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nuclear matter as quantum many-body system

guantum algorithm for finite-temperature systems

demo: 1+1D Schwinger model

discussion: phase diagram, non-abelian...



Strong interaction:
No single quark observed In nature
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« Early stage of universe

(can guantum computer
simulate the evolution of

Big Bang  Quark-Gluon Protons& [Low-mass
Plasma Neutrons Nuclei
013K, 10-6s 012K, 10-4s 109K, 3 min

universe? )

 Nuclear collisions
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. Atomic nuclei

Neutron stars

>

Baryon density

Quantum many-body
System of quarks and
gluons.

Sign problem at finite-
temperature & finite-
density

See TZ= &




Parton picture for a hadron

Quark model, Parton model,
By Gell-Mann By Feynman,
1964 1969

V—>C
Close to light speed

@ @ “Very High-Energy Collisions

of Hadrons”

Quantum many-body system

See #—IK See 4



How to “see” parton \OJ

* Experiment: Deep Inelastic scattering
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—z >\‘Many-body state of a
proton is complicated!




Feynman: a controllable guantum system can
simulate other guantum systems

Quantum
computer|




Nuclear physics on a guantum computer
Whyr) Sign problem See T=i&

[Sampling: QMC ]&’I‘ZH—EEZ
- ‘

Contraction is hard
- Tensor network ]  See 3ki&
) Data
Machine learning) See B%R

Not universal

Analog quantum
simulator

lDigitaI guantum ] SeeHIE&
imulator EXRE &

IRMEF+

See X




What make QCD special on a quantum computer?

QCD mapp|ng Quantum computer

* fermion with flavor, spin, color JW transf * qubit

* gluon (continuous-variable) Digitalization * qubit

* |ocal gauge-invariance Local constraint ~ * physical Hilbert
(Gauss law) space

e continue IImit
* renormalizaliton?

seems too hard on near-term guantum computers



Nuclear matter in the eye of an artist

. QCD at current
~»7#" stage is too hard

EMFRRE

losing details but
not the key features

?

Starting with some “toy
models”, play with quantum
computers




1. Hadron structure, simulated with
1+1D NJL model (no gauge field, only
contact interaction)

 Parton distribution function
TYL, XYG, WKL, XHL EKW. HX, DBZ, SLZ
PhysRevD.105..111502(2022)

A , | _, ., * Light-Cone Distribution Amplitudes
}‘maio‘g =B~ codl i TYL, XYG, WKL, XHL, EKW, HX, DBZ, SLZ
N\ y : p arXiv:2207.13258 (2022)
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2. Deconfinement at high temperature,
simulated with 1+1D Schwinger

_ model
Baryon density XDX, XYG, HX,ZYX, DBZ, SLZ

PhysRevD.106.054509(2022)

Atomic nuclei Neutron stars



https://doi.org/10.1103/PhysRevD.105.L111502
https://doi.org/10.1103/PhysRevD.105.L111502
https://arxiv.org/abs/2207.13258
https://doi.org/10.1103/PhysRevD.106.054509

nuclear matter as quantum many-body system

demo: 1+1D Schwinger model

discussion: phase diagram, non-abelian...



Simulation of finite-temperature guantum systems

* Important as the nature lives at finite-T

_ PH 7 Mixed state:
e
p(p) /Z(B) classical distribution of

Z(p) =TrePH T =1/  eigenstates of H

Nielson & chuang’s textbook (2002)

should be weak. Obtaining puperm for arbitrary H and T’ is generally an exponentially
difficult problem for a classical computer. Might a quantum computer be able to solve
this efficiently? We do not yet know.
« Quantum simulation / algorithm Poulin & Wogjan, PRL, 2009
, , _ , Mario Motta, etc., Nat. Phys. 2019
* Imaginary time evolution

Dan-Bo Zhang, etc., PRL, 2021
* variational method by minimizing free energy

J.Wu & T. H. Hsieh, PRL, 2019
Liu, Mao, Zhang & Wang, 2021



« U|0>: quantum computer naturally for pure states!
* mixed states in real guantum computers due to noises? Not controllable

* Mixed state from a trace of pure state
p="Trgly) Y| A B

Schmidt decomposition |1)) = Z \/X V> R Py p= Z)‘i [0 i
. Mixed state as a classical distribution of pure state

o= Z)\i [ > i With a prob A; , generate a
i state [¥/)



 low-temperature limit: large weighting
on low-lying eigenstates

* high-temperature limit: almost equal-weighting
* Infinite temperature: completely mixed state:
the easiest one!

I 1 I
[n 127 =172" Y | >< <.0i|:§2 ® 32 ®?2

Just product of one-qubit completely mixed state



 Locality of temperature Pphys. Rev. X 4, 031019(2014)

€009

-0 -90-9

Phys. Rev. X 11 011047 (2021)

oo‘oooooo @ 9
L i)

Q9999909090909

define temperature at
length scale

O(p*7)

* Infinite-T, totally local
* High-T, easy problem.
Many methods work



Gibbs states: Imaginary time evolution

* Thermofield double (TFD) state (purification of Gibbs state)
AT B

W) =3 iy @l P =Tl ) )

w(p) = VCI ® ey (0))  [w(0))

(1/VD) 32, In)s @ |n)g

* Implement imaginary time evolution (non-unitary operator) on

guantum computer v (0))
* find an (approximately) equal unitary operator Q

* unitary evolution + projection
w(p))



.. A ~ Mario Motta, etc., Nat. Phys. 2019
» Trotter decomposition H=Y, hm| | ’

e—ﬁH . (e—ﬁr%[l]e—ﬁrﬁlp] )}’I 4+ O(AT) n— ﬁ ‘W(0)>
B " At ?

» For each small imaginary-time evolution, find an unitary w(p))
operation
|\iﬂ> — 6_1/2 E—AT?},[I] |IIJ> _ e—i&?‘ﬁ[ﬂ] |le> Am — Z a[l};é‘r;
1
Solve linear problem on classical Measure on quantum computer
Computer Sy = (U|ole,|¥) |
(S+S")all] = -b br =i (0|5 Ao) — i (Aolo7| W)

Also see :RI%: variational imaginary time evolution



Few-qubit imaginary time

evolution may corresponds ngﬂ:f‘:"
to multi-qubit real-time (size D)
evolution

D-0—0-0-0- 00000 12(5,))

e Pt 1 6-qubit unitaries -, T
e 4-qubit unitaries T

T -O-O0-0O-0- 000000125
e 2-qubit unitaries T

-0-0-0-0-0-0-0-0-0-0-12(0)



* An nonunitary operator can be expressed as a linear combination of
unitaries, with log,d auxiliary qubits

Gui-Lu Long, 2002

d—1 readout
Ly =) rU A. M. Childs etc., ,
i=0 10> Siam. J. Comput. 46,

» Imaginary time evolution, by Fourier transformation %% %9

Also see =G%:

_ o By 2 B . _
o—Ph/2 :/ dpR(B, p)e=?, R(B.p) === o universal cooling |
—c0 mp”+4p (hybrid quantum-classical)

* Discretization of integral?
* Integral of unitaries with an auxillary continuous-variable(qgumode)!



* Qubit (discrete variable) : superposition of |0> and |1>

1Y) =al0) + B[1)

« Qumode (continuous variable) : “position” [p), “momentum” |¢)
[4,p] =ih

|py :/dqe”"-’lq> [ Z/dqw(q) @) Z/dpw(p) | p>



Undergrad math for a simple quantum algorithm

« Continuous-Variable Assisted Thermal Quantum Simulation
Dan-Bo Zhang, etc., PRL,127, 020502 (2021)

00 _ 2 ﬂ
—ph/2 _ dpR —ihp R(p, e
e /;co P (ﬁa p)e ’ (ﬁ p) ﬂ.ﬂZ +4p2

= [ 7 dpR(p. p)e P & (O IR IR(D) = VIR [ dpRB.P)Ip),

()

[R(6)) g=0
~iHp

I/d p(B)




Stepl:
State preparation

N copies of
017 Bell state

— | (0))
10>

Resource state
Jb [R(B))

Can resource state R
efficiently prepared?

O f @ . OYes, rapid progress
' on bosonic code

Step2: Step3:
Unitary evolution Projection

v

p(B)

—iHp

q=0

How to implement The projection can be made

the evolution? only with finite squeezing!
|
|
‘\
Yes. Efficient with I

Trotterizaton 0)
q

%

|
.
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* guantum phase transition occurs at T=0,

but the quantum critical point affects physics at finite T, e.g., high-
Tc superconductor

* guantum critical region: interplay
between quantum and thermal fluctuations *

Quantum T crg
critical region

 atestbed for quantum simulation

Ordered phase

h = h. h

Analog of QCD phase diagram?



L L
* p-wave Superconductor on a ring Hy =-=J Z(Cjciﬂ + CE-CLA +He)—pu ch'c,-
—1

= i=1

(b)
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« Zero temperature: ground state by minimizing the energy
min; E(9) = E,,
* Finite temperature: minimizing free energy

Min, F(0):=FE(@) —TS(0) = F,
Role of entropy: distribution!

Q: how to evaluate S? S=-Trplogp
Not like a Hermitian operator



» Measurement of observables M=)» CP. (M) => Ci(P)

* Entropy Is a function of state itself: statistics of the spectrum of
density matrix

* Von-Neumann entropy S =-Trplogp=- Z Ailog A,

« Rényi entropy

1 _* General Swap test with n
logTrp copies Von-Neumann entropy

« Random measurements Is still hard to measure
n=2, purity| with t-design (t=n)

Sn =

1—n



Variational preparing TFD state

Jingxiang Wu and Timothy H. Hsieh, PRL 123, 220502
measure (2019)

/ \ Minimizing the infidelity:

i [¢snwsyg (how to do the overlap? Moreover,
é W global type cost, see PR R)
quantum simulator classical computer Fp(ﬂ, f?) —1_ |<TFD (5)|¢(&,1 §)>p|2

(e, 7)) v

(@,9) Minimizing the free energy

4 (how to measure entropy?):
— ia;H iyi(Hy+Hpg)/2
lp(a, V))p ‘ ‘e iBe ATEB)/Z|TFD(0)) Fy=FE4 — TSA

i



Gibbs state as classical distribution of
el g en States Jin-Guo Liu & Lei Wang,

arXiv:1912.11381
P — sz' |¢z> <¢z|

Cooperation between classical neural network and variational quantum circuit!

(b)

X -
p = PeUglt)NxU; ! O
X l '1’2 .fz
-l A,
Classical prob 3 =0 3
S=- Z p;log p, Minimizing the free energy

Fao=FEs—TSy4



nuclear matter as quantum many-body system

guantum algorithm for finite-temperature systems

discussion: phase diagram, non-abelian...



« 1+1D quantum electrodynamics (U(1) gauge field)

1
L =10, + gA,) — m) — iF#,,,F““

Electric flux

« FRER/\, HFESL. Confinement, dynamical generated
mass(gapped at m=0), chiral symmetry breaking:-

Nl

* familiar to quantum computing community as easy to simulate.
(Also see %, which is a Z, Schwinger Model)

* Deconfinement at infinite temperature
PRD 19.1188(1979)



U(1) gauge theory

e |attice Hamiltonian
N—1

1 o : " __ ib;
H " 2a Z [(I’;r j.i+1%j+1 + h.c] Ujj+1 = et
j=1
N 72a N—1 [93 J+1?LJ’=J'+1] — @53;
+m Yy (=11, + 2= Y 12, .
j; ’ 2 I Ully =11+1)

« Gauss law: physical Hilbert space with local constraints

. . cea 1 =(=1)
Stagger odd even Lj,j—|—1 _ Lj—l,j _ ‘I)}(I) . ( )
fermion O—O
0@y -1 -1
Odd: 0 (e”), 1 (empty) er—(—

even: 1 (e*), 0 (empty)



Background field
with a pair of charges

* Open boundary

"0

~ ‘j . “ 1 _ _1 l . E
Lijpi=c+) [®ld; — (2 ) ] ——————///////
l_

- andwith &; — [[/Z, U, 419,
« Hamiltonian with only fermlons

71=1

N-—-1 7 I
ga A 1 —(—=1)"1)2
+22 3 {e+ ;[@;@j— 1}

j=1




+ Jordan-Wigner transformation &, = [[/_; (io7)o
N-—-1 N
H.=w ) [6767,, +hec]+ 5> (-1)6;
j=1 j=1
gza N—1 J 9
5 ~ Z _1 [ }
+55 Fl{s+§[ag+( )¢

Long range interaction



Hamiltonian simulation of the Schwinger model at finite
temperature

Boye Buyens, Frank Verstraete, and Karel Van Acoleyen
Phys. Rev. D 94, 085018 — Published 21 October 2016

* Matrix Product Operators to represent Gibbs states +'++H+'+'++

* Works for infinite long chain with ITEBD. Free of sign
problem.

* Gauge invariant enforced by projector P (Gauss law)

_ tr(PQPe~PH)

Q)5 = 705) with Z(8) = tr (Pe="H)




String tension: indicator of confinement/deconfinement

* String tension as the difference of free energies with/without a
pair of charges at boundaries

1

0 () = Naa (F=(B) — Fo(B) — f2)

H, -}

H_. O G— O T ¢ o  Je

* Zero T. A linear potential * Increasing T: the string is weaken by
between two charges(qqbar) thermal fluctuations of ggbar.



First try with quantum algorithm

» Get free energy iIs necessary

* Method: variational quantum algorithm for evaluating the free energy

Product spectrum ansatz

' { layers p(w) — U(@)po(@)UT(Qf))
Entropy not change with U

} Pprod Classical
computer
. Minimize free energy: F(3) = Eﬁ,@) —TS(B)
Quantum

computer



Hybrid guantum-classical optimization

______________________________________________________________________________________________________________________________________________________________________

from a two-qubit entangled state
|0)

pi(6;)

One-qubit mixed state 100 —— Rx(6) /L
(*)



* For Monte Carlo, finite-density leads to sign problem

« Quantum computing puts finite-density and zero-density on the
same footing by involving chemical potential

||
||M2

H = G(u



Results: accuracy vs circuit depth

U(p) = H e~z (1) g—iHz (A1) o —iH((1)

o

o
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nuclear matter as quantum many-body system

guantum algorithm for finite-temperature systems

demo: 1+1D Schwinger model



Textbook of statistical physics: if
we can calculate free energy, then

we can get everything
* Equation of state

* Critical point

D
—
p
—_—
(3]
e
D
(@
S
|_

Q1: Can we efficiently and
accurately calculate free energy on
a quantum computer?

Neutron stars

Baryon density

Q2: Can we really simulate QCD on
a quantum computer?



Q1: quantum simulation of finite-T system

 efficiently and accurately calculate free energy?

_ il How many parameters to determine
p= ) Ps(X)Uglx){x|U _ T
Z: - ? the classical distribution?
(a) (b)
CEER

Uy

IS
MDD
LR
8

v

# n may be not sufficient —

* hard to optimize (Lei Wang)
« analog quantum simulator? but how to control temperature?



« 1+1D, no problem for even SU(2), SU(3), as gauge field can be

eliminated by Gauss law.
plaquette x

3
 d+1D, even U(1) demands lots of quantum resource.  o|f;

1
Xl x,1 X+1

« digitalization of gauge field (see NuQS Collaboration)

= Uni ing?
U(1) = Z,, subgroup, SO(3) = Uniform covering

approach U(1) N is limited

e 71( T T 4
/\ IOgQN \\\ // \\‘\ l/,
\J qublts dor y

Not a group




« Simulate finite-temperature and finite-density systems with
gquantum computer. In principle, no problem.

« Simulate QCD phase diagram? Great challenge at mapping the
lattice model on a quantum computer.



