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Introduction

➢ Beauty-charmed meson family  discovered in          

particle physics    experiment
• Bc(1S),  CDF collaboration, 1998
• Bc(2S),  ATLAS collaboration, 2014
• Bc*(2S),  CMS and LHCb collaborations, 2019

➢ Difficulty for experiment  measurement

• composed of two different heavy flavor quarks
• the ground state Bc(1S) only weak decays
• Absolute branching ratios are hardly measured
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Introduction

➢ Nonrelativistic QCD (NRQCD) effective theory

• Decay constants ~ Short-distance perturbative matching coefficients 
× long-distance nonperturbative NRQCD matrix elements (LDMEs)

• Systematical calculation of expansion in power of 𝛼𝑠 and 𝜐 order by 
order

➢ Theoretical  investigation
• Need study decay constants to obtain leptonic branching ratios 
• Decay constants are essentially nonperturbative and universal  
• But lattice QCD studies  lesser due  to doubly heavy flavors
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Introduction

➢ Review high order calculation for Bc and Bc* decay 

constants  with NRQCD 
• The study of Bc at leading order (LO) of 𝛼𝑠
• NLO  for Bc
• NLO  for Bc* 
• High order relativistic corrections resummed
• Approximate NNLO  for Bc
• Full analytical NNLO  for Bc
• NNNLO  for Bc
• NNLO  for Bc* 
• NNNLO  for Bc*
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➢QCD definition for decay constants

➢NRQCD definition for decay constants

𝑎 ≡ (𝑎, 0):timelike component of axial current
𝑝:pseudoscalar current
𝑣:vector current

𝑓𝐵𝑐
𝑎 ≡ 𝑓𝐵𝑐

𝑝
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Definition



➢ Perturbative matching formulae

𝑍𝐽:QCD on-shell current renormalization constants

𝑍𝑎 = 𝑍𝑣 = 1, 𝑍𝑝 =
𝑚𝑏𝑍𝑚,𝑏 +𝑚𝑐𝑍𝑚,𝑐

𝑚𝑏 +𝑚𝑐
෨𝑍𝐽:NRQCD MS current renormalization constants

𝑍2/𝑍𝑚 :QCD on-shell quark field/mass renormalization constants 
෨𝑍2: NRQCD on-shell quark field renormalization constants 

෨𝑍2,𝑏 = ෨𝑍2,𝑐 = 1

Γ𝐽/෨Γ𝐽:unrenormalized QCD/NRQCD current vertex function
෨Γ𝐽=1
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Matching & Renormalization
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NRQCD current renormalization constants 

➢NRQCD current renormalization constants and anomalous dimensions



➢Matching and Calculation of 𝜶𝒔

• Decoupling 𝛼𝑠
(𝑛𝑓=𝑛𝑏+𝑛𝑐+𝑛𝑙)(𝜇)   to  𝛼𝑠

(𝑛𝑙)(𝜇) 

• Renormalization group running   equations
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The renormalization coupling 

𝜇:renormalization scale
𝜇𝑓:NRQCD factorization  scale



➢Higher order calculation steps
• FeynCalc obtains diagrams and corresponding amplitudes,

$Apart  decomposes every amplitude into several Feynman integral families
• FIRE / Kira / FiniteFlow reduces every Feynman integral family to master 

integral family
• Kira+FIRE+Mathematica code reduces  all of master integral families to the 

minimal set of master integral families
• AMFlow with Kira/FiniteFlow calculates the minimal set of master integral 

families family by family
• Renormalization
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Calculation steps



➢ Renormalization at NNLO
• two loop diagrams
• tree diagram inserted with one 𝛼𝑠

2-order counter-term vertex
• tree diagram inserted with two 𝛼𝑠-order counter-term 

vertexes (vanishing)
• one loop diagram inserted with one 𝛼𝑠-order

counter-term vertex
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Renormalization



➢ Tree,1loop,2loop
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Diagrams
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➢Matching coefficient formula

• x=
𝑚𝑐

𝑚𝑏

• NLO matching coefficients:
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Matching coefficients results



➢ x dependence for 
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Matching coefficients results



➢ numerical results for matching coefficients
• 𝜇𝑓 ∈ 1.5,1.2,1 GeV, 𝜇 ∈ 6.25,4.75,3 GeV, 𝑚𝑏∈ 5.25,4.75,4.25 GeV, 𝑚𝑐∈ 2,1.5,1 GeV

• 𝜇 dependence for matching coefficients
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Matching coefficients results



➢ Bc and Bc* decay constants 
• LDMEs

• |𝜓𝐵𝑐(0)|
2 ∈ 0.13,0.12,0.10 GeV3, 𝜇𝑓∈ 1.5,1.2,1 GeV, 

𝜇 ∈ 6.25,4.75,3 GeV, 𝑚𝑏∈ 5.25,4.75,4.25 GeV, 𝑚𝑐∈ 2,1.5,1 GeV
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Decay constants results



➢ Bc and Bc* leptonic decay widths and  branching ratios 
• Formulae

• Decay widths 
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Decay widths &  branching ratios



• Decay widths 

• Decay  branching ratios 
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Decay widths &  branching ratios
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Summary

Thank you!

• Verify Bc decay constant from pseudoscalar current is identical 
with the Bc decay constant from axial-vector current 

• Obtain the novel anomalous dimension for the flavor-changing 
heavy quark vector current

• Obtain NNLO result for the decay constant of Bc*

• The obtained branching ratio of Β𝑐
∗+ → 𝜇+ + 𝜈𝜇 isn’t small, which 

can be a good  channel to detect  Bc*
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