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Outline

• Scattering by pure metric field（赖俊辉，郭家明）
• The Riemann-Cartan case（赖俊辉）
• Teleparallele gravity treatment（林威）

2



Neutrinoless double beta decay
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Can Gravity Distinguish between Dirac and 
Majorana Neutrinos?
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The short coming of Papini’s 2006 paper

• The gravitation phase →effective Hamiltonian →The spin-flip 
scattering matrix element → distinguish the Dirac from Majorana 
fermion----indirect gravity effect

• In the wavefunction framework, only wave packet can be self 
charge conjugate invariant, just like the real scalar field and the 
real valued wave function state
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The direct scattering of Dirac and Majorana 
fermion by pure metric field

• The weak field approximation: 𝑆𝑆 = 𝑆𝑆0 + 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 =
∫𝑑𝑑4𝑥𝑥 −𝑔𝑔ℒ = ∫𝑑𝑑4𝑥𝑥 −𝑔𝑔 �𝜓𝜓 𝑖𝑖𝛾𝛾𝑎𝑎𝑒𝑒𝑎𝑎

𝜇𝜇𝐷𝐷𝜇𝜇 −𝑚𝑚 𝜓𝜓 =
∫𝑑𝑑4𝑥𝑥 −𝑔𝑔 �𝜓𝜓 �

�
𝑖𝑖𝛾𝛾𝑎𝑎𝑛𝑛𝑎𝑎

𝜇𝜇𝜕𝜕𝜇𝜇 − 𝑚𝑚 + 1
2
𝛾𝛾𝑎𝑎𝑛𝑛𝑎𝑎

𝜇𝜇𝐴̃𝐴 𝜇𝜇
𝑏𝑏𝑏𝑏 𝑆𝑆𝑏𝑏𝑏𝑏 −

𝑖𝑖
2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝜕𝜕𝜇𝜇 − 𝛾𝛾𝑎𝑎 1
2
ℎ𝑎𝑎

𝜇𝜇 1
2
𝐴̃𝐴 𝜇𝜇
𝑏𝑏𝑏𝑏 𝑆𝑆𝑏𝑏𝑏𝑏 𝜓𝜓

• Where 𝑒𝑒𝑎𝑎
𝜇𝜇 = 𝑛𝑛𝑎𝑎

𝜇𝜇 − 1
2
ℎ𝑎𝑎

𝜇𝜇

𝑛𝑛𝑎𝑎
𝜇𝜇 is the tetrad for Cartesian coordinates of Mikowskii

spacetime, simplist form is 𝛿𝛿𝑎𝑎
𝜇𝜇
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• It can be obtained：𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 = ∫𝑑𝑑4𝑥𝑥 −𝑔𝑔 �𝜓𝜓 �

�

1
2
𝛾𝛾𝑎𝑎𝐴̃𝐴 𝑎𝑎

𝑏𝑏𝑏𝑏 𝑆𝑆𝑏𝑏𝑏𝑏 −
𝑖𝑖
2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝜕𝜕𝜇𝜇 𝜓𝜓 = ∫𝑑𝑑4𝑥𝑥 −𝑔𝑔 �𝜓𝜓 �

�

𝑖𝑖
8
𝐴̃𝐴𝑎𝑎𝑎𝑎𝑎𝑎�

�

4𝜂𝜂𝑐𝑐𝑐𝑐𝛾𝛾𝑏𝑏 −

2𝑖𝑖𝜖𝜖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝛾𝛾𝑑𝑑𝛾𝛾5 − 𝑖𝑖
2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝜕𝜕𝜇𝜇 𝜓𝜓

• The connection part can be rewritten as：𝐴𝐴𝑎𝑎𝑎𝑎𝑎𝑎�
�

4𝜂𝜂𝑐𝑐𝑐𝑐𝛾𝛾𝑏𝑏 −
2𝑖𝑖𝜖𝜖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝛾𝛾𝑑𝑑𝛾𝛾5 = 8𝑒𝑒𝑎𝑎

𝜇𝜇𝑒𝑒𝑏𝑏 𝜈𝜈 𝜕𝜕𝜈𝜈𝑒𝑒 𝜇𝜇
𝑎𝑎 − 𝜕𝜕𝜇𝜇𝑒𝑒 𝜈𝜈

𝑎𝑎 𝛾𝛾𝑏𝑏 −
4𝜂𝜂𝑏𝑏𝑏𝑏𝑒𝑒𝑎𝑎

𝜇𝜇𝑒𝑒𝑐𝑐 𝜈𝜈𝜕𝜕𝜈𝜈𝑒𝑒 𝜇𝜇
𝑝𝑝 𝜖𝜖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑖𝑖𝛾𝛾𝑑𝑑𝛾𝛾5

• Finally, 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 = ∫𝑑𝑑4𝑥𝑥 −𝑔𝑔 �𝜓𝜓 �

�

𝐾𝐾𝑎𝑎𝛾𝛾𝑎𝑎 −
𝑖𝑖
2
Λ𝑎𝑎𝛾𝛾𝑎𝑎𝛾𝛾5 −

𝑖𝑖
2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝜕𝜕𝜇𝜇 𝜓𝜓

Where 𝐾𝐾𝑎𝑎 = 𝑒𝑒𝑏𝑏
𝜇𝜇𝑒𝑒𝑎𝑎 𝜈𝜈 𝜕𝜕𝜈𝜈𝑒𝑒 𝜇𝜇

𝑏𝑏 − 𝜕𝜕𝜇𝜇𝑒𝑒 𝜈𝜈
𝑏𝑏 and

Λ𝑎𝑎 = 𝑒𝑒𝑑𝑑
𝜇𝜇𝑒𝑒𝑐𝑐 𝜈𝜈𝜕𝜕𝜈𝜈𝑒𝑒 𝜇𝜇

𝑏𝑏 𝜀𝜀𝑎𝑎 𝑏𝑏
𝑐𝑐𝑐𝑐
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• The 𝑖𝑖 → 𝑓𝑓 scattering amplitude is

𝑓𝑓 𝑆𝑆 𝑖𝑖 = 𝑓𝑓 𝑇𝑇 exp −𝑖𝑖 ∫𝑑𝑑4𝑥𝑥ℋ𝐼𝐼(𝑥𝑥) 𝑖𝑖 =
𝑓𝑓 𝑇𝑇 exp 𝑖𝑖 ∫ 𝑑𝑑4𝑥𝑥ℒ𝑖𝑖𝑖𝑖𝑖𝑖(𝑥𝑥) 𝑖𝑖 , 

where 𝑖𝑖 = 2𝐸𝐸𝑝𝑝𝑖𝑖𝑎𝑎𝑝𝑝𝑖𝑖,𝑠𝑠𝑖𝑖
† 0 , 𝑓𝑓 = 2𝐸𝐸𝑝𝑝𝑓𝑓𝑎𝑎𝑞𝑞𝑓𝑓,𝑚𝑚𝑓𝑓

† 0

• The lowest order perturbation of the scattering 
amplitude  is 𝑖𝑖 𝑓𝑓 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖

• The Dirac and Majorana field expansion are respectively

𝜓𝜓𝐷𝐷 𝑥𝑥 = �
𝑑𝑑3𝑝𝑝

2𝜋𝜋 3 2𝐸𝐸𝑝𝑝
�
𝑠𝑠=1,2

𝑎𝑎𝑝𝑝,𝑠𝑠𝑢𝑢𝑠𝑠 𝑝𝑝 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑏𝑏𝑝𝑝,𝑠𝑠
† 𝑣𝑣𝑠𝑠 𝑝𝑝 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖

𝜓𝜓𝑀𝑀 𝑥𝑥 = �
𝑑𝑑3𝑝𝑝

2𝜋𝜋 3 2𝐸𝐸𝑝𝑝
�
𝑠𝑠=1,2

𝑎𝑎𝑝𝑝,𝑠𝑠𝑢𝑢𝑠𝑠 𝑝𝑝 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑎𝑎𝑝𝑝,𝑠𝑠
† 𝑣𝑣𝑠𝑠 𝑝𝑝 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖
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• For Dirac fermion

•𝑀𝑀𝐷𝐷 = 𝑖𝑖 𝑓𝑓 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖 = 𝑖𝑖 ∫ 𝑑𝑑4𝑥𝑥 −𝑔𝑔�𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 �
�

𝐾𝐾𝑎𝑎𝛾𝛾𝑎𝑎 −
𝑖𝑖
2
Λ𝑎𝑎𝛾𝛾𝑎𝑎𝛾𝛾5 −

1
2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝑝𝑝𝑖𝑖𝜇𝜇 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖 𝑒𝑒𝑖𝑖(𝑞𝑞𝑓𝑓−𝑝𝑝𝑖𝑖)𝑥𝑥

• For Majorana fermion

•𝑀𝑀𝑀𝑀 = 𝑖𝑖 ∫ 𝑑𝑑4𝑥𝑥 −𝑔𝑔�𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 �
�

𝐾𝐾𝑎𝑎𝛾𝛾𝑎𝑎 −
𝑖𝑖
2
Λ𝑎𝑎𝛾𝛾𝑎𝑎𝛾𝛾5 −

1
2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝑝𝑝𝑖𝑖𝜇𝜇 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖 𝑒𝑒𝑖𝑖(𝑞𝑞𝑓𝑓−𝑝𝑝𝑖𝑖)𝑥𝑥 −

𝑖𝑖 ∫𝑑𝑑4𝑥𝑥 −𝑔𝑔𝑣̅𝑣𝑚𝑚𝑓𝑓 𝑞𝑞𝑖𝑖 �

�

𝐾𝐾𝑎𝑎𝛾𝛾𝑎𝑎 −
𝑖𝑖
2
Λ𝑎𝑎𝛾𝛾𝑎𝑎𝛾𝛾5 +

1
2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝑝𝑝𝑓𝑓𝜇𝜇 𝑣𝑣𝑠𝑠𝑖𝑖 𝑝𝑝𝑓𝑓 𝑒𝑒𝑖𝑖(𝑞𝑞𝑓𝑓−𝑝𝑝𝑖𝑖)𝑥𝑥
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• Under charge conjugation 𝑣𝑣𝑠𝑠 𝑘𝑘 = 𝑢𝑢𝑠𝑠𝑐𝑐 𝑘𝑘 = 𝐶𝐶�𝑢𝑢𝑇𝑇(𝑘𝑘) for 
Majorana fermion and 𝐶𝐶𝛾𝛾𝜇𝜇𝐶𝐶−1 = −𝛾𝛾𝜇𝜇𝑇𝑇

• 𝑣̅𝑣𝑠𝑠𝑖𝑖 𝑞𝑞𝑖𝑖 𝐾𝐾𝑎𝑎𝛾𝛾𝑎𝑎 −
𝑖𝑖
2
Λ𝑎𝑎𝛾𝛾𝑎𝑎𝛾𝛾5 + 1

2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝑝𝑝𝑓𝑓𝜇𝜇 𝑣𝑣𝑚𝑚𝑓𝑓 𝑝𝑝𝑓𝑓 =

�𝑢𝑢𝑚𝑚𝑓𝑓 𝑝𝑝𝑓𝑓 𝐾𝐾𝑎𝑎𝛾𝛾𝑎𝑎 + 𝑖𝑖
2
Λ𝑎𝑎𝛾𝛾𝑎𝑎𝛾𝛾5 + 1

2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝑝𝑝𝑓𝑓𝜇𝜇 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖

•𝑀𝑀𝑀𝑀 = − 𝑖𝑖
2 ∫𝑑𝑑

4𝑥𝑥 −𝑔𝑔�𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 �

�

𝑖𝑖Λ𝑎𝑎𝛾𝛾𝑎𝑎𝛾𝛾5 + 𝛾𝛾𝑎𝑎ℎ𝑎𝑎
𝜇𝜇𝑝𝑝𝑖𝑖𝜇𝜇 +

𝛾𝛾𝑎𝑎ℎ𝑎𝑎
𝜇𝜇𝑝𝑝𝑓𝑓𝜇𝜇 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖 𝑒𝑒𝑖𝑖(𝑞𝑞𝑓𝑓−𝑝𝑝𝑖𝑖)𝑥𝑥

•𝑀𝑀𝐷𝐷 = 𝑀𝑀𝑀𝑀 + 𝑖𝑖 ∫ 𝑑𝑑4𝑥𝑥 −𝑔𝑔�𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 �

�

𝐾𝐾𝑎𝑎𝛾𝛾𝑎𝑎 −
1
2
𝛾𝛾𝑎𝑎ℎ𝑎𝑎

𝜇𝜇𝑞𝑞𝑓𝑓𝜇𝜇 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖 𝑒𝑒𝑖𝑖(𝑞𝑞𝑓𝑓−𝑝𝑝𝑖𝑖)𝑥𝑥
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The scattering of fermion by Kerr field

• 𝑔𝑔00 = 1 − 𝑟𝑟𝑠𝑠𝑟𝑟
𝜌𝜌2

,𝑔𝑔11 = −𝜌𝜌2

𝛥𝛥
,𝑔𝑔22 = −𝜌𝜌2,𝑔𝑔33 = −�

�

𝑟𝑟2 + 𝑎𝑎2 +
𝑟𝑟𝑠𝑠𝑟𝑟𝑎𝑎2

𝜌𝜌2
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃,𝑔𝑔03 = 𝑔𝑔30 = 𝑟𝑟𝑠𝑠𝑟𝑟𝑟𝑟

𝜌𝜌2
𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃, 𝑟𝑟𝑠𝑠 = 2𝐺𝐺𝐺𝐺,𝜌𝜌2 =

𝑟𝑟2 + 𝑎𝑎2𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃,𝛥𝛥 = 𝑟𝑟2 − 𝑟𝑟𝑠𝑠𝑟𝑟 + 𝑎𝑎2
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• 𝑔𝑔𝜇𝜇𝜇𝜇 =
1 − 2𝑀𝑀𝑀𝑀

𝑟𝑟2+𝑎𝑎2 cos2 𝜃𝜃
2𝑎𝑎𝑎𝑎𝑎𝑎

𝑟𝑟2+𝑎𝑎2 cos2 𝜃𝜃
sin2 𝜃𝜃

− 𝑟𝑟2+𝑎𝑎2 cos2 𝜃𝜃
𝑟𝑟2−2𝑀𝑀𝑀𝑀+𝑎𝑎2

− 𝑟𝑟2 + 𝑎𝑎2 cos2 𝜃𝜃
2𝑎𝑎𝑎𝑎𝑎𝑎

𝑟𝑟2+𝑎𝑎2 cos2 𝜃𝜃
sin2 𝜃𝜃 − 𝑟𝑟2 + 𝑎𝑎2 + 2𝑀𝑀𝑀𝑀𝑎𝑎2

𝑟𝑟2+𝑎𝑎2 cos2 𝜃𝜃
sin2 𝜃𝜃 sin2 𝜃𝜃
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In the far end limit, the tetrads are

• ℎ  𝜇𝜇𝑎𝑎 ≡

𝛾𝛾00 0 0 𝜂𝜂
0 𝛾𝛾11𝑠𝑠𝑠𝑠c𝜑𝜑 𝛾𝛾22c𝜃𝜃𝜃𝜃𝜃𝜃 −𝛽𝛽s𝜑𝜑
0 𝛾𝛾11𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾22c𝜃𝜃𝜃𝜃𝜃𝜃 𝛽𝛽c𝜑𝜑
0 𝛾𝛾11𝑐𝑐𝑐𝑐 −𝛾𝛾22𝑠𝑠𝑠𝑠 0

• 𝛾𝛾00 = 𝑔𝑔00 ≃ 1 − 𝑟𝑟𝑠𝑠
2𝑟𝑟
− 𝑟𝑟𝑠𝑠2

8𝑟𝑟2
+ −𝑟𝑟𝑠𝑠3+8𝑎𝑎2𝑟𝑟𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃

16𝑟𝑟3
+ 𝑂𝑂(𝑟𝑟−4)

𝛾𝛾11 = −𝑔𝑔11
≃ 1 +

𝑟𝑟𝑠𝑠
2𝑟𝑟

+
−4𝑎𝑎2 + 3𝑟𝑟𝑠𝑠2 + 4𝑎𝑎2𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃

8𝑟𝑟2
+
−12𝑎𝑎2𝑟𝑟𝑠𝑠 + 5𝑟𝑟𝑠𝑠3 + 4𝑎𝑎2𝑟𝑟𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃

16𝑟𝑟3
+ 𝑂𝑂(𝑟𝑟−4)

𝛾𝛾22 = −𝑔𝑔22 ≃ 𝑟𝑟 +
𝑎𝑎2𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃

2𝑟𝑟
−
𝑎𝑎4𝑐𝑐𝑐𝑐𝑐𝑐4𝜃𝜃

8𝑟𝑟3
+ 𝑂𝑂(𝑟𝑟−4)

𝛾𝛾33 = −𝑔𝑔33 ≃ 𝑟𝑟 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 +
𝑎𝑎2 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃
2𝑟𝑟

+
𝑎𝑎2𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠3𝜃𝜃

2𝑟𝑟2
−
𝑎𝑎4 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃

8𝑟𝑟3
+ 𝑂𝑂(𝑟𝑟−4)

𝜂𝜂 =
𝑔𝑔03
𝛾𝛾00

≃
𝑎𝑎𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃

𝑟𝑟
+
𝑎𝑎𝑟𝑟𝑠𝑠2𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃

2𝑟𝑟2
+
𝑎𝑎𝑟𝑟𝑠𝑠

3𝑟𝑟𝑠𝑠2
8 − 𝑎𝑎2𝑐𝑐𝑐𝑐𝑐𝑐2𝜃𝜃 𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃

𝑟𝑟3
+ 𝑂𝑂(𝑟𝑟−4)

𝛽𝛽 = 𝜂𝜂2 − 𝑔𝑔33
≃ 𝑟𝑟 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 +

𝑎𝑎2 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃
2𝑟𝑟

+
𝑎𝑎2𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠3𝜃𝜃

2𝑟𝑟2
+
𝑎𝑎2 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 −𝑎𝑎 + 2𝑟𝑟𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 𝑎𝑎 + 2𝑟𝑟𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃

8𝑟𝑟3
+ 𝑂𝑂(𝑟𝑟−4)
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The difference between Dirac and Majorana 
is proportional to 𝑎𝑎2

• 𝑀𝑀𝐷𝐷 = 𝑖𝑖 𝑓𝑓 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖 = 2𝜋𝜋𝜋𝜋𝜋𝜋 𝐸𝐸𝑓𝑓 − 𝐸𝐸𝑖𝑖 𝐺𝐺2𝑀𝑀2𝑎𝑎2 �𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 −𝑖𝑖 𝜋𝜋
2

2
𝑘𝑘𝑧𝑧𝑘𝑘𝛾𝛾3 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖 −

2𝜋𝜋𝜋𝜋𝜋𝜋 𝐸𝐸𝑓𝑓 − 𝐸𝐸𝑖𝑖 𝐺𝐺𝐺𝐺𝐺𝐺
4𝜋𝜋
𝑘𝑘2
𝑘𝑘𝑧𝑧𝑘𝑘𝜇𝜇 �𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 𝑖𝑖𝛾𝛾𝜇𝜇𝛾𝛾5 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖 − 2𝜋𝜋𝜋𝜋𝜋𝜋�

�

𝐸𝐸𝑓𝑓 −

𝐸𝐸𝑖𝑖
1
2
�𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 2𝐺𝐺𝐺𝐺 4𝜋𝜋

𝑘𝑘2
𝑝𝑝𝑖𝑖𝜇𝜇𝛾𝛾

𝜇𝜇 − 4𝑎𝑎𝑎𝑎𝑎𝑎 4𝜋𝜋
𝑘𝑘2
𝑘𝑘𝑦𝑦𝑝𝑝𝑖𝑖0𝛾𝛾

1 + 4𝑎𝑎𝑎𝑎𝑎𝑎 4𝜋𝜋
𝑘𝑘2
𝑘𝑘𝑥𝑥𝑝𝑝𝑖𝑖0𝛾𝛾

2 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖

• 𝑀𝑀𝑀𝑀 = 𝑖𝑖 𝑓𝑓 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖 = −2𝜋𝜋𝜋𝜋𝜋𝜋 𝐸𝐸𝑓𝑓 − 𝐸𝐸𝑖𝑖 𝐺𝐺𝐺𝐺𝐺𝐺
4𝜋𝜋
𝑘𝑘2
𝑘𝑘𝑧𝑧𝑘𝑘𝜇𝜇 �𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 𝑖𝑖𝛾𝛾𝜇𝜇𝛾𝛾5𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖 −

2𝜋𝜋𝜋𝜋𝜋𝜋 𝐸𝐸𝑓𝑓 − 𝐸𝐸𝑖𝑖
1
2
�𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 �

�

2𝐺𝐺𝐺𝐺 4𝜋𝜋
𝑘𝑘2
𝑝𝑝𝑖𝑖𝜇𝜇𝛾𝛾

𝜇𝜇 − 4𝑎𝑎𝑎𝑎𝑎𝑎 4𝜋𝜋
𝑘𝑘2
𝑘𝑘𝑦𝑦𝑝𝑝𝑖𝑖0𝛾𝛾

1 +

4𝑎𝑎𝑎𝑎𝑎𝑎 4𝜋𝜋
𝑘𝑘2
𝑘𝑘𝑥𝑥𝑝𝑝𝑖𝑖0𝛾𝛾

2 𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖

• 𝑀𝑀𝐷𝐷 −𝑀𝑀𝑀𝑀 = −2𝜋𝜋𝜋𝜋𝜋𝜋 𝐸𝐸𝑓𝑓 − 𝐸𝐸𝑖𝑖 𝐺𝐺2𝑀𝑀2𝑎𝑎2 �𝑢𝑢𝑚𝑚𝑓𝑓 𝑞𝑞𝑓𝑓 𝛾𝛾3𝑖𝑖 𝜋𝜋
2

2
𝑘𝑘𝑧𝑧𝑘𝑘𝑢𝑢𝑠𝑠𝑖𝑖 𝑝𝑝𝑖𝑖

• In the case 𝑎𝑎 = 0 the Schwarzschild field can not tell the 
difference in the lowest order expansion of perturbation
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The scattering of non-polarized fermion by 
Schwarzschild field

• the far end of  Schwarzschild field in the isotr spatial 
coordinate, 𝑔𝑔𝜇𝜇𝜇𝜇 = 𝜂𝜂𝜇𝜇𝜇𝜇 + ℎ𝜇𝜇𝜇𝜇 = 𝜂𝜂𝜇𝜇𝜇𝜇 + 2𝜙𝜙 𝑟𝑟 𝛿𝛿𝜈𝜈

𝜇𝜇

15



▪ 𝑖𝑖  𝑓𝑓𝑓 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖  𝑖𝑖𝑖 = 2𝜋𝜋𝜋𝜋
𝑉𝑉𝑉𝑉
𝛿𝛿(

)
𝐸𝐸 −

𝐸𝐸′ �𝑢𝑢𝑠𝑠 𝑘𝑘′
1
4
𝛾𝛾𝑎𝑎𝛤𝛤𝑎𝑎 𝑞𝑞 − 1

2
ℎ𝑎𝑎
𝜇𝜇 𝑞𝑞 𝛾𝛾𝑎𝑎𝑘𝑘𝜇𝜇 𝑢𝑢𝑟𝑟 𝑘𝑘 =

− 2𝜋𝜋𝜋𝜋
𝑉𝑉𝑉𝑉
𝛿𝛿 𝐸𝐸 − 𝐸𝐸′ 𝜙𝜙 𝑞𝑞 �𝑢𝑢𝑠𝑠 𝑘𝑘′ 𝛾𝛾𝜇𝜇 �𝑘𝑘𝜇𝜇𝑢𝑢𝑟𝑟 𝑘𝑘

▪ Where 𝜙𝜙 𝑞𝑞 = 4𝜋𝜋𝜋𝜋𝜋𝜋
𝑞𝑞 2 = 𝜋𝜋𝜋𝜋𝜋𝜋

𝑘𝑘
2
𝑠𝑠𝑠𝑠𝑛𝑛2 𝜃𝜃/2

and �𝑘𝑘𝜇𝜇 =

𝐸𝐸,−𝑘𝑘 utilizing the vector current 
conservation �𝑢𝑢𝑠𝑠 𝑘𝑘′ 𝛾𝛾𝜇𝜇𝑞𝑞𝜇𝜇𝑢𝑢𝑟𝑟 𝑘𝑘 = 0

▪ 𝛤𝛤𝑎𝑎 𝑞𝑞 , ℎ𝑎𝑎
𝜇𝜇 𝑞𝑞 , 𝜙𝜙 𝑞𝑞 are the 3-d Fourier 

components 
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The non-polarised scattering cross 
section

• 𝑑𝑑𝑑𝑑 = ∫ 𝑉𝑉𝑑𝑑3𝑘𝑘′

2𝜋𝜋 3 2𝜋𝜋𝜋𝜋(

)

𝐸𝐸 −

𝐸𝐸′ 𝐸𝐸𝐸𝐸
𝑘𝑘

𝜙𝜙 𝑞𝑞
𝐸𝐸𝐸𝐸

2 1
2
∑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �𝑢𝑢𝑠𝑠 𝑘𝑘′ 𝛾𝛾𝜇𝜇 �𝑘𝑘𝜇𝜇𝑢𝑢𝑟𝑟 𝑘𝑘

2

• For unpolarized spinor field, summation over 
final states and average on the initial ones

• 1
2
∑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �𝑢𝑢𝑠𝑠 𝑘𝑘′ 𝛾𝛾𝜇𝜇 �𝑘𝑘𝜇𝜇𝑢𝑢𝑟𝑟 𝑘𝑘

2 = 𝐸𝐸4 �

�

1 + 𝑣𝑣2 2 −

𝑣𝑣2 3 + 𝑣𝑣2 𝑠𝑠𝑠𝑠𝑛𝑛2 𝜃𝜃
2

• Where 𝑣𝑣 is the velocity of the particle
17



▪ Finally , 𝑑𝑑𝑑𝑑
𝑑𝑑𝛺𝛺

= 𝐺𝐺2𝑀𝑀2

4𝑣𝑣4𝑠𝑠𝑠𝑠𝑛𝑛4 𝜃𝜃/2
�

�

1 + 𝑣𝑣2 2 −

𝑣𝑣2 3 + 𝑣𝑣2 𝑠𝑠𝑠𝑠𝑛𝑛2 𝜃𝜃
2

, independent of 𝑚𝑚

▪ In the non-relativistic limit, lim
𝑣𝑣→0

𝑑𝑑𝑑𝑑
𝑑𝑑𝛺𝛺

=
𝐺𝐺2𝑀𝑀2𝑚𝑚2

16𝐸𝐸𝑘𝑘
2𝑠𝑠𝑠𝑠𝑛𝑛4 𝜃𝜃/2

, where 𝐸𝐸𝑘𝑘 = 𝑚𝑚𝑣𝑣2/2 , just the 
Rutherford cross section

▪ In the relativistic limit, lim
𝑣𝑣→1

𝑑𝑑𝑑𝑑
𝑑𝑑𝛺𝛺

= 16𝐺𝐺2𝑀𝑀2

𝜃𝜃4
, for 

small angle scattering, 𝜃𝜃 ∼ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , with the 
relation 𝜃𝜃 = 4𝐺𝐺𝐺𝐺

𝑏𝑏
just the light ray 

deflection in GR
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The scattering of fermion by torsion

• 𝛾𝛾𝜇𝜇𝐷𝐷𝜇𝜇 = 𝛾𝛾𝜇𝜇𝜕𝜕𝜇𝜇 −
𝑖𝑖
4
𝛾𝛾𝜇𝜇 �𝛤𝛤𝜇𝜇𝜇𝜇𝜇𝜇𝜎𝜎𝑎𝑎𝑎𝑎 + 1

2
𝛾𝛾𝜇𝜇𝑉𝑉𝜇𝜇 + 3𝑖𝑖

4
𝛾𝛾𝜇𝜇𝐴𝐴𝜇𝜇𝛾𝛾5, 

where 𝑉𝑉𝜇𝜇 = 𝑇𝑇𝜇𝜇𝜇𝜇𝜈𝜈 , 𝐴𝐴𝜇𝜇 = 1
3!
𝜀𝜀𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝑇𝑇𝜈𝜈𝜈𝜈𝜈𝜈, and 𝐹𝐹𝜇𝜇𝜇𝜇𝜇𝜇 =

𝑇𝑇𝜇𝜇 𝜈𝜈𝜈𝜈 + 1
3
𝑔𝑔𝜇𝜇(𝜈𝜈𝑉𝑉 )𝜌𝜌 − 1

3
𝑔𝑔𝜈𝜈𝜈𝜈𝑉𝑉𝜇𝜇—No contribution from 

the pure tensor part of torsion 

• The amplitude for Dirac fermion: 𝑀𝑀𝑇𝑇 = 2𝜋𝜋𝜋𝜋
𝑉𝑉𝑉𝑉

𝛿𝛿(

)

𝐸𝐸 −

𝐸𝐸′ �𝑢𝑢𝑠𝑠 𝑘𝑘′ �

�

1
4
𝛾𝛾𝑎𝑎 �𝛤𝛤𝑎𝑎 𝑞𝑞 + 𝑖𝑖

2
𝛾𝛾𝜇𝜇𝑉𝑉𝜇𝜇 𝑞𝑞 − 3

4
𝛾𝛾𝜇𝜇𝐴𝐴𝜇𝜇 𝑞𝑞 𝛾𝛾5 −

1
2
ℎ𝑎𝑎
𝜇𝜇 𝑞𝑞 𝛾𝛾𝑎𝑎𝑘𝑘𝜇𝜇 𝑢𝑢𝑟𝑟 𝑘𝑘
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▪ The amplitude for Majorana ,𝑀𝑀𝑇𝑇
𝑀𝑀 =𝜋𝜋𝜋𝜋

𝑉𝑉𝑉𝑉
𝛿𝛿 𝐸𝐸 − 𝐸𝐸′ �𝑢𝑢𝑠𝑠 𝑘𝑘′ �

�

1
4
𝛾𝛾𝑎𝑎 �𝛤𝛤𝑎𝑎 𝑞𝑞 + 𝑖𝑖

2
𝛾𝛾𝜇𝜇𝑉𝑉𝜇𝜇 𝑞𝑞 −

3
4
𝛾𝛾𝜇𝜇𝐴𝐴𝜇𝜇 𝑞𝑞 𝛾𝛾5 −

1
2
ℎ𝑎𝑎
𝜇𝜇 𝑞𝑞 𝛾𝛾𝑎𝑎𝑘𝑘𝜇𝜇 𝑢𝑢𝑟𝑟 𝑘𝑘 − 𝜋𝜋𝜋𝜋

𝑉𝑉𝑉𝑉
𝛿𝛿(

)
𝐸𝐸 −

𝐸𝐸′ 𝑣̅𝑣𝑟𝑟 𝑘𝑘 �
�

1
4
𝛾𝛾𝑎𝑎 �𝛤𝛤𝑎𝑎 𝑞𝑞 + 𝑖𝑖

2
𝛾𝛾𝜇𝜇𝑉𝑉𝜇𝜇 𝑞𝑞 − 3

4
𝛾𝛾𝜇𝜇𝐴𝐴𝜇𝜇 𝑞𝑞 𝛾𝛾5 +

1
2
ℎ𝑎𝑎
𝜇𝜇 𝑞𝑞 𝛾𝛾𝑎𝑎𝑘𝑘′𝜇𝜇 𝑣𝑣𝑠𝑠 𝑘𝑘′

▪ The amplitude for Majorana can be shown 
only depending on the axial vector torsion, 

▪ 𝑀𝑀𝑇𝑇
𝑀𝑀 = 𝜋𝜋𝜋𝜋

𝑉𝑉𝑉𝑉
𝛿𝛿 𝐸𝐸 − 𝐸𝐸′ �𝑢𝑢𝑠𝑠 𝑘𝑘′ �
�

1
4
𝛾𝛾𝑎𝑎 �𝛤𝛤𝑎𝑎 𝑞𝑞 −

1
2
ℎ𝑎𝑎
𝜇𝜇 𝑞𝑞 𝛾𝛾𝑎𝑎𝑘𝑘𝜇𝜇 𝑢𝑢𝑟𝑟 𝑘𝑘 − 𝜋𝜋𝜋𝜋

𝑉𝑉𝑉𝑉
𝛿𝛿(

)
𝐸𝐸 −

𝐸𝐸′ 𝑣̅𝑣𝑟𝑟 𝑘𝑘
1
4
𝛾𝛾𝑎𝑎 �𝛤𝛤𝑎𝑎 𝑞𝑞 + 1

2
ℎ𝑎𝑎
𝜇𝜇 𝑞𝑞 𝛾𝛾𝑎𝑎𝑘𝑘′𝜇𝜇 𝑣𝑣𝑠𝑠 𝑘𝑘′ +

2𝜋𝜋𝜋𝜋
𝑉𝑉𝑉𝑉
𝛿𝛿 𝐸𝐸 − 𝐸𝐸′ �𝑢𝑢𝑠𝑠 𝑘𝑘′ − 3

4
𝛾𝛾𝜇𝜇𝐴𝐴𝜇𝜇 𝑞𝑞 𝛾𝛾5 𝑢𝑢𝑟𝑟 𝑘𝑘
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Treatment in Teleparallel Gravity Framework

• SD = ∫ d4x h i �ψγμ𝜕𝜕μψ − 1
2
�ψγμ𝒱𝒱𝜇𝜇ψ − 3i

4
�ψγμ𝒜𝒜𝜇𝜇γ5ψ − m�ψψ

• ℎ = 𝑑𝑑𝑑𝑑𝑑𝑑( ℎ𝑎𝑎𝜇𝜇), 𝒱𝒱𝜇𝜇 = 𝑇𝑇𝜈𝜈𝑣𝑣𝑣𝑣 , 𝒜𝒜𝜇𝜇 = 1
6
𝜀𝜀𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝑇𝑇𝜈𝜈𝜈𝜈𝜈𝜈

• 𝑆𝑆𝐷𝐷 = 𝑆𝑆0 + 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 ,ℎ𝑎𝑎𝜇𝜇 = 𝑒𝑒𝑎𝑎𝜇𝜇 + 𝐵𝐵𝑎𝑎𝜇𝜇, |𝐵𝐵𝑎𝑎𝜇𝜇| << |𝑒𝑒𝑎𝑎𝜇𝜇|

• 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 = ∫𝑑𝑑4 𝑥𝑥𝑥𝑥 �
�

𝑖𝑖 𝜓̄𝜓𝛾𝛾𝑎𝑎𝐵𝐵𝑎𝑎𝜇𝜇𝜕𝜕𝜇𝜇𝜓𝜓 − 1
2
𝜓̄𝜓𝛾𝛾𝑎𝑎𝒱𝒱𝑎𝑎𝜓𝜓 − 3𝑖𝑖

4
𝜓̄𝜓𝛾𝛾𝑎𝑎𝒜𝒜𝑎𝑎𝛾𝛾5𝜓𝜓 +

𝛥𝛥𝛥𝛥 𝑖𝑖𝜓̄𝜓𝛾𝛾𝑎𝑎𝑒𝑒𝑎𝑎𝜇𝜇𝜕𝜕𝜇𝜇𝜓𝜓 − 𝑚𝑚𝜓̄𝜓𝜓𝜓

• 𝛥𝛥𝛥𝛥 = 𝑒𝑒𝑒𝑒𝑎𝑎𝜇𝜇𝐵𝐵𝑎𝑎𝜇𝜇
• [𝑇𝑇𝐷𝐷]𝑓𝑓𝑓𝑓 = 2𝜋𝜋𝜋𝜋(𝐸𝐸′ − 𝐸𝐸)𝑢̄𝑢𝑟𝑟(𝑘𝑘𝑘) �

�
𝛾𝛾𝑎𝑎𝑘𝑘𝑏𝑏𝐵𝐵𝑎𝑎𝜇𝜇ℎ𝑏𝑏𝜇𝜇(𝑞⃗𝑞) − 𝑖𝑖

2
𝛾𝛾𝑎𝑎𝒱𝒱𝑎𝑎(𝑞⃗𝑞) +

3
4
𝛾𝛾𝑎𝑎𝒜𝒜𝑎𝑎(𝑞⃗𝑞)𝛾𝛾5 𝑢𝑢𝑠𝑠(𝑘𝑘)

[𝑇𝑇𝑀𝑀]𝑓𝑓𝑓𝑓
= 2𝜋𝜋𝜋𝜋(𝐸𝐸′ − 𝐸𝐸)𝑢̄𝑢𝑟𝑟(𝑘𝑘𝑘) 𝛾𝛾𝑎𝑎 𝑘𝑘𝑏𝑏 +

1
2
𝑞𝑞𝑏𝑏 𝐵𝐵𝑎𝑎𝜇𝜇ℎ𝑏𝑏𝜇𝜇(𝑞⃗𝑞) +

3
4
𝛾𝛾𝑎𝑎𝒜𝒜𝑎𝑎(𝑞⃗𝑞)𝛾𝛾5 𝑢𝑢𝑠𝑠(𝑘𝑘)
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Difference between Dirac and Majorana 
particle

• [𝑇𝑇𝐷𝐷 − 𝑇𝑇𝑀𝑀]𝑓𝑓𝑓𝑓 = −𝜋𝜋𝜋𝜋(𝐸𝐸′ − 𝐸𝐸)𝑢̄𝑢𝑟𝑟(𝑘𝑘𝑘)[𝑖𝑖𝛾𝛾𝑎𝑎𝒱𝒱𝑎𝑎(𝑞⃗𝑞) +
𝛾𝛾𝑎𝑎𝑞𝑞𝑏𝑏𝐵𝐵𝑎𝑎𝜇𝜇ℎ𝑏𝑏𝜇𝜇(𝑞⃗𝑞)]𝑢𝑢𝑠𝑠(𝑘𝑘) = 𝑎𝑎2𝜋𝜋3𝛿𝛿(𝐸𝐸′ − 𝐸𝐸)𝑢̄𝑢𝑟𝑟(𝑘𝑘𝑘)[( 𝑞𝑞𝑧𝑧3

|𝑞𝑞|3
+ 2 𝑞𝑞𝑧𝑧

|𝑞𝑞|
)𝛾𝛾3]𝑢𝑢𝑠𝑠(𝑘𝑘)

• 𝑑𝑑𝜎𝜎𝐷𝐷

𝑑𝑑𝛺𝛺
− 𝑑𝑑𝜎𝜎𝑀𝑀

𝑑𝑑𝛺𝛺
= 𝑎𝑎2𝑟𝑟𝑠𝑠𝜋𝜋𝐸𝐸𝑘𝑘

512𝑣𝑣𝑠𝑠𝑠𝑠𝑠𝑠5𝜃𝜃𝐴𝐴2
1 + 𝑣𝑣2 𝑐𝑐𝑐𝑐𝑐𝑐 2𝜃𝜃𝑓𝑓 − 𝑐𝑐𝑐𝑐𝑐𝑐 2𝜃𝜃𝑖𝑖 𝛼𝛼 𝜃𝜃𝑓𝑓,𝜃𝜃𝑖𝑖 ,𝜃𝜃𝐴𝐴 +

𝑎𝑎2𝑟𝑟𝑠𝑠
2𝜋𝜋2𝐸𝐸𝑘𝑘

2

4096 𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃𝐴𝐴2
6 + 𝑣𝑣2 𝑐𝑐𝑐𝑐𝑐𝑐 2𝜃𝜃𝑓𝑓 − 𝑐𝑐𝑐𝑐𝑐𝑐 2𝜃𝜃𝑖𝑖 𝛼𝛼 𝜃𝜃𝑓𝑓,𝜃𝜃𝑖𝑖 ,𝜃𝜃𝐴𝐴 +

𝑎𝑎4𝜋𝜋2𝐸𝐸𝑘𝑘
2

4096𝑠𝑠𝑠𝑠𝑠𝑠4𝜃𝜃𝐴𝐴2
𝑣𝑣2 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃𝑓𝑓 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃𝑖𝑖

2 𝛼𝛼 𝜃𝜃𝑓𝑓,𝜃𝜃𝑖𝑖 ,𝜃𝜃𝐴𝐴
2
�

�

1 +

𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐2
𝜃𝜃𝐴𝐴
2

• 𝛼𝛼 𝜃𝜃𝑓𝑓,𝜃𝜃𝑖𝑖 ,𝜃𝜃𝐴𝐴 = 14 − 12 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃𝐴𝐴 + 𝑐𝑐𝑐𝑐𝑐𝑐 2 𝜃𝜃𝑓𝑓 − 4 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃𝑖𝑖 + 𝑐𝑐𝑐𝑐𝑐𝑐 2 𝜃𝜃𝑖𝑖
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 The angular momentum of the gravitational source can tell the 
difference between Dirac and Majorana

 The scattering by vector torsion can distinguish Majorana from 
Dirac.

 In the teleparallel gravity treatment, the Kerr scattering can 
also be given by Kerr torsion equivalently

Summary
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Outlook
 Prediction for the deviation of Dirac and Majorana 

particle from the gravitational lensing
 Distinguish fermion type of neutrino by the 

different gravitational lensing effects of Dirac and 
Majorana

Thanks
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