=E/c2
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强相互作⽤特性：渐近⾃由与禁闭

QCD running 
coupling

强
相
互
作
⽤
跑
动
耦
合
常
数

禁
闭

短距离，微扰长距离，⾮微扰

⾮微扰 David J. Gross H. David Politzer Frank Wilczek

for the discovery of 
asymptotic freedom in 
the theory of the strong 

interaction2004

Ⴙᬪᛔኧ

ஙಟ઀୏҅
ත඼Ѻ

Millennium Prize 
Problems
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Symmetries of QCD in the vacuum

Classical QCD symmetry (mq=0)
SU(Nf )L ⇥ SU(Nf )R ⇥ U(1)V ⇥ U(1)A

Quantum QCD vacuum (mq=0)
Chiral condensate:

spontaneous mass generation

hq̄RqLi 6= 0 @µj
µ
5 =

g2Nf

16⇡2
tr(F̃µ⌫F

µ⌫)

Axial anomaly:
quantum violation of U(1)A

L = �1

4
Fµ⌫Fµ⌫ +

X

q=u,d,s,c,b,t

q̄
h
i�µ(@µ � igAµ)�mq

i
q

SU(Nf )V ⇥ U(1)V



Lattice gauge theory
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June 8, 1936 - June 15, 2013
Kenneth G. Wilson

1982

for his theory for 
critical phenomena
 in connection with 
phase transitions

አ๶ቘᥴᛔᆐኴӾ
ԅՋԍӧਂࣁᛔኧጱ३ظ

从第⼀性原理出发 

包含了体系所有（⾮）微扰性质
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https://arxiv.org/archive/hep-lat

arXiv: hep-lat

Paul Ginsparg
1955-

Known for Arxiv,  
Ginsparg-Wilson equation…, 
PhD student of K.G. Wilson

https://arxiv.org/archive/hep-lat
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string tension

lattice gauge couplingMichale Creutz 
@BNL

First numerical lattice simulations
Spawned golden age in lattice QCD M. Creutz, PRD 1980

Michale Creutz 
on the beach
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for the discovery 
of the interplay of 
disorder and 
fluctuations in 
physical systems 
from atomic to 
planetary scales

2021

Giorgio Parisi
1948-



໒ᅩ࣋ᦞᎸᑪٖ਻
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ᒫ39੺ࢵᴬ໒ᅩଙտ(Lattice 2022) 
http://lattice2022.uni-bonn.de/

1. ᓒဩ޾ᦇᓒ๢ 
2.  QCDԏक़ጱଫአڊ᩻
3. ಋ஄੒ᑍ௔ 
4. ୩ৼᨏ޾ፘ԰֢አ 
5. ୩ৼᕮ຅ 
6. ํᴴჅଶੂଶQCD 
7.  ཛྷࣳጱᇔቘٵຽڊ᩻
8. ຽٵཛྷࣳ݇හ޾᯿ෆ۸ 
9. ቘᦞᬰ઀ 
10. ፥ᑮᕮ຅޾ᐬᳮ 
11. ୧ᤗ޾ݒᎥᴣز 
12. դᎱᎸݎ

http://lattice2022.uni-bonn.de/
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⼿征磁
化率

Staggeredғ
ԻᲙᩇᔂৼ
ᶋಋ஄ᩇᔂৼ

Y. Aoki et al., Nature 443 (2006) 675-678

᫷୩ৼᨏ

S. Dürr et al., Science 322 (2008) 1224

୩ৼፘک३ظᚂৼᒵᐶৼ֛ፘғ 
ଘჶᬦჁ

໒ᅩQCD᯾ᑕᏧୗጱᬰ઀
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更快的计算机

from The Hitchhiker's Guide to the Galaxy (2005) ̽ᱷမᔮᄓ჋೰̾ܖ

+更有效的算法 +更好物理分析⽅法



13Peter Batacan, New Computer Architectures for Lattice QCD, Computers in Physics 3, 17
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1989

Peter Batacan, New Computer Architectures for Lattice QCD, Computers in Physics 3, 17
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1989

Peter Batacan, New Computer Architectures for Lattice QCD, Computers in Physics 3, 17
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https://www.bnl.gov/newsroom/news.php?a=22647

https://www.bnl.gov/newsroom/news.php?a=22647
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打游戏的显卡（GPU）
可以⽤来做科学计算！
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Flops/s: 
Floating operations per second

PFlops/s: 

ӡՊ(1015)ེၶᅩᬩᓒྯᑁ܉1

Kilo(Thousand): 103

Mega(Million): 106

Giga(Billion): 109

Tera(Trillion):1012

Peta(Quadrillion): 1015

Exa(Quintillion): 1018

Zeta(Sextillion): 1021

Yotta(Septillion):1024



18https://mp.weixin.qq.com/s/wI0oQpNYWE_rD0TUazFOgA

https://mp.weixin.qq.com/s/wI0oQpNYWE_rD0TUazFOgA
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Latticeଙտғ໒ᅩ࣋ᦞᶾऒ๋ṛᕆڦտᦓ 

ᒫ37੺, 2019ଙ6์16-22෭@܏Ӿ૵᝜य़਍҅ྎ࿥
ᒫ27੺, 2009ଙ7์26-31෭@۹Ղय़਍҅۹Ղ

Lattice 2019: 340֟Ո݇տ

Ԇ֖ܔېғ܏Ӿ૵᝜य़਍
૵᝜य़਍, ࿯ᝁय़਍, ᥜਞૡӱܖ૝य़਍, დࢥ ,୏य़਍, ၭ࿯य़਍ܖ ,य़਍܏ғ۹Ղय़਍, Ⴔ֖ܔېܐ
य़਍, ݣკԻ᭗य़਍, ӾᑀᴺṛᚆᇔቘᎸᑪಅ,  ӾᑀᴺᬪդᇔቘᎸᑪಅ, ӾᑀᴺቘᦞᇔቘᎸᑪಅ



20

https://indico-tdli.sjtu.edu.cn/event/1198/contributions/5265/attachments/2250/3443/pdf

ᴯា҅ᒫԫ੺Ӿࢵ໒ᅩQCDᎸᦎտ, 2022.10.7-10

China LQCD 
Ӿࢵ໒ᅩ֢ݳᕟ

https://indico-tdli.sjtu.edu.cn/event/1198/contributions/5265/attachments/2250/3443/pdf
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Lattice QCD (໒ᅩᰁৼᜋۖێ਍)
唯⼀的从第⼀性原理出发的(从头开始算)  
⽤来研究QCD长程⾮微扰的理论⽅法

量⼦⾊动⼒学拉格朗⽇量

夸克 胶⼦

 ਖ਼෸ᑮᐶව۸ԅํӞਧᳵ᪗ጱ໒ৼғᡦ෸ጱཾپ᯾஑ᑮᳵѺ

 ३ظනࣁᅩӤ҅ᚂৼ֢ԅᅩӨᅩԏᳵጱᬳᕚ

 ਖ਼֢አێᰁҁ೉໒๔෭ᰁፘى҂ᐶව۸҅ਧԎ᪠ஆᑌړጱᰁଶ

 ਧԎݢᥡၥጱᇔቘᰁ
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Two key equations in Lattice field theory

lim
T!1

1

ZT

Tr[e�(T�t)Ĥ
Ô2 e

�tĤ
Ô1] =

X

n

h0|Ô2|nihn|Ô1|0i e�tEn

1

ZT

Tr[e�(T�t)Ĥ
Ô2 e

�tĤ
Ô1] =

1

ZT

Z
D[�]e�SE [�]

O2[�(., t)]O1[�(., 0)]

ZT = Tr[e�TĤ ]

 Euclidean correlator: Useful to extract matrix elements of 
operators and the energy spectrum of the theory (Interpretation)

 Path integral formalism used to be evaluated numerically on 
the lattice (Computation)

partition function: 



Euclidean correlators

23

Determine the mass spectrum of e.g. proton

E0 ≤ E1 ≤ E2⋯

ΔEn = En − E0
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Path integral for a scalar field theory
Lagrangian

Hamiltonian 
operator

Discretization in time: 

Discretization in  3D-space:
a: spacing in the spatial direction

: spacing in the temporal directionϵ
ÛĤ0

T = NT ϵ
Ŵ✏ = e�✏Û/2e�✏Ĥ0e�✏Û/2Trotter formula: eA+B = lim

n→∞
(eA/neB/n)n,
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periodic boundary 
condition is used

Euclidean 
Action 

In discretized  
Space-time 
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In a compact 4D-space, the action becomes

Euclidean 
Action 

In discretized  
Space-time 

Discretization error: f(x ± ϵ) = f(x) ± ϵf′ (ϵ) + ϵ2f′ ′ (ϵ)/2 ± ϵ3f′ ′ ′ (ϵ)/6 + ⋯
f(x + ϵ) − f(x)

ϵ
= f′ (x) + )(ϵ)

f(x + ϵ) − f(x − ϵ)
2ϵ

= f′ (x) + )(ϵ2)

Forward difference:

Central difference:



27

Partition function & correlators

•Functionals  and : lattice transcripts of 
operators  and  in the Hilbert space

O2[Φ( . , nt)] O1[Φ(.,0)]
Ô2 Ô1

•  ,  and  are numbers but not operatorsO2[Φ( . , nt)] O1[Φ(.,0)] SE[Φ]

• Trivial factor   cancels out in the correlation functionCN3NT

,

Partition function:

Correlation function:



໒ᅩӤጱຽᰁ࣋
• ᒫӞྍ: ᬳᖅጱᳶ࿄ᑮᳵ ⇒ ᐶවጱ4Dཾ࿄ᑮᳵ҅໒ᅩᳵ᪗ԅ Ҕᛔኧ

ଶ ⇒ ֖ԭ໒ᅩӤጱᕪَݒ࣋ᰁ  

• ᒫԫྍ: ਖ਼ཾ࿄ᑮᳵጱ֢አᰁ   ᐶව۸҅ଚᏟᦊࣁ ෸ᚆ
 ᬳᖅᑮᳵӾጱ꧊̶ࣁٌکࢧ

• ᒫӣྍғىᘶڍහӾጱᓒᒧ᫨۸ԅာڍғ࣋ᓒᒧ⇒ᕪَጱ໒ᅩݒ࣋ᰁ 

• ᒫྍࢥғࣁ໒ᅩ࣋ᕟாӤᦇᓒာڍ՗ᘒ஑ىکᘶڍහ̶ᘍᡤಅํݢᚆ
ৼࢩৼԅቄਫ਼ُ่ࢩᕟா҅๦᯿࣋ሿጱ໒ᅩڊ

a
Φ

SE(Φ) a → 0

exp(−SE(Φ))

28
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+, β: Dirac index, 1,2,3,4 μ: Lorentz index, 1,2,3,4 c,d: color index, 1,2,3

SU(3) matrix: 
⌦(x)† = ⌦(x)�1

det⌦(x) = 1

Brief review of QCD 

Invariant under gauge transformations:

,

Fermion action

Gauge action
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Discretization of the fermion action
 Free fermion action (A =0):

 Not gauge invariant: 

 Introduction of a gauge linkғ
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Doubler problem & Wilson fermion action
Naïve fermion action:

sin(pµa)

a
! pµ

Wilson fermion matrix:

Propagatorғ

physical poles:
unwanted poles,doublers:

Wilson fermion action:

Wilson term
Wilson term vanishes when pμ  =0 and gives an extra mass l/a (infinity at a=0)
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Wilson gauge action
Plaquette:

smallest Wilson loop that is gauge invariant

Wilson gauge action:

Problem: Derive the gauge action in the continuum limit with an 
order a2 correction 

The above the above equation can be obtained with the help of   

,
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Staggered fermions (ԻᲙᩇᔂৼ)

staggered  
transformation:

Naïve fermions:

�(n) :Grassmann-valued fields with only color indices but without Dirac structure 

16 -> 4 tastes (doublers) 

staggered fermion action: keeping 1 of  4 identical Dirac components 

ᷚ(taste)ᛔኧଶғӾ෈ᘉᦲݐᛔڝ૝̽໒ᅩᰁৼᜋۖێ਍੕ᦞ̾



Taste symmetry breaking of staggered fermions

34

T→0
T→∞

action(group) improvements at T→0 improvements at T→∞
naïve (Mumbai) none none

p4(BNL-Bi) poor very good
asqtad(hotQCD) ok good

2stout(WB) good none
4stout(WB) very good none

HISQ(hotQCD) very good good

0.80

1.00

1.20

1.40

1.60

1.80

4 8 12 16 20 24

No

naive & stout

asqtad & hisq

p4

P/PSB
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Chiral symmetry of QCD
,

Chiral rotation:

 Lagrangian density is invariant under the chiral rotation:

 A mass term explicitly breaks the chiral symmetry:

 Essence of chiral symmetry:

D: massless Dirac operator
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chiral symmetry on the lattice

Df (n|m)↵�,ab =
4

a
�↵��ab�n,m � 1

2a

±4X

µ=±1

(1� �µ)↵� Uµ(n)ab �n+µ̂,m

Massless Wilson Dirac operator breaks chiral symmetry

�2
5 = 1 {�5, �µ} = 0�†

5 = �5, ,
 The Ginsparg-Wilson equation

lattice spacing a → 0

 Lattice fermion satisfy the Ginsparg-Wilson equation preserve the 
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice

Problem: Derive
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chiral symmetry on the lattice

Df (n|m)↵�,ab =
4

a
�↵��ab�n,m � 1

2a

±4X

µ=±1

(1� �µ)↵� Uµ(n)ab �n+µ̂,m

Massless Wilson Dirac operator breaks chiral symmetry

�2
5 = 1 {�5, �µ} = 0�†

5 = �5, ,
 The Ginsparg-Wilson equation

lattice spacing a → 0

 Lattice fermion satisfy the Ginsparg-Wilson equation preserve the 
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice

Problem: Derive
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chiral fermions on the lattice
 Overlap fermion operator Dov : only operator that satisfies the Ginsparg-
Wilson equation 

 Domain Wall fermions: introduce the fictitious 5th dimension of extent N5

A denotes some suitable Ɣ5-hermitian “kernel” Dirac operator

sign(H) = H|H|�1 = H(H2)�
1
2, ,

large numerical cost due to the evaluation of (HH+)-1/2

costs ≳ 100 x costs of Wilson formulation

s

preserve exact chiral symmetry as . Residual symmetry 
breaking is quantified by the additive renormalization factor mres to the 

quark mass

N5 → ∞

costs ≳ N5 x costs of Wilson formulation
N5 = 16-64
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Discretization schemes Chiral symmetry Cost Collaborations

Wilson fermions Explicitly broken OK
CLQCD, ETMC, 

HALQCD, FlowQCD, 
PACS,…

Improved Staggered 
fermions Partially reserved Cheap

MILC, HotQCD, 
CLQCD, NPQCD, 

BMW,…

Domain Wall fermions Almost reserved Expensive JLQCD, RBRC, 
UKQCD, TWQCD,…

Overlap fermions Exactly reserved Very expensive chiQCD, 
Bielefeld-Chenai,…

Recap: Discretization schemes

To recover QCD, thermodynamic and continuum limits are required!
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Input parameters

•  quark masses: amu, amd, ams, amc, ⋯
•  lattice size: Nτ, Nσ

•  lattice gauge coupling:  β ≡ 6/g2

• Temperature:   T = 1/(aNτ)
• Four dim. Euclidean lattice: N3

σ × Nτ

a

aNσ

λ

setup of Lattice QCD simulations 

No free parameters 
input bare parameters of QCD Lagrangian 

fixed by reproducing e.g.  etcMπ, MK

Thermodynamic limit:   
Continuum limit:  

V ≡ (aNσ)3 → ∞
a → 0

  a ≪ λ ≪ aNσ

• Discretization schemes: Wilson, staggered…

UV cut: 1/a, IR cut: 1/( )aNσ
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Current hot & dense lattice QCD simulations
Lattice QCD: discretized version of QCD on a Euclidean space-time 
lattice, reproduces QCD when lattice spacing a→0 (continuum limit)

✤  Staggered actions at a≠0: taste symmetry breaking
✤ 1 physical Goldstone pion +15 heavier unphysical pions

✤ averaged pion mass, i.e. Root Mean Squared (RMS) pion mass

✤ Smaller RMS pion mass → Better improved action: HISQ, stout

✤  Chiral fermions(Domain Wall/Overlap) at a≠0
✤ preserves full flavor symmetry and chiral symmetries
✤ computationally expensive to simulate, currently starts to 

produce interesting results on QCD thermodynamics

Mostly dynamical QCD with Nf=2+1 and physical pion mass
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The lattice QCD Path integral 

Nc⨂Nf⨂Nspin⨂Nd⨂Nσ⨂Nτ ≳1063

Supercomputing the QCD matter: 

structural equivalence 
between 

statistical mechanics 
& QFT on the lattice

Discretization in  
Euclidean space

quarks: lattice sites 
gluons: lattice links

det Mf = 1: Quenched approximation
det Mf =/= 1: dynamic/full QCD simulation



42

໒ᅩᰁৼᜋۖێ਍ཛྷ೙

Un: ᕟா

Z =

Z
DU detMf exp(�SG)

重要抽样：

hOi = lim
N!1

1

N

NX

n=1

O[Un]

dP (U) =
detMf e�SG[U ]D[U ]R
D[U ] detMf e�SG[U ]

hOi =
1

Z

Z
DU detMf O exp(�SG)҅

1. Ծኞᕟா(gauge configurations)            ے᭛࢏ 
2. चԭᕟாᦇᓒᇙਧᥡၥᰁ                       റၥ࢏ 
3. ುݐᇔቘ                                                හഝړຉ

໒ᅩᦇᓒྍṈғ ᔄྲਫḵᎸᑪӾጱ



43

໒ᅩᰁৼᜋۖێ਍ғ࿢ᥴय़ࣳᑑ዇Ꭵᴣ(M)ጱᭋ

 ಋ஄ٽᘸ (chiral condensate)

hq̄qi = @ lnZ

@mq
=

nf

4
hTrM�1i

Conjugate Gradient
M x = y

x = M�1y

矩阵⼤⼩ 109！

@2lnZ

@µ2
=

⌧
nf

4

@2(ln det M)

@µ2

�
+

*✓
nf

4

@(ln det M)

@µ

◆2
+

Tr

✓
M�1 @

2M

@µ2

◆
� Tr

✓
M�1 @M

@µ
M�1 @M

@µ

◆
Tr

✓
M�1 @M

@µ

◆

 lnZ੒۸਍۠ᚆμጱ؇੕ (general susceptibility)

⼀般需要107次求逆
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਍ێᶶғ໒ᅩᰁৼᜋۖࢧ
第⼀性原理出发的(从头开始算) 、系统地研究QCD⾮微扰性质的理论⽅法

量⼦⾊动⼒学拉格朗⽇量

夸克 胶⼦

 ਖ਼ཾ࿄෸ᑮᐶව۸ԅํӞਧᳵ᪗ጱ໒ৼ

 ३ظනࣁᅩӤ҅ᚂৼ֢ԅᅩӨᅩԏᳵጱᬳᕚ

 ਖ਼֢አᰁᐶව۸(Wilson, staggered etc)҅ਧԎ
᪠ஆᑌړጱᰁଶ

 ਧԎݢᥡၥጱᇔቘᰁ

ᬳᖅຄᴴ+ᅾێ਍ຄᴴ
QCDکࢧ

ᦇᓒᩒრԆᥝአࣁғ 
ᦇᓒय़ࣳᑑ዇Ꭵᴣጱᭋ
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਍ێᶶғ໒ᅩᰁৼᜋۖࢧ
第⼀性原理出发的(从头开始算) 、系统地研究QCD⾮微扰性质的理论⽅法

量⼦⾊动⼒学拉格朗⽇量

夸克 胶⼦

1. Ծኞᕟா(gauge configurations)            ے᭛࢏ 
2. चԭᕟாᦇᓒᇙਧᥡၥᰁ                       റၥ࢏ 
3. ುݐᇔቘ                                                හഝړຉ

໒ᅩᦇᓒྍṈғ ᔄྲਫḵᎸᑪӾጱ



᧞ᑕፓຽ
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✤  “Quantum Chromodynamics on the Lattice”, C. Gattringer & C. B.  Lang, 
Springer 2010

✤  “Lattice QCD for Novices”, G. Peter Lepage, arXiv:hep-lat/0506036

介绍格点QCD基础，了解其⾮微扰定义

✤໒ᅩᰁৼᜋۖێ਍੕ᦞ҅ڝ૝҅۹Ղय़਍ڊᇇᐒ, 2017

看懂有限温度密度格点QCD相关⽂献： famous plots
✤  “Thermodynamics of strong-interaction matter from Lattice QCD”, 

  ӟԿ᭗, F. Karsch, S. Mukherjee, arXiv:1504.05274  
✤  Conference proceedings in the annual “lattice conference”

• Lattice 2018, Michigan, USA 
• Lattice 2019, CCNU, Wuhan, China 
• Lattice 2021, MIT, USA 
• Lattice 2022, Bonn, Germany 
• …
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፥ᑮᄶݎ——ਫḵਰӾԾኞෛጱᇔᨶ୵ா?!

μB T

Quark Gluon Plasma
(QGP)

३ظᚂৼᒵᐶৼ֛

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a 

՗ᬮܻᦞکෆ֛ᦞ

“໐ৼ᯿ইᇍ҅੒ඊኞෛா̶”
Ink painting masterpiece 1986:

 "Nuclei as Heavy as Bulls, Through Collision 
Generate New States of Matter”,

 by Li Keran, 
reproduced from open source works of T.D.Lee. 

ತکӶ०ጱ੒ᑍ௔Ҙ
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Symmetry restoration in extreme conditions: 
QCD phase transitions

What are the Tc, orders and universality classes
of (chiral & deconfinement ) phase transitions?

What are the phases of strong-interaction matter and 
what roles do they play in cosmos?

What does QCD predict for the properties of the strong-
interaction matter in extreme conditions?

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a 

Quark Gluon Plasma
(QGP)

μB T
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ਫḵਰӾጱ“ੜᆷᅨ”: ᯿ෛԾኞ३ظᚂৼᒵᐶৼ֛

RHIC

LHC

ፘ੒ᦞ᯿ᐶৼ੒ඊ๢ (Relativistic Heavy Ion Collider) 
@ᗦࢵ૲Ṽظၹ෈ࢵਹਫḵਰ

य़ࣳ୩ৼ੒ඊ๢(Large Hadron Collider)@ཾၖ໐ৼᎸᑪӾஞ
໐ᇔᨶၥᰁᨏը(CEE)@ӾᑀᴺᬪդᇔቘᎸᑪಅੂٯ
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 ᓌᑍғ NSC3

N:         C3: Color 3 -> QCD

“᭲ኞӞ҅Ӟኞԫ҅ԫኞӣ҅ӣኞӡᇔ” —- ̽᭲஛ᕪ̾ᘌৼ 600 BC

୩ፘ԰֢አቘᦞ(QCD)Ӿ३ظଃํᕁᖖ᠗ӣᐿ᷏ᜋ
 S: Science,Nuclear , 

ChiralityConfinement Criticality

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏

ᐬᳮ ಋ஄ ԁኴᤈԅ
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June, 2021

国内首个有限温度格点QCD专用超算平台，2018年成立

Peak performance: 
3 PFlops/s 

(ྯᑁ3܉ӡՊེၶᅩᬩᓒ) 

Storage: 
6PB

43 computing nodes 
(304 V100 +40 A100 GPUs)

High Performance Computing in High Energy Physics 
Sep. 19-21, 2018

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏
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June, 2021

国内首个有限温度格点QCD专用超算平台，2018年成立

Peak performance: 
3 PFlops/s 

(ྯᑁ3܉ӡՊེၶᅩᬩᓒ) 

Storage: 
6PB

43 computing nodes 
(304 V100 +40 A100 GPUs)

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏
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平衡态
&

近平衡态

夸克胶⼦等离⼦体

ӟԿ᭗, F. Karsch, S. Mukherjee, https://arxiv.org/pdf/1504.05274 
ESI(1ڹ%)ṛᤩ୚෈ᒍ,௛ᤩ୚308ེ

https://arxiv.org/pdf/1504.05274
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QCD����
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热密核物质：探索QCD相结构, 寻找QCD 临界点



Famous plots
#1:  What is the QCD Equation of State (EoS) ? 

53

#2:  At what temperature a QGP can be formed ? 

#3:  What happens if # of baryons is more than that of anti-

baryons ?
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Lattice QCD calculation of EoS at μB =0

HotQCD, PRD 90 (2014) 094503 
Cited by 1074 records

J. Engels, F. Karsch, H. Satz, I. Montvay, [Bielefeld] 
Phys. Lett. B 101 (1981) 89-94

SU(2) pure gauge; Quenched QCD
at a finite lattice cutoff of Nt=2

Nf=2+1, physical point 
continuum extrapolated

(ε-3p)/T4

p/T4

s/4T4

 
 
 

0

1

2

3

4

130 170 210 250 290 330 370

T [MeV]

stout HISQ

3

Famous plots #1: 



Quenched QCD v.s. dynamical QCD
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<latexit sha1_base64="U3SMtoyopkfy1oXsJBmdD1nuDVQ="></latexit>

Z =

Z
DU

Y

f=u,d,s,···
D (f) D ̄(f) e�SG�SF =

Z
DUe�SG

Y

f=u,d,s,···
detMf

Integrate out the 
Grassmann variables

detMf=constant, computationally cheap, 
no sea quarks 

detMf (U), more computing resources needed

<latexit sha1_base64="BqONqbUPQ5p8+Ec5rc3lhV65DkE="></latexit>

< O >=
1

Z

Z
DU O e�SG

Y

f=u,d,s,···
detMf

Quenched QCD: 

Dynamical (full) QCD:

Nf = #+# QCD: Nf=2+1 QCD:  mu=md≠ms , Nf=3 QCD:  mu=md=ms, 
     Nf=1+1+1 QCD: mu≠md≠ms , Nf=2+1+1 QCD:  mu=md≠ms≠mc

Physical mass point: u, d, s quark masses are tuned to reproduce 
the pion, kaon, and  masses ηss̄

Stout & HISQ: two different improved staggered discretization 
schemes (see slide 34)



56

QCD thermodynamics
 Free energy(F), pressure(P), entropy (S), energy density ( )ϵ

 Trace anomaly:

Integration method:

<latexit sha1_base64="tIBEWvUUiXI2jlHi7qgoLNeXyGc="></latexit>

⇥µµ

T 4
⌘ ✏� 3p

T 4
= T

@

@T
(p/T 4)

<latexit sha1_base64="8rsg6lZ+SQUqgfwy8F541uDhppo="></latexit>

F (T, V ) = �T lnZ(T, V )� F0, F0 = � lim
T!0

lnZ(T, V )

<latexit sha1_base64="cveV6Baex47iKhIgCck0aX0SeEg="></latexit>

✏ =
U

V
=

F + TS

V
=

T 2

V

lnZ
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���
V
= T 2 @(p/T )

@T

���
V

<latexit sha1_base64="l7ThkeZzKY8QMlnYj5Ow7Ikgwvc="></latexit>

dF = �pdV � SdT

<latexit sha1_base64="5juB1NwHMRED3uJWbK+/mTppPAk="></latexit>

p

T 4
=

p0
T 4
0

+

Z T

T0

dT 0⇥
µµ(T 0)

T 05

<latexit sha1_base64="Cmukhzx1VvnogciBvRFEX8yPvqM="></latexit>

s =
S

V
=

✏+ p

T

<latexit sha1_base64="BZJZ9INmEG9LCWLXknwJpl2mOKU="></latexit>

p = �@F

@V

���
T
= �F

V
=

T lnZ

V

,

<latexit sha1_base64="WyALk16xhsML/YiTtFJ9MIh+4Dk="></latexit>

✏ = ⇥µµ + 3p
<latexit sha1_base64="jfHR8tH8mflPUerY2LzoiMp3K1o="></latexit>

s = (⇥µµ + 4p)/T
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<latexit sha1_base64="Ipzz+1V3C0WScv3mWE3HqpnSEmw="></latexit>

ZLCP (�, N�, N⌧ ) =

Z Y

x,µ

dUx,µ e
�SE(U)

<latexit sha1_base64="tIBEWvUUiXI2jlHi7qgoLNeXyGc="></latexit>
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<latexit sha1_base64="eGkRVTW/KeCNAIssyww9XBJByDQ="></latexit>

R�(�) ⌘ T
d�

dT
= �a

d�

da
<latexit sha1_base64="iE4kTceZBJsf54eI2JhcwprNdZ8="></latexit>

SE(U) = �SG(U)� SF (U,�)

Problem: Derive these formulae

V = (aNσ)3

T = 1
aNτ

T varies from a  
with  fixedNτ

: 
Lattice gauge coupling

β ≡ β(a)

: Line of constant physicsm̂l(β)
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HotQCD, PRD 90 (2014) 094503 
Cited by 1074 records

QCD trace anomaly
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εc≃5x1034 J/m3

A.Bazavov,…ӟԿ᭗ et al.[HotQCD], Phys.Rev. D90 (2014) 094503 
௛ᤩ୚1074ེ

Nf=2+1 QCD at physical point
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A.Bazavov,…ӟԿ᭗ et al.[HotQCD], Phys.Rev. D90 (2014) 094503 
௛ᤩ୚1074ེ

RHIC: p ≃1030  bar
Nf=2+1 QCD at physical point



Famous plots
#1:  What is the QCD Equation of State (EoS) ? 
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#2:  At what temperature a QGP can be formed ? 

#3:  What happens if # of baryons is more than that of anti-

baryons ?
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Landau functional of QCD
Symmetry: SU(Nf )L ⇥ SU(Nf )R ⇥ U(1)V ⇥ U(1)A

Chiral field: �ij ⇠
1

2
q̄j(1� �5)q

i = q̄jRq
i
L

� ! e�2i↵A VL �V †
RChiral transformation: 

Pisarski & Wilczek (84’) 

SU(Nf)LxSU(Nf)RxU(1)A

SU(Nf)LxSU(Nf)R

Quark mass term

Results on phase transitions should be eventually  
checked by Lattice QCD

Leff =
1

2
tr @�†@�+

a

2
tr�†�

+
b1
4!

�
tr�†�

�2
+

b2
4!

tr
�
�†�

�2

� c

2

�
det�+ det�†�

� 1

2
trh

�
�+ �†� .d
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F. Brown, F. Butler, H. Chen, N. Christ, et al., [Columbia] 
Phys.Rev.Lett. 65 (1990) 2491-2494
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३ظᨶᰁଘᶎӾጱQCDፘࢶ

ӟԿ᭗, F. Karsch, S. Mukherjee,  
arXiv:1504.05274 

哥伦⽐亚相图(Columbia plot)Famous plots #2: 

https://arxiv.org/pdf/1504.05274
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Order of  the Nf=2+1 QCD transition at the physical point

⼿征磁
化率

Staggeredғ
ԻᲙᩇᔂৼ
ᶋಋ஄ᩇᔂৼ

Y. Aoki et al., Nature 443 (2006) 675-678 
Cited by 1516 records

crossover transition

⼿征磁化率

ᙧวԅIBM BGQ᩻ᕆᦇᓒ๢

̽ᇔቘᦧᦞளಸ̾ᖫᬋവគᴅ᧛̵ᗦࢵᇔቘ਍տ̽ᥡᅩ̾๥பಸ᭲

T. Bhattacharya,…ӟԿ᭗,…et al.[HotQCD],  
PRL,113(2014)082001 
Cited by 355 records

Domain Wall fermion:ಋ஄ᩇᔂৼ 
HISQ: Highly Improved Staggered Quarks
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Ginzburg-Landau-Wilson approach
Z =

Z
[d�] exp

⇣
�

Z
dxLeff (�(x);K)

⌘

Leff =
1

2
(r�)2 +

X

n

an(K)�n

σ(x): order parameter field; K={m,μ}: external parameters

2nd order phase transition 1st order phase transition

Partition function:

Landau function: Same symmetry with 
the underlying theory

Z(2) Ising model, Nf=2 QCD Z(3) Potts model, Nf=3 QCD

Leff =
1

2
a�2 +

1

4
b�4 Leff =

1

2
a�2 � 1

3
c�3 +

1

4
b�4

Leff
Leff
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Ginzburg-Landau-Wilson approach
Z =

Z
[d�] exp

⇣
�

Z
dxLeff (�(x);K)

⌘

Leff =
1

2
(r�)2 +

X

n

an(K)�n

σ(x): order parameter field; K={m,μ}: external parameters

2nd order phase transition 1st order phase transition

Partition function:

Landau function: Same symmetry with 
the underlying theory

order parameter M: 
continuous in T

M:
 discontinuous in T

fluctuations of M:fluctuations of M:
�(T ) =

T

V
(hM2i � hMi2)

�(Tc) ⇠ V (2�⌘)/3
�(Tc) ⇠ V
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Crossover transition temperature Tpc 
 in the real world

 Chiral phase transition: most likely 2nd order, 3d O(4)

T

Ejiri et al., PRD 80(2009)094505, 
HotQCD, arXiv:1903.04801 

…

 Crossover nature of the transition

 A well-defined chiral crossover transition temperature: 
based on scaling properties of QCD

T

Tpc:  
inflection point

Tpc: 
 peak location

�dis

HTD, P. Hegde, O. Kaczmarek et al. 
[HotQCD], arXiv:1903.04801

u,d,s
h ̄ i
u,d,s
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埃伦费斯特(Paul  Ehrenfest)的相变分类：  相变时两相化学势的
n-1阶偏微商相等，n阶偏微商不相等，则这个相变就叫n级相变 

Kerson Huang, 
Statistical Mechanics,  
ISBN-0-471-81518-7

ຽଶݒഘӧݒ௔

ଧ݇ᰁىᘶᳩଶࣁԁኴᅩ 
ᴫᬪ᩽ԭ෫ᑫ

ຽଶ஌

 连续相变：n ≥ 2
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Universal behavior of chiral phase transition  
in Nf=2+1 QCD at µB=0

Behavior of the free energy close to critical lines
f(m,T)=h1+1/δ fs(z) + freg(m,T),              z=t/h1/βδ

M = -∂f(t,h)/∂h =h1/δ fG(z) + freg (t,h)
h: external field, t: reduced temperature, β,δ: universal critical exponents

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2
 1.4
 1.6
 1.8

 2
 2.2

-2 -1  0  1  2  3
z=t/h1/ βδ

(Mb-freg)/h1/δ

χ2/dof is: 12.333

mπ=160MeV
mπ=140MeV
mπ=110MeV

mπ=90MeV
mπ=80MeV

O(2) Good evidence of  
O(N) scaling for chiral 

phase transition 
Sheng-Tai Li, Lattice 2016

fG(z): (O(2))scaling functions
h ~ m; t ~ T-Tc
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Scaling behavior of chiral observables
⌃(T, µB) ⇠ m1/� fGchiral condensate:

chiral susceptibility: �⌃(T, µB) ⇠ m1/��1 f�

⌃(T, µX) =
1X

n=0

C⌃
2n(T )

(2n)!

⇣µX

T

⌘2n

Taylor expansions:

�(T, µX) =
1X

n=0

C�
2n(T )

(2n)!

⇣µX

T

⌘2n

@T�
⌃(T )

@TC
�
0 (T )
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m1/��1�1/��f 0
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TC

⌃
0 (T )

@TC
⌃
2 (T )

m1/��2/��f 00
G(z)~

f�(z)

f 0
G(z)

z ⇠
�
(T � T 0

c )/T
0
c +K(µB/T )

2
�
/m

1
��

z
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Well-defined notation of  chiral crossover transition temperature

@2
TC

⌃
0 (T ) = 0 @TC

⌃
2 (T ) = 0@T�

⌃(T ) = 0 @TC
�
0 (T ) = 0 C�

2 (T ) = 0

 5 conditions to extract Tc: maxima of f/ and f’G 

@T�
⌃(T )

@TC
�
0 (T )

C�
2 (T )

m1/��1�1/��f 0
�(z)~

@2
TC

⌃
0 (T )

@TC
⌃
2 (T )

m1/��2/��f 00
G(z)~

f�(z)

f 0
G(z)

z ⇠
�
(T � T 0

c )/T
0
c +K(µB/T )

2
�
/m

1
��

z

 m=0: all these susceptibilities diverge at a unique T

 m=/=0: non-unique temperatures, crossover
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୩ৼፘک३ظᚂৼᒵᐶৼ֛ፘጱ᫨ݒჅଶ
Tc(0)=156.5(1.5)MeV

A. Bazavov, ӟԿ᭗, P. Hegde et al. [HotQCD],  
Phys. Lett. B795 (2019) 15, ௛ᤩ୚386ེ
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160

165

170

N
⌧ =

1

N
⌧ =

16

N
⌧ =

12

N
⌧ =

8

N
⌧ =

6

Tc(0) [MeV]

1/N2
⌧

�⌃

C�
0

C⌃
0

C⌃
2

C�
2

(156.5± 1.5) MeV

ᙧวԅV100  
(GPU)࢏୵॒ቘࢶ

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏

ᬳᖅक़വ

a0

室温：
293.15 K

太阳表⾯温度：
～5.8x103 K

太阳中⼼温度：
～1.57x107 K

ӗ1.8x1012 K ᔜٵ 
ᕮຎ



72

ᰁৼᜋۖێ਍ಋ஄ፘݒჅଶ

ԫᴤፘݒ,O(4)ᗭฦᭇᔄ

ӟԿ᭗҅P. Hegde et al.,  Phys. Rev. Lett. 123(2019) 062002҅௛ᤩ୚150ེ
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Nature of  chiral phase transition 

UA(1) symmetry:

•  Broken, 2nd order (O(4)) phase transition

•  Effectively restored, 1st or 2nd 
order (U(2)L⊗U(2)R/U(2)V) 

Pisarski and Wilczek, PRD 29 (1984) 338

Butti, Pelissetto and Vicari, JHEP 08 (2003) 029 
Pelissetto & Vicari, PRD 88 (2013) 105018 

Grahl, PRD 90 (2014) 117904

At physical point Tpc ≈ 156 MeV 
HotQCD, PLB 795 (2019) 15
WB, PRL125 (2020) 052001

Chiral phase transition Tc  =132(+3)(-6)MeV 
HotQCD, PRL 123 (2019) 062002 



Signature of symmetry restorations
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π

δ

τ
2:  q γ

5
q

:  q τ
2 q

:  q

:  q γ5q

σ

η
L RSU(2)   x SU(2)

SU(2)   x SU(2)L R

U(1)AU(1)A

q χχ

χχcon

con

5,con

5,con + χ disc

− χ 5,disc

 Susceptibilities defined as integrated two point correlation functions of the 

local operators, e.g.                                                 with
<latexit sha1_base64="Ms0Z7FWsIM5PvRVeQjFkOuufW9g="></latexit>

⇡i(x) = i ̄l(x)�5⌧
i l(x)

<latexit sha1_base64="/zk6h6tEy99OueXuM3nJoRi3liI="></latexit>

�⇡ =

Z
d4xh⇡i(x)⇡i(0)i

<latexit sha1_base64="2PZ4Q9wwDLYCJ30mdvt078bVals="></latexit>

�disc =
T

V

Z
d4x

D⇥
 ̄(x) (x)�

⌦
 ̄(x) (x)

↵⇤2E

Restoration of SU(2)LxSU(2)R:  

Effective restoration of U(1)A:  

χπ - χδ =χdisc =χ5,disc
χπ - χσ =0
χδ - χη =0

χπ - χδ =χdisc=χ5,disc =0 
χπ - χδ =0 
χσ - χη =0



Lattice setup
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 HISQ/tree action

 Nf=2+1:

mπ ≈160,140,110, 80, 55 MeV

 ms   /ml  = 20, 27, 40, 80, 160phy

9≥Ns/Nt ≥4 

 Nt=8,12,16 (a=0.12,0.08,0.06 fm) 

HTD, S.-T. Li, A. Tomiya, S. Mukherjee, X.-D. Wang, 张瑜
arXiv: 2011.04870 

 At a single T=205 MeV

local GPU 
computers
@CCNU 

https://arxiv.org/abs/2011.04870
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Continuum and chiral extrapolations with 
mπ ≤ 140 MeV data at T≈ 205 MeV

Joint fit: simultaneous fits  
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8.0 ± 2.4
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Continuum and chiral extrapolations with 
mπ ≤ 140 MeV data at T≈ 205 MeV

Joint fit: simultaneous fits  
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Value at N0→∞ and m→0  : 
6.1 ± 1.9



76

Continuum and chiral extrapolations with 
mπ ≤ 140 MeV data at T≈ 205 MeV

Joint fit: simultaneous fits  
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Sequential fit: first continuum 
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Chiral: quadratic in quark mass

Value at N0→∞ and m→0  : 
6.1 ± 1.9

Axial anomaly remains manifested in the U(1)A measure 
at a 2-3 sigma level

Indication: Chiral phase transition is 2nd order O(4)



Famous plots
#1:  What is the QCD Equation of State (EoS) ? 
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#2:  At what temperature a QGP can be formed ? 

#3:  What happens if # of baryons is more than that of anti-

baryons ?
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໒ᅩᰁৼᜋۖێ਍ཛྷ೙

Z =

Z
DU detMf exp(�SG)

重要抽样：dP (U) =
detMf e�SG[U ]D[U ]R
D[U ] detMf e�SG[U ]

hOi =
1

Z

Z
DU detMf O exp(�SG)҅

 Ɣ5-hermiticity:  or  (γ5M)† = γ5M M† = γ5Mγ5

Wilson fermion matrix (slide 31) satisfies Ɣ5-hermiticity

  det[M]* = det[M†] = det[γ5Mγ5] = det[M] ⇒ det M ∈ ℝ

  0 ≤ det[M] det[M] = det[M] det[M†] = det[MM†]

 ྋਧdet Mf
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⾮零重⼦化学势能下的格点QCD模拟

dP (U) =
detMf(µ) e�SG[U ]D[U ]R
D[U ] detMf(µ) e�SG[U ]

为复数 不正定
 重要抽样不再适⽤
 数值有正又有负，结果⾮常⼩，误差基本不能控制：NP-
hard Problem

符号问题

 凝聚态物理中存在类似问题：Hubbard模型等
 在传统意义上的计算机⼀般算法解决不了这个问题

•  量⼦计算机？
•  将NP问题转化成P问题？ Millennium Prize Problems

(Non-deterministic Polynomial time Problem)

Ɣ5-hermiticity ӧٚ౮ᒈ
 M†(−μ) = γ5M(μ)γ5
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Demonstration of the sign problem using a toy model

Z =
X

{�(x)=±1}

sign(�) e�S(�)
Z0 =

X

{�(x)=±1}

e�S(�);

f(f0): free energy density 
corresponding to Z(Z0)

hsign(�)i0 =
Z

Z0
= e�(f�f0)V/T ⌧ 1

�sign(�)

hsign(�)i0
=

q
hsign2i0 � hsigni20p

Nhsigni0
' e(f�f0)V/T

p
N

⌧ 1 N � e2(f�f0)V/T

hOi =
hO(�) sign(�)i0

hsign(�)i0
hOi =

1

Z

X

{�(x)=±1}

O(�)sign(�) e�S(�)

in Yagi, Hatsuda & Miake 
Quark-Gluon plasma, from big bang to little bang 

Ӿ෈ᇇғሴᗭ҅Ḙ֟ڟ & ଢỨᷢ

Solve the Problem 5.7 
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Lattice simulations at nonzero μB

 Taylor expansion coefficients at μ=0 are computable in LQCD

�BQS
ijk ⌘ �BQS

ijk (T ) =
1

V T 3

@P (T, µ̂)/T 4

@µ̂i
B@µ̂

j
Q@µ̂

k
S

���
µ̂=0

p

T 4
=

1

V T 3
lnZ(T, V, µ̂u, µ̂d, µ̂s) =

1X

i,j,k=0

�BQS
ijk

i!j!k!

⇣µB

T

⌘i ⇣µQ

T

⌘j ⇣µS

T

⌘k

✏� 3p

T 4
= T

@P/T 4

@T
=

1X

i,j,k=0

T d�BQS
ijk /dT

i!j!k!

⇣µB

T

⌘i ⇣µQ

T

⌘j ⇣µS

T

⌘k

Thermodynamic quantities can be obtained using relations, e.g.

 Taylor expansion of the QCD pressure: Allton et al., Phys.Rev. D66 (2002) 074507
Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506 

 Taylor Expansion method, Imaginary chemical potential, 
Complex Langevin… 
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@2lnZ
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@2(ln det M)

@µ2
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 lnZ੒۸਍۠ᚆμጱ؇੕ (general susceptibility)

�BQS
ijk ⌘ �BQS

ijk (T ) =
1

V T 3

@P (T, µ̂)/T 4

@µ̂i
B@µ̂

j
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���
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V T 3
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<latexit sha1_base64="DNsndLCeBp2Z5ZNr3qFRqC7w7qk="></latexit>

Z =

Z
DUe�SG detM1/4

u detM1/4
d detM1/4

s

Problem:  
Derive

,



Taylor expansion coefficients at  μB=0 
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�B
n (T ) =

@nP (T, µB)/T 4

@µ̂n
B

���
µ̂B=0

<latexit sha1_base64="w7JDhPB61tDnbLjEFlX4uz0VLRw="></latexit>



QCD Equation of  State at small baryon density
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Famous plots #3: 

A. Bazavov, HTD. P. Hegde et al.,[HotQCD], Phys.Rev.D 95 (2017) 5, 054504 
Cited by 370 records

�(P/T 4) =
P (T, µB)� P (T, 0)

T 4
=

1X

n=1

�B
2n(T )

(2n)!
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⌘2n

=
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2
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2 (T )µ̂

2
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1

12
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µ̂2
B +

1

360

�B
6 (T )

�B
2 (T )

µ̂4
B + · · ·

⌘

 The EoS is well under control at μB/T≲2 or √sNN ≳12 GeV

Pressure difference Baryon number density
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Baryon number —> B

Baryon number fluctuation —> B2

Bound state of quarks
B=1, -1 
B2=1

q q
_ Unbounded quarks

B=1/3, -1/3 
B2=1/9

Changes of degree of freedom in thermal QCD

measure of fluctuations of B

Bielefeld-BNL-CCNU: PRL 111(2013) 082301, PLB 737(2014) 210

1/9
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Chiral crossover line: Tpc(µB) = Tpc(0)

✓
1� 2

⇣µB

T

⌘2
� 4

⇣µB

T

⌘4
◆

A. Bazavov, ӟԿ᭗, P. Hegde et al. [HotQCD],  
Phys. Lett. B795 (2019) 15, ௛ᤩ୚386ེ
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hot & dense lattice QCD
Other contents/frontiers not covered but very important

electrical conductivity & baryon diffusion 
energy loss of heavy quark in hot & dense medium 

thermal dilepton & photon emission from QGP 
shear & bulk viscosities  
fate of heavy quarkonia 

QCD in the external magnetic field 
…

See recent reviews: 
HTD, F. Karsch, S. Mukherjee, Int. J. Mod. Phys. E 24 (2015) no.10, 1530007 

plenary talks@lattice conference: HTD, arXiv:1702.00151, S. Kim, arXiv:1702.02297 
C. Schmidt & S. Sharma, arXiv:1701.04707  

G. Endrodi, PoS CPOD2014 (2015) 038
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