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• FCC-ee, CEPC, ILC: e+e- collider ( 𝑠=240-250GeV)
• Measure H proper.es with very high precision due to 

large sta.s.cs, high luminosity, clean environment
• Expected precision on 
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Experimental precision
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�(e+e� ! ZH)

• ILC:1.2%  H.Baer et al `13
• FCC-ee:0.4% A.Abada et al `19
• CEPC:0.5%. Y.Fang et al `18
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LO QED corr.
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• LO : only consider s channel
• NLO: unpolarized beam: 5-10%

polarized beam: 10-20%

• NNLO(EW+QCD): 
0.4-1.3% (𝛼 0 , 𝛼 𝑀! , 𝐺") 

1.3% (𝑀𝑆, 𝛼 𝑀! )   

• NNLO(EW+EW): with fermionic loop(this talk)

Y. Gong, Z. Li, X. Xu, L. L. Yang and X. Zhao `17

Q. F. Sun, F. Feng, Y. Jia and W. L. Sang `16

J.Fleischer, F.Jegerlehner `83
B.A.Kniehl `92
A.Denner, J.Kublbeck, R.Mertig, M.Bohm `92

S.Bondarenko, Y.Dydyshka, L.Kalinovskaya, 
L.Rumyantsev, R.Sadykov and V.Yermolchyk `18

Theore2cal correc2ons
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• double box diagrams with top-loop: UV finite

• box with triangle/self-energy subloop
• two-loop ver.ces(eeZ, VZH, eeH)
• self-energy diagrams

simpler than double-box, but UV divergent

<latexit sha1_base64="5a3jtcUqnyUp6j2FJhbbgZl2/AM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6F6jXA=</latexit>

}

• NNLO(EW+EW): have an impact of 𝑂(1%)
• Diagrams with closed fermion loop dominant due to large top-quark Yukawa coupling and 

large mul.plicity of fermions in SM

A.Freitas et al `19

• most challenging
• with 7 denominators
• 4 independent mass scales(mz,mh,mw,mt), 2 independent energy scales(s,t)

A.Freitas and Q.Song `21

I.Dubovyk, A.Freitas, J.Gluza,T,Riemann and J.Usovitsch ‘19

Two-loop EW correc2on
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• double box diagrams with top-loop: UV finite

• box with triangle/self-energy subloop
• two-loop vertices(eeZ, eeH, VZH)

• NNLO(EW+EW): have an impact of 𝑂(1%)
• Diagrams with closed fermion loop dominant due to large top-quark Yukawa coupling and 

large multiplicity of fermions in SM

A.Freitas et al `19
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Two-loop EW correction
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• two-loop planar VZH vertex:

• two-loop nonplanar VZH vertex:

Two-loop EW correc2on
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• double box diagrams with top-loop: UV finite

• box with triangle/self-energy subloop
• two-loop vertices(eeZ, VZH, eeH)
• self-energy diagrams

• NNLO(EW+EW): have an impact of 𝑂(1%)
• Diagrams with closed fermion loop dominant due to large top-quark Yukawa coupling and 

large mul.plicity of fermions in SM

A.Freitas et al `19

• most challenging
• with 7 denominators
• 4 independent mass scales(mz,mh,mw,mt), 2 independent energy scales(s,t)

A.Freitas and Q.Song `21

<latexit sha1_base64="PpbuKPzs0BH6ehyxoGX8ebpxy10=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEIiRT0WvXisYNpCG8pmu2mXbnbD7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0tr6xuVXeruzs7u0fVA+PWlpmitCASC5VJ8KaciZoYJjhtJMqipOI03Y0vpv57SeqNJPi0UxSGiZ4KFjMCDZWCi6Q67r9as1zvTnQKvELUoMCzX71qzeQJEuoMIRjrbu+l5owx8owwum00ss0TTEZ4yHtWipwQnWYz4+dojOrDFAslS1h0Fz9PZHjROtJEtnOBJuRXvZm4n9eNzPxTZgzkWaGCrJYFGccGYlmn6MBU5QYPrEEE8XsrYiMsMLE2HwqNgR/+eVV0rp0/Su3/lCvNW6LOMpwAqdwDj5cQwPuoQkBEGDwDK/w5gjnxXl3PhatJaeYOYY/cD5/AAtrjYo=</latexit>

+...

I.Dubovyk, A.Freitas, J.Gluza,T,Riemann and J.Usovitsch ‘19

Two-loop EW correc2on
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• double box diagrams with top-loop: UV finite

• box with triangle/self-energy subloop
• two-loop ver.ces(eeZ, VZH, eeH)
• self-energy diagrams

simpler than double-box, but UV divergent
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• NNLO(EW+EW): have an impact of 𝑂(1%)
• Diagrams with closed fermion loop dominant due to large top-quark Yukawa coupling and 

large multiplicity of fermions in SM

A.Freitas et al `19

• most challenging
• with 7 denominators
• 4 independent mass scales(mz,mh,mw,mt), 2 independent energy scales(s,t)

A.Freitas and Q.Song `21
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Two-loop EW correction
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• Analytical calculation: can be done for 1-loop, simple diagrams for 2-loop;  generally difficult 
in 2-loop: require more knowledge about special functions(harmonic polylogarithmic 
functions, iterated elliptic integrals)

• Numerical calculation:

• double-box diagram with arbitrary mass configura.on: Feynman parametriza.on 
takes few days because integrand converges slowly

• massless double-box diagram: Mellin-Barnes representa.on

F. Yuasa, E. de Doncker, N. Hamaguchi, T. Ishikawa, 
K. Kato, Y. Kurihara, J. Fujimoto and Y. Shimizu `12

C.Anastasiou, J.B. Tausk and 
M.E.Tejeda-teomans ‘00

• massless double-box diagram
• double-box diagram with 4 massive and 3 massless lines

V.A.Smirnov `99

V.A.Smirnov `00

Evaluation method

CEPC 2022



• Our method: Feynman parametriza.on and dispersion rela.on
• Two momentum loops are completely decoupled, squared amplitude is expressed as

• Numerically stable(4-digit precision) and takes few minutes

• Double-box diagram: 3-fold numerical integral
• Box with triangle/self-energy subloop: 2-fold/1-fold numerical integral
• Two-loop vertex diagram: 2-fold numerical integral
• Two-loop self-energy diagram:
• Tensor reduc.on: FIRE/pySecDec or private code
• Evaluate master integral: TVID/pySecDedc

A.V.Smirnov and F.S.Chukharev `19
B.Stefan, F.Ayres and W.Daniel `19

<latexit sha1_base64="8LdffPQ1/OOrMbcfZ0Ec6ETl3tk="></latexit>

|MM⇤| =
Z

dx

Z
d��Bµ⌫(�,m

2
1,m

2
2)⇥ (c1A0 + c2B0 + c3C0 + c4D0 + cijDij + ...)

Imaginary part of B 
func_ons, analy_cally known

Tensor/scalar PaVe functions 
from FeynCalc/LoopTools

Integration variable from 
Feynman Parametrization 
and dispersion relation

Precision is confined by LoopTools(double/quadrupole 
precision), we use double precision 

Evalua2on method

This method can be used as crosscheck

CEPC 2022 12



• Generate Feynman diagrams with FeynArts
• Calculate unpolarized squared amplitude with FeynCalc

• CT is calculated using on-shell scheme
• Use dispersion rela.on and Feynman parameteriza.on to simplify squared amplitude

• Squared amplitude is evaluated numerically in C++ with LoopTools package, Gauss-
Kronrod quadrature in Boost package

13

• Trace not involving 𝛾# is evaluated in D dimension(NDR) because of UV div
• Trace involving 𝛾# is treated in 4 dimension because that part is UV finite

• Using private code, squared amplitude is expressed as

• Squared amplitude is separated into UV finite and UV div part with dispersion rela.on
• UV  evalua.on is different for triangle subloop, self-energy subloop, two-loop vertex

CEPC 2022

T.Hahn `00

V. Shtabovenko, R. Mer_g and F. Orellana `01

S. Bauberger, F. A. Berends, M. B öhm and M. Buza `94

T.Hahn `98 https://www.boost.org/

<latexit sha1_base64="8LdffPQ1/OOrMbcfZ0Ec6ETl3tk="></latexit>
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Calculation process



Use Feynman parametriza.on to simplify the denominators 
only involve q2

14CEPC 2022

Loop momentum q1 appears in B0 func.ons, 
so cannot integrate over q1.
→ use dispersion rela.on to put q1 outside B0 func.on

Planar double-box diagram
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cancel the unphysical divergence at 
lower bound

S. Bauberger, F. A. 
Berends, M. Bohm 
and M. Buza `95

Planar double-box diagram
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• Triangle loop is UV divergent.  

• With Feynman parametriza.on and dispersion rela.on, the UV 
divergence at large q becomes UV divergence at large 𝜎

�

�

�

�

�
�
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Box diagram with triangle fermionic subloop
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+

1. Feynman parametriza.on and dispersion rela.on
divergence of fermionic loop → at large 𝜎

2.

3. can be integrated analy.cally:

bosonic subloop is expressed using scalar PaVe func.ons
4. Divergent part cancels with CT diagram
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Box diagram with triangle fermionic subloop
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W

W

Z
W

W

Z

div: (-2.808566*10^-6 + 1.176922*10^-6*I)/𝜖
finite: 2.871395*10^-5 - 1.562527*10^-5*I

div: (2.808566*10^-6 - 1.176922*10^-6*I )/𝜖
finite: (-2.317469*10^-5 + 1.049388*10^-5*I) -

(1.288853*10^-4 - 5.102569*10^-5*)*deltaAlpha

Sum of loop and CT is UV finite

CEPC 2022

Box diagram with triangle fermionic subloop
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• Self-energy loop is UV divergent.  

• With dispersion rela.on, the UV performance at large q 
becomes UV divergence at large 𝜎
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Box diagram with self-energy fermionic subloop
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2�
=

<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>�

<latexit sha1_base64="mAqZeWH/3ifen/tLP4NTXp1pUZ0=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GIhWE3BLUM0cIygnlAdg2zk9lkyMzsMjMrhCWtjb9iY6GIrX9g5984SbbQxAMXDufcy733BDGjSjvOt5VbWV1b38hvFra2d3b37P2DlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Grqtx+IVDQSd3ocE5+jgaAhxUgbqWdD75owjWC9l3o8gZ5IJiVP0QFH8AzG95XTnl10ys4McJm4GSmCDI2e/eX1I5xwIjRmSKmu68TaT5HUFDMyKXiJIjHCIzQgXUMF4kT56eyTCTwxSh+GkTQlNJypvydSxJUa88B0cqSHatGbiv953USHl35KRZxoIvB8UZgwqCM4jQX2qSRYs7EhCEtqboV4iCTC2oRXMCG4iy8vk1al7J6Xq7fVYq2exZEHR+AYlIALLkAN3IAGaAIMHsEzeAVv1pP1Yr1bH/PWnJXNHII/sD5/AC8pmLs=</latexit>

�Bµ⌫(� � p2)
<latexit sha1_base64="mAqZeWH/3ifen/tLP4NTXp1pUZ0=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GIhWE3BLUM0cIygnlAdg2zk9lkyMzsMjMrhCWtjb9iY6GIrX9g5984SbbQxAMXDufcy733BDGjSjvOt5VbWV1b38hvFra2d3b37P2DlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Grqtx+IVDQSd3ocE5+jgaAhxUgbqWdD75owjWC9l3o8gZ5IJiVP0QFH8AzG95XTnl10ys4McJm4GSmCDI2e/eX1I5xwIjRmSKmu68TaT5HUFDMyKXiJIjHCIzQgXUMF4kT56eyTCTwxSh+GkTQlNJypvydSxJUa88B0cqSHatGbiv953USHl35KRZxoIvB8UZgwqCM4jQX2qSRYs7EhCEtqboV4iCTC2oRXMCG4iy8vk1al7J6Xq7fVYq2exZEHR+AYlIALLkAN3IAGaAIMHsEzeAVv1pP1Yr1bH/PWnJXNHII/sD5/AC8pmLs=</latexit>

�Bµ⌫(� � p2)

<latexit sha1_base64="QYxxKpByQAGiy1LfXFy9b9+O9z4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkoiRV2W6sJlBfuAJoTJdNIOnZmEmYlQQsGNv+LGhSJu/Ql3/o3TNgttPXDhcM693HtPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrqd+54FIRWNxr8cJ8TkaCBpRjLSRAvvIuyFMI9gIMo+n0BPppOIpOuDoLLDLTtWZAS4TNydlkKMZ2F9eP8YpJ0JjhpTquU6i/QxJTTEjk5KXKpIgPEID0jNUIE6Un81+mMBTo/RhFEtTQsOZ+nsiQ1ypMQ9NJ0d6qBa9qfif10t1dOVnVCSpJgLPF0UpgzqG00Bgn0qCNRsbgrCk5laIh0girE1sJROCu/jyMmmfV92Lau2uVq438jiK4BicgApwwSWog1vQBC2AwSN4Bq/gzXqyXqx362PeWrDymUPwB9bnD+rYlxI=</latexit>

�Bµ⌫(�)

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="f/M2YBRlZv9Oeoe6xipKNwu4f38="></latexit>

lim
�!1

�Bµ⌫(� � p2)��Bµ⌫(�)� p2@��Bµ⌫(�) ! finite

<latexit sha1_base64="NPjmj83Kne3rk7TpG1xU88F0mSA=">AAACNnicfVDLSgMxFM34rPVVdekmWARFKDOlqMtSXbgRKthW6NRyJ01raJIZkoxQhn6VG7/DXTcuFHHrJ5iZduELDwQO59zDzT1BxJk2rjtx5uYXFpeWcyv51bX1jc3C1nZTh7EitEFCHqqbADTlTNKGYYbTm0hREAGnrWB4lvqte6o0C+W1GUW0I2AgWZ8RMFbqFi6xf065AVzrJr6IsS/j8YGv2UDAIT7C0W3Zj0AZBtz6mTz+J9AtFN2SmwH/Jt6MFNEM9W7hye+FJBZUGsJB67bnRqaTpBsJp+O8H2saARnCgLYtlSCo7iTZ2WO8b5Ue7ofKPmlwpn5NJCC0HonATgowd/qnl4p/ee3Y9E87CZNRbKgk00X9mGMT4rRD3GOKEsNHlgBRzP4VkztQQIxtOm9L8H6e/Js0yyXvuFS5qhSrtVkdObSL9tAB8tAJqqILVEcNRNADmqAX9Oo8Os/Om/M+HZ1zZpkd9A3OxydWP6si</latexit>

�Bµ⌫(�) + p2@��Bµ⌫(�)

<latexit sha1_base64="wAd25LDPBjo8zDJj4UzM5l9p0EU="></latexit>Z
d��Bµ⌫(�) + p2@��Bµ⌫(�) = Bµ⌫(0) + p2

@Bµ⌫(ps)

@ps
|ps!0

<latexit sha1_base64="F2uBRKukVt6+H/Y1lC9aEhM/Di4=">AAACD3icbVA9SwNBEN2LXzF+RS1tDoNiFe4kqGXQxjKC+YBcCHubSbJk7/bYnVPDcf/Axr9iY6GIra2d/8a9JIUmPhh4vDfDzDw/Elyj43xbuaXlldW1/HphY3Nre6e4u9fQMlYM6kwKqVo+1SB4CHXkKKAVKaCBL6Dpj64yv3kHSnMZ3uI4gk5AByHvc0bRSN3isSczGzDxEB6QccUE9BI3TRNP8cEQqVLyPu0WS07ZmcBeJO6MlMgMtW7xy+tJFgcQIhNU67brRNhJqEJuFqQFL9YQUTaiA2gbGtIAdCeZ/JPaR0bp2X2pTIVoT9TfEwkNtB4HvukMKA71vJeJ/3ntGPsXnYSHUYwQsumifixslHYWjt3jChiKsSGUKW5utdmQKsrQZFQwIbjzLy+SxmnZPStXbiql6uUsjjw5IIfkhLjknFTJNamROmHkkTyTV/JmPVkv1rv1MW3NWbOZffIH1ucPl46eSQ==</latexit>

1�!
finite

UV div

<latexit sha1_base64="mAqZeWH/3ifen/tLP4NTXp1pUZ0=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GIhWE3BLUM0cIygnlAdg2zk9lkyMzsMjMrhCWtjb9iY6GIrX9g5984SbbQxAMXDufcy733BDGjSjvOt5VbWV1b38hvFra2d3b37P2DlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Grqtx+IVDQSd3ocE5+jgaAhxUgbqWdD75owjWC9l3o8gZ5IJiVP0QFH8AzG95XTnl10ys4McJm4GSmCDI2e/eX1I5xwIjRmSKmu68TaT5HUFDMyKXiJIjHCIzQgXUMF4kT56eyTCTwxSh+GkTQlNJypvydSxJUa88B0cqSHatGbiv953USHl35KRZxoIvB8UZgwqCM4jQX2qSRYs7EhCEtqboV4iCTC2oRXMCG4iy8vk1al7J6Xq7fVYq2exZEHR+AYlIALLkAN3IAGaAIMHsEzeAVv1pP1Yr1bH/PWnJXNHII/sD5/AC8pmLs=</latexit>

�Bµ⌫(� � p2)

<latexit sha1_base64="NPjmj83Kne3rk7TpG1xU88F0mSA=">AAACNnicfVDLSgMxFM34rPVVdekmWARFKDOlqMtSXbgRKthW6NRyJ01raJIZkoxQhn6VG7/DXTcuFHHrJ5iZduELDwQO59zDzT1BxJk2rjtx5uYXFpeWcyv51bX1jc3C1nZTh7EitEFCHqqbADTlTNKGYYbTm0hREAGnrWB4lvqte6o0C+W1GUW0I2AgWZ8RMFbqFi6xf065AVzrJr6IsS/j8YGv2UDAIT7C0W3Zj0AZBtz6mTz+J9AtFN2SmwH/Jt6MFNEM9W7hye+FJBZUGsJB67bnRqaTpBsJp+O8H2saARnCgLYtlSCo7iTZ2WO8b5Ue7ofKPmlwpn5NJCC0HonATgowd/qnl4p/ee3Y9E87CZNRbKgk00X9mGMT4rRD3GOKEsNHlgBRzP4VkztQQIxtOm9L8H6e/Js0yyXvuFS5qhSrtVkdObSL9tAB8tAJqqILVEcNRNADmqAX9Oo8Os/Om/M+HZ1zZpkd9A3OxydWP6si</latexit>

�Bµ⌫(�) + p2@��Bµ⌫(�)

1. Feynman parametriza.on and dispersion rela.on
divergence of fermionic loop → at large 𝜎

2.    

3. can be integrated analy.cally:

bosonic subloop is expressed using scalar PaVe func.ons
4. Divergent part cancels with CT diagram

Box diagram with self-energy fermionic subloop
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div: (6.449289*10^-7 + 3.513202*10^-15*I)/𝜖
finite: -6.847403*10^-6 – 3.854979*10^-14*I

div: (-6.449289*10^-7 -7.518501*10^-15*I)/𝜖
finite: 6.963528*10^-6 + 8.438749*10^-14*I

W W W W

Sum of loop and CT is UV finite

CEPC 2022

Box diagram with self-energy fermionic subloop
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• Two loop vertex has two different UV divergence

• Two-loop vertex  has 3 UV behaviors

• local divergence(!
"
): one subloop(triangle fermionic loop), dependent on the other loop(blue)

• global divergence( !
"!

): highest order divergence, independent on loop external momentum

• only local divergence(eeH vertex): 

• 1 local + global divergence(eeZ vertex):

• 2 local + global divergence(VZH vertex):

• dispersion relation fails to separate overlapping divergence
• subtract a diagram that can cancel global divergence, and add it back
• use dispersion to separate local divergence

• use dispersion relation to separate UV divergence(same as box with triangle subloop)

CEPC 2022

• dispersion relaIon fails to separate overlapping divergence
• subtract a diagram that can cancel global divergence ,and add it back
• use dispersion relaIons twice to cancel 2 local divergences separately

Two-loop vertex diagram
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<latexit sha1_base64="6UsqrmyAF3+lczvdOvXQ7nXLDfE=">AAACDnicbVDLSsNAFJ34rPVVdelmsBQEoSSlqMtiNy6r2Ac0IUymk3boZCbMTJQS+gVu/BU3LhRx69qdf+OkzUJbD1w4nHMv994TxIwqbdvf1srq2vrGZmGruL2zu7dfOjjsKJFITNpYMCF7AVKEUU7ammpGerEkKAoY6QbjZuZ374lUVPA7PYmJF6EhpyHFSBvJL1XcWzocaSSleIBuKBFOm74zTV0SK8oEn541/VrRL5Xtqj0DXCZOTsogR8svfbkDgZOIcI0ZUqrv2LH2UiQ1xYxMi26iSIzwGA1J31COIqK8dPbOFFaMMoChkKa4hjP190SKIqUmUWA6I6RHatHLxP+8fqLDSy+lPE404Xi+KEwY1AJm2cABlQRrNjEEYUnNrRCPkMlEmwSzEJzFl5dJp1Z1zqv1m3q5cZXHUQDH4AScAgdcgAa4Bi3QBhg8gmfwCt6sJ+vFerc+5q0rVj5zBP7A+vwBvI2b5Q==</latexit>

) C1

✏
+ C2

<latexit sha1_base64="y76n9wFj/usEZT8IqUT10jnjZcE=">AAACJXicbZDLSgMxFIYzXmu9jbp0EyyCIJSZWtSFi6JduFSxrdCpQybNtKGZZEgyShnmZdz4Km5cWERw5auYqRWvPwR+vnMOJ+cPYkaVdpxXa2p6ZnZuvrBQXFxaXlm119abSiQSkwYWTMirACnCKCcNTTUjV7EkKAoYaQWDk7zeuiFSUcEv9TAmnQj1OA0pRtog3z7yLmivr5GU4hZ6oUQ4rftulnokVpQJfl3Jdj9x5Qtnu3V/r+jbJafsjAX/GndiSmCiM98eeV2Bk4hwjRlSqu06se6kSGqKGcmKXqJIjPAA9UjbWI4iojrp+MoMbhvShaGQ5nENx/T7RIoipYZRYDojpPvqdy2H/9XaiQ4POynlcaIJxx+LwoRBLWAeGexSSbBmQ2MQltT8FeI+MploE2wegvv75L+mWSm7++XqebVUO57EUQCbYAvsABccgBo4BWegATC4Aw/gCYyse+vRerZePlqnrMnMBvgh6+0dH/SlnA==</latexit>

) D1

✏2
+

D2

✏
+D3

<latexit sha1_base64="zEA72uME3qvcpWhS2tUytlrwqiQ="></latexit>

+

• The diagram we subtract sa.sfies two points

• The proper choice is two-loop vertex with same structure 
and zero external momentum

• cancel global divergence: global div is decided by the vertex, not external momentum
• can be calculated analy.cally: mass scale is as less as possible

<latexit sha1_base64="WglexU56Haa1wYbAeUlz9uWg4Go="></latexit>�

CEPC 2022

Local divergence C1 is separated 
using dispersion relation

Similar to vacuum bubble and 
can be calculated analyIcally

<latexit sha1_base64="sG4NdSwl8u/INEEZgQ72Laq2L4c="></latexit>

p1 = p2 = 0

Red loop: external momentum 
are set to be 0 

Global divergence 
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<latexit sha1_base64="y76n9wFj/usEZT8IqUT10jnjZcE=">AAACJXicbZDLSgMxFIYzXmu9jbp0EyyCIJSZWtSFi6JduFSxrdCpQybNtKGZZEgyShnmZdz4Km5cWERw5auYqRWvPwR+vnMOJ+cPYkaVdpxXa2p6ZnZuvrBQXFxaXlm119abSiQSkwYWTMirACnCKCcNTTUjV7EkKAoYaQWDk7zeuiFSUcEv9TAmnQj1OA0pRtog3z7yLmivr5GU4hZ6oUQ4rftulnokVpQJfl3Jdj9x5Qtnu3V/r+jbJafsjAX/GndiSmCiM98eeV2Bk4hwjRlSqu06se6kSGqKGcmKXqJIjPAA9UjbWI4iojrp+MoMbhvShaGQ5nENx/T7RIoipYZRYDojpPvqdy2H/9XaiQ4POynlcaIJxx+LwoRBLWAeGexSSbBmQ2MQltT8FeI+MploE2wegvv75L+mWSm7++XqebVUO57EUQCbYAvsABccgBo4BWegATC4Aw/gCYyse+vRerZePlqnrMnMBvgh6+0dH/SlnA==</latexit>

) D1

✏2
+

D2

✏
+D3

• Squared amplitude is calculated analy.cally
• Tensor decomposi.on: reduce tensor integral to scalar integral 
• Reduce scalar integral to master one by using FIRE
• Master integral can be evaluated numerically and analy.cally 

with TVID

CEPC 2022

B.Stefan, F.Ayres and W.Daniel `19

A.V.Smirnov and F.S.Chukharev `19

Global divergence 
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<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="WglexU56Haa1wYbAeUlz9uWg4Go="></latexit>�<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="WglexU56Haa1wYbAeUlz9uWg4Go="></latexit>� <latexit sha1_base64="zEA72uME3qvcpWhS2tUytlrwqiQ="></latexit>

+

Subtract a diagram to 
cancel global divergence

Use dispersion relaIon to 
cancel local divergence 

finite

Feynman parametrization 
and dispersion relation

Two-loop vertex: global+1 local divergence
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<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="WglexU56Haa1wYbAeUlz9uWg4Go="></latexit>�<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="WglexU56Haa1wYbAeUlz9uWg4Go="></latexit>� <latexit sha1_base64="zEA72uME3qvcpWhS2tUytlrwqiQ="></latexit>

+

UV finite: are integrated 
together in C++

<latexit sha1_base64="WglexU56Haa1wYbAeUlz9uWg4Go="></latexit>� <latexit sha1_base64="zEA72uME3qvcpWhS2tUytlrwqiQ="></latexit>
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These two diagrams also have 
the same global divergence, so 
no 1/𝜖!

Two-loop vertex: global+1 local divergence
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Subtract a diagram to 
cancel global divergence

Use dispersion relaIon 
twice to cancel two local 
divergence separately

finite

Feynman parametrizaIon 
and dispersion relaIon

Two-loop vertex: global+2 local divergence
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UV finite: are 
integrated together 
in C++

Evaluated analyIcally 
in MathemaIca

Two-loop vertex: global+2 local divergence
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Divergence should cancel after
combining all CT diagrams

Two-loop vertex: global+2 local divergence
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• Two-loop Electroweak correc.on must be included because of expected high precision at 
future 𝑒&𝑒' colliders.

• Diagrams with closed fermionic subloop are dominated
• Double-box diagrams are the most challenging one
• Box with triangle/SE subloop, two-loop vertex, and self-energy diagrams:

numerically simpler, but UV divergent
• Using Feynman parametriza.on and dispersion rela.on, squared amplitude can be 

simplified to 3/2/1-fold integral. 
• Numerical integra.on takes few minutes with 4-digit precision.
• Dispersion rela.on is used to separate local UV divergence, canceled by CT.
• For diagrams with global and local divergences, addi.onal diagram is needed to cancel 

global divergence and addi.onal terms are needed to cancel local divergence.
• Addi.onal diagram/terms are added back and calculated both analy.cally and numerically.

CEPC 2022

Summary



Thank you!
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1. Numerical integra2on technique
• Feynman Parametriza.on
• Introduce 3 set Feynman parameters to square amplitude for all propagators with 

loop momentum q1,q2,q1+q2 respec.vely
• With decomposi.on and deriva.ve with respect to mass, momentum, square 

amplitude can be wri?en as a linear combina.on of minimal set of scalar integrals
• UV divergent part of the scalar integrals are analy.cally known, and finite part can be 

integrated numerically

CEPC 2022
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1. Numerical integration technique
• Sector decomposi.on

• Subtrac.on terms
• Differen.al equa.ons
• …

• Introduce N Feynman parameters to square amplitude with N propagators
• Introduce N primary sector such that every sector I_k is N-1 fold integral
• Decomopose I_k into subsectors such that all divergence is decomposed and factorized 

to variable
• Taylor expansion is performed to separate divergent and finite part
• Lel integral can be integrated numerically

CEPC 2022
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S. Bauberger, F. A. Berends, M. B öhm and 
M. Buza, Nucl. Phys. B434, 383 
(1995)[hep-ph/9409388]

2. Dispersion rela2on
𝑚!
#$ > 0,𝑚$

#$ > 0

CEPC 2022



36

• 𝑚!
#$ < 0,𝑚$

#$ > 0

2. Dispersion rela2on

CEPC 2022



37

3. UV div evalua2on: box with triangle subloop
• Subtract one term to make the integrand finite at large 𝜎 and add it back
• The term we add back can be separated into divergent part and finite part
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4. UV div evalua2on: box with triangle subloop
• Subtract one term can’t make the integrand finite
• Subtract two terms to make the integrand finite at large 𝜎 and add it back
• Two terms we add back can be separated into divergent part and finite part
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IntegraIng over q1 gets the D0 funcIon.
Use Leibiniz’s rule to put the derivaIve inside the integral: ∆𝐵% is divergent at the lower bound, it can be 
fixed by subtracIng one term to make the integrand become 0  at the lower bound.
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5. double-box diagram
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→ 0 at the lower bound, so deriva_ve van be put 
inside the integral 

→ integrate over 𝜎 gives 𝐵"(0,𝑚#!, 𝑚$#
! ) (dispersion rela_on)
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5. double-box diagram
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6. Missing term estimation
• A simple method is based on the assumption that the perturbation series follows 

roughly a geometric progression, such as 

• One is called the "Traditional Blue Band Method". It is based on the fact that the 
results by using different method, different renormalization shceme, differ from each 
other. 

• A different approach is that for each type of unknown corrections the relevant 
enhancement factors are kept and remaining loop integral is set to be 1.

• Use Bayesian models(QCD)
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