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Introduction: The concept of electron spin
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Introduction: The concept of electron spin

Die Naturwissenschaften 13, 953–954 (1925)
U9&'*YZ

Uhlenbeck Goudsmit
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Introduction: The concept of electron spin

电子具有（绕自身转
动的）额外的自由度

𝒔 = 𝟏/𝟐

表面速度
远大于光速？

电子磁矩与自身运动
产生的磁场相互作用？

因子2的差别？

量子效应

相对运动，外场

相对论运动学效应
托马斯进动
Thomas precession

自旋轨道耦合

𝑽𝒍𝒔 𝒓 = −
𝟏

𝟐𝒎𝟐
𝒅𝑽
𝒓𝒅𝒓

+⃗𝒍 . /𝒔

自旋磁矩
郎德因子𝒈𝒔 = 𝟐

假设 问题 解答
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Introduction: The concept of electron spin

Dirac equation for free particle:

（1）Dirac粒子是自旋1/2的费米子

考查自由的Dirac粒子

𝒊
𝝏
𝝏𝒕
𝝍 = &𝑯𝝍 &𝑯 = 𝜶 ) &𝒑 + 𝜷𝒎

𝝍 &𝑴 𝝍 =
𝒒

𝑬 +𝒎1𝒅𝟑𝒓 𝝃"(6𝑳 + 𝝈)𝝃

&𝑯𝝍 = 𝑬𝝍𝝍 = 𝝃
𝜼

&𝑯, 6𝑳 = −𝒊𝜶×&𝒑 &𝑯, 𝚺 = 𝟐𝒊𝜶×&𝒑 &𝑯, 6⃗𝑱 = 𝟎 6⃗𝑱 = 6𝑳 +
𝚺
𝟐

𝚺 = 𝝈 𝟎
𝟎 𝝈

&𝑴 = 𝟏
𝟐
𝒒𝒓×&𝒗 = 𝟏

𝟐
𝒒 𝒓×𝜶 = 𝒒

𝟐
𝟎 𝒓×𝝈
𝒓×𝝈 𝟎

（2）Dirac粒子的磁矩𝒈𝒔 = 𝟐

𝑬 −𝒎 𝝃 = 𝝈 ) &𝒑𝜼
𝑬 +𝒎 𝜼 = 𝝈 ) &𝒑𝝃 𝜼 =

𝝈 ) &𝒑
𝑬 +𝒎𝝃

（3）Dirac粒子的spin-orbit coupling
考查中心力场中运动的Dirac粒子 &𝑯 = 𝜶 ) &𝒑 + 𝜷𝒎+ 𝑽(𝒓) &𝑯𝒆𝒇𝒇𝝃 = 𝑬𝝃

&𝑯𝒆𝒇𝒇 = 𝒎+
&𝒑𝟐

𝑬 +𝒎− 𝑽+ 𝑽 +
𝒅𝑽
𝒓𝒅𝒓

𝝈 ) 6𝑳
(𝑬 +𝒎− 𝑽)𝟐 − 𝒊

𝒅𝑽
𝒓𝒅𝒓

𝒓 ) &𝒑
(𝑬 +𝒎− 𝑽)𝟐

but this is NOT the non-relativistic equation! 𝝃 is not normalized, 2𝑯𝒆𝒇𝒇 is not Hermitian
The correct form is obtained by using the Foldy-Wouthuysen transformation.

Non-relativistic limit: 𝑬~𝒎 ≫ |𝒑|~𝑽(𝒓)
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Spin-orbit coupling in systems under strong interaction

Nuclear shell model

LS-coupling ⟹ “magic numbers”

M.G. Mayer, J.H.D. Jensen（1948）

M.G. Mayer and J.H.D. Jensen, “Elementary Theory of Nuclear Shell Structure”, 
Wiley, New York and Chapman Hall, London, 1955. 

Nobel price 1963

At the hadron level
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Introduction: The concept of electron spin

Three characteristics of spin

H"

IJK

-.LMNO

空间量子化示意图

𝒈 = 𝟐, point-like;  g-2 experiments, test of QED, new physics.
Anomalous magnetic moment:
𝒈 ≠ 𝟐 significantly different from 2, composite nature of particles;
e.g. 𝝁𝒑 = 𝟐. 𝟗𝟕𝝁𝑵 , 𝝁𝒏 = −𝟏. 𝟗𝟏𝝁𝑵 the first signature of structure of nucleon.

By the way
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Description of spin states: spin-1/2 particles

单粒子状态 非相对论情形

6𝒔 =
𝟏
𝟐𝝈

𝝈𝒙 =
𝟎 𝟏
𝟏 𝟎 𝝈𝒚 =

𝟎 −𝒊
𝒊 𝟎 𝝈𝒛 =

𝟏 𝟎
𝟎 −𝟏

𝝈𝒛𝝃𝒛 𝒎 = 𝒎𝝃𝒛 𝒎 𝝃𝒛 + = 𝟏
𝟎 𝝃𝒛 − = 𝟎

𝟏

For any  𝒏 = sin𝜽 cos𝝋𝒆𝒙 + sin𝜽 sin𝝋𝒆𝒚 + cos𝜽 𝒆𝒛 , we have

𝝈𝒏𝝃𝒏 𝒎 = 𝒎𝝃𝒏 𝒎𝝈𝒏 = 𝝈 ) 𝒏 𝝃𝒏 + =
cos

𝜽
𝟐

sin
𝜽
𝟐 𝒆

𝒊𝝋

For any  𝝃 = 𝒂
𝒃 ,  we have 𝝈𝒏𝝃 = 𝝃 tan

𝜃
2 =

|𝒃|
|𝒂| 𝒆𝒊𝝋 =

|𝒂|𝒃
|𝒃|𝒂

For any  &𝑶, we have &𝑶 = &𝑶𝒔𝑰 +
&𝑶𝑽 ) 𝝈 &𝑶𝒔 =

𝟏
𝟐
𝐓𝐫&𝑶 &𝑶𝑽 =

𝟏
𝟐
𝐓𝐫(𝝈&𝑶)
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Description of spin states: spin-1/2 particles

单粒子状态 相对论情形

𝒖 𝒑, 𝒔 = 𝑵
𝝃𝒛(𝒎)

𝝈 ) 𝒑
𝑬 +𝒎𝝃𝒛(𝒎)

𝝍𝒑𝑺 𝒙 = 𝒖(𝒑, 𝒔)𝒆𝒊𝒑𝒙
𝝈𝒛𝝃𝒛 𝒎 = 𝒎𝝃𝒛 𝒎

Helicity（螺旋度）

𝒖 𝒑, 𝝀 = 𝑵

𝝃𝒉(𝝀)

𝝀
𝑬 −𝒎
𝑬+𝒎𝝃𝒉(𝝀)

𝝈 " 𝒑
|𝒑|

𝝃𝒉 𝝀 = 𝝀𝝃𝒉 𝝀

&𝒉 ≡
𝚺 ) 𝒑
|𝒑|

&𝒉𝒖 𝒑, 𝝀 = 𝝀𝒖(𝒑, 𝝀)

𝒖 𝒑, 𝝀 = 𝝃𝒉(𝝀)
𝝀𝝃𝒉(𝝀)

𝒎 = 𝟎

𝝃𝒉 + =
cos "

#

sin "
#
𝒆$𝒊𝝋

𝝃𝒉 − =
sin "

#

−cos "
#
𝒆$𝒊𝝋

𝚺𝒛𝒖 𝒑, 𝑺 ≠ 𝒎𝒖 𝒑, 𝑺
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Description of spin states: spin-1/2 particles

Helicity（螺旋度） &𝒉 ≡
𝚺 ) 𝒑
|𝒑|

① Only for particles with given 𝒑
② Neither additive nor multiplicative
③ Lorentz invariant for 𝒎 = 𝟎, helicity=chirality
④ Helicity conservation：scattering: 𝒉𝒊𝒏 = 𝒉𝒇𝒊𝒏𝒂𝒍

pair creation/annihilation: 𝒉𝒑𝒂𝒓𝒕𝒊𝒄𝒍𝒆 = −𝒉𝒂𝒏𝒕𝒊.𝒑𝒂𝒓𝒕𝒊𝒄𝒍𝒆

周光召
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Description of spin states: spin-1/2 particles

Chirality and helicity

{𝜸𝟓, 𝜸𝝁} = 𝟎

（1）Chirality（手征性）定义与性质
𝜸𝟓𝟐 = 𝟏 𝜸𝟓 =

𝟎 𝑰
𝑰 𝟎𝜸𝟓

5 = 𝜸𝟓

𝜸𝟓𝝍 = 𝝀𝝍 𝝀 = ±𝟏 𝝍𝑳/𝑹 =
𝟏
𝟐
(𝟏 ± 𝜸𝟓)𝝍 𝝍 = 𝝍𝑳 +𝝍𝑹

𝝍5𝝍 = 𝝍𝑳
5𝝍𝑳 +𝝍𝑹

5𝝍𝑹 𝝍𝑳
5𝝍𝑹 = 𝝍𝑹

5𝝍𝑳 = 𝟎
i𝝍𝝍 = i𝝍𝑳𝝍𝑹 + i𝝍𝑹𝝍𝑳 i𝝍𝑳𝝍𝑳 = i𝝍𝑹𝝍𝑹 = 𝟎

i𝝍𝜸𝝁𝝍 = i𝝍𝑳𝜸𝝁𝝍𝑳 + i𝝍𝑹𝜸𝝁𝝍𝑹
i𝝍𝑳𝜸𝝁𝝍𝑹 = i𝝍𝑹𝜸𝝁𝝍𝑳 = 𝟎

（2）当𝒎 = 𝟎时， chirality=helicity 

𝜸𝟓 = 𝒊𝜸𝟎 𝜸𝟏 𝜸𝟐 𝜸𝟑

𝒖 𝒑, 𝝀 = 𝝃(𝝀)
𝝀𝝃(𝝀) 𝜸𝟓𝒖 𝒑, 𝝀 = 𝝀𝝃(𝝀)

𝝃(𝝀)

𝒖 𝒑, 𝑹 = 𝝃(+)
𝝃(+) = 𝒖 𝒑,+ 𝒖 𝒑, 𝑳 = 𝝃(−)

𝝃(−) = 𝒖 𝒑,−
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Description of spin states: spin-1/2 particles

Dirac spinor的bilinear covariants（双线性协变量）

（1）The independent 𝚪-matrices

In the 2x2 case: (𝑰, 𝝈𝒙, 𝝈𝒚, 𝝈𝒛) 𝝈𝒊, 𝝈𝒋 = 𝟐𝜹𝒊𝒋 Tr𝝈𝒊 = 𝟎

For a given &𝑶: &𝑶 = &𝑶𝒔𝑰 +
&𝑶𝑽 ) 𝝈 &𝑶𝒔 =

𝟏
𝟐
𝐓𝐫(&𝑶) &𝑶𝑽 =

𝟏
𝟐
𝐓𝐫(&𝑶𝝈)

Tr(𝝈𝒊𝝈𝒋) = 𝟐𝜹𝒊𝒋

In the 4x4 case: 𝚪𝒏 = {𝑰, 𝜸𝟓, 𝜸𝝁, 𝜸𝟓𝜸𝝁, 𝝈𝝁𝝂} 16 independent 𝚪-matrices

Tr𝚪𝒏 = 𝟎 besides 𝚪𝟏 = 𝑰. 𝚪𝒏𝟐 = ±𝑰 𝐓𝐫 𝚪𝒂𝚪𝒃 = ±𝟒𝜹𝒂𝒃

𝜸𝟓
5 = 𝜸𝟓,   𝜸𝝁5 = 𝜸𝟎𝜸𝝁𝜸𝟎,   (𝜸𝟓𝜸𝝁)5= 𝜸𝟎(𝜸𝟓𝜸𝝁)𝜸𝟎,   𝝈𝝁𝝂5 = 𝜸𝟎𝝈𝝁𝝂𝜸𝟎

For a given &𝑶: &𝑶 = &𝑶𝒔𝑰 + &𝑶𝑷𝜸𝟓 + &𝑶𝑽𝝁𝜸𝝁 + &𝑶𝑨𝝁𝜸𝟓𝜸𝝁 + &𝑶𝑻𝝁𝝂𝝈𝝁𝝂

&𝑶𝒏 = ± 𝟏
𝟒
𝐓𝐫(&𝑶𝚪𝒏)
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Description of spin states: spin-1/2 particles

Dirac spinor的bilinear covariants（双线性协变量）

（2）The bilinear covariants

>𝝍𝝍

>𝝍𝜸𝟓𝝍

>𝝍𝜸𝝁𝝍

>𝝍𝜸𝟓𝜸𝝁𝝍

>𝝍𝝈𝝁𝝂𝝍

>𝝍𝚪𝒏𝝍

scalar

pseudo-scalar

vector

axial vector

tensor

2𝑷>𝝍𝝍 = >𝝍𝝍
2𝑷>𝝍𝜸𝟓𝝍 = >𝝍𝜸𝟓𝝍

2𝑷>𝝍𝜸𝝁𝝍 = >𝝍𝜸𝝁𝝍

2𝑷>𝝍𝜸𝟓𝜸𝝁𝝍 = −>𝝍𝜸𝟓𝜸𝝁𝝍

2𝑷>𝝍𝝈𝝁𝝂𝝍 = >𝝍𝝈𝝁𝝂𝝍
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Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system

The spin density matrix  o𝝆 =q
𝜶

𝒈𝜶 | ⟩𝜶 ⟨𝜶|

We choose a basis, e.g., the helicity basis | ⟩𝝀 , where 𝝀 = ±𝟏,    

𝝆𝝀𝝀! = 𝝀 o𝝆 𝝀′ =q
𝜶

𝒈𝜶 𝝀 𝜶 𝜶 𝝀′

normalization 𝐓𝐫o𝝆 =q
𝜶

𝒈𝜶 = 𝟏

o𝝆 =
𝝆" " 𝝆" D
𝝆D " 𝝆D D is a 2x2 Hermitian matrix.

We decompose it as o𝝆 =
𝟏
𝟐 (𝟏 + 𝑷 ) 𝝈)

𝑷 = 𝐓𝐫 o𝝆𝝈 = ⟨𝝈⟩ is the polarization vector of the system.

Average value of &𝑶: &𝑶 = 𝐓𝐫 o𝝆&𝑶 Probability in the state |𝝍⟩: 𝑷𝝍 = ⟨𝝍 o𝝆 𝝍⟩
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Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system in a pure state | ⟩𝒑, 𝒏

𝝆𝝀𝝀! = 𝝀 o𝝆 𝝀′ = 𝝀 𝒏 𝒏 𝝀′

o𝝆 =
𝐜𝐨𝐬𝟐

𝜽
𝟐

𝟏
𝟐 𝐬𝐢𝐧𝜽𝒆

𝒊𝝋

𝟏
𝟐 𝐬𝐢𝐧𝜽𝒆

𝒊𝝋 𝐬𝐢𝐧𝟐
𝜽
𝟐

𝑷 = 𝐓𝐫 o𝝆𝝈 = 𝒏

𝝈 ) 𝒏𝝃 𝒏 = 𝝃(𝒏)

The helicity state is given by 𝝃(𝝀) where
𝝈 ) 𝒑
|𝒑| 𝝃𝒉 𝝀 = 𝝀𝝃𝒉(𝝀)

𝝀 𝒏 = 𝝃𝒉
5 𝝀 𝝃 𝒏

take 𝒑 = |𝒑|𝒆𝒛 as an example where we have 𝝃𝒉 + = 𝟏
𝟎 𝝃𝒉 − = 𝟎

𝟏

𝝃 𝒏 =
𝐜𝐨𝐬

𝜽
𝟐

𝐬𝐢𝐧
𝜽
𝟐 𝒆

𝒊𝝋

𝝃𝒉
5 + 𝝃 𝒏 = 𝐜𝐨𝐬

𝜽
𝟐

𝝃𝒉
5 − 𝝃 𝒏 = 𝐬𝐢𝐧

𝜽
𝟐 𝒆

𝒊𝝋

Non-relativistic, the spin state is given by the Pauli spinor 𝝃(𝒏)

o𝝆 = | ⟩𝒏 ⟨𝒏|
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Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system in a pure state | ⟩𝒑, 𝒏

Relativistic, the spin state is given by the Dirac spinor | ⟩𝒑, 𝒏

| ⟩𝒑, 𝒏 = 𝑵
𝝃(𝒏)

𝒑 ) 𝝈
𝑬 +𝒎𝝃(𝒏)

o𝝆 =
𝐜𝐨𝐬𝟐

𝜽
𝟐

𝟏
𝟐 𝐬𝐢𝐧𝜽𝒆

𝒊𝝋

𝟏
𝟐 𝐬𝐢𝐧𝜽𝒆

𝒊𝝋 𝐬𝐢𝐧𝟐
𝜽
𝟐

𝑷 = 𝐓𝐫 o𝝆𝝈 = 𝒏

where 𝝈 ) 𝒏𝝃 𝒏 = 𝝃(𝒏)

The helicity state | ⟩𝒑, 𝝀 | ⟩𝒑, 𝝀 = 𝑵
𝝃𝒉(𝝀)

𝝀|𝒑|
𝑬 +𝒎𝝃𝒉(𝝀)

where
𝝈 ) 𝒑
|𝒑|

𝝃𝒉 𝝀 = 𝝀𝝃𝒉(𝝀)

𝝀 𝒏 = 𝒑, 𝝀 𝒑, 𝒏 = 𝑵𝟐 𝝃𝒉
5 𝝀 𝝃 𝒏 + 𝝃𝒉

5 𝝀
𝝀|𝒑|
𝑬 +𝒎

𝝈 ) 𝒑
𝑬 +𝒎𝝃 𝒏 = 𝝃𝒉

5 𝝀 𝝃 𝒏

𝝃 𝒏 =
𝐜𝐨𝐬

𝜽
𝟐

𝐬𝐢𝐧
𝜽
𝟐 𝒆

𝒊𝝋
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Description of spin states: spin-1/2 particles

Four dimensional polarization vector and spin projection operator of a spin-1/2 particle

In the rest frame 𝒔 = (𝟎, 𝒔) 𝒑 ) 𝒔 = 𝟎

In the moving frame 𝒔 =
𝒑 ) 𝒔
𝒎

, 𝒔 +
(𝒑 ) 𝒔)𝒑
𝒎(𝑬 +𝒎)

Space reflection: 𝒑𝝁 = 𝒑𝟎, 𝒑 → }𝒑𝝁 = 𝒑𝝁 = (𝒑𝟎, −𝒑)

𝒔𝝁 = 𝒔𝟎, 𝒔 → −~𝒔𝝁= −𝒔𝝁 = (−𝒔𝟎, 𝒔)

Longitudinal polarization 𝒔 ∥ 𝒑: 𝒔|| = 𝝀
𝟏
𝒎 𝒑 , 𝑬

𝒑
𝒑

= 𝝀𝒗
𝒑
𝒎+ 𝝀

𝒎
𝑬 𝟎,

𝒑
𝒑

→ 𝝀
𝒑
𝒎

Transverse polarization 𝒔 ⊥ 𝒑: 𝒔G = (𝟎, 𝒔G, 𝟎)

𝒔 = 𝒔|| + 𝒔G = 𝝀𝒗
𝒑
𝒎
+ 𝝀

𝒎
𝑬

𝟎,
𝒑
𝒑

+ 𝒔G
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Description of spin states: spin-1/2 particles

𝒖(𝒑, 𝒔) = 𝑵
𝝃(𝒔)

𝒑 * 𝝈
𝑬 +𝒎

𝝃(𝒔)
where 𝝈 * 𝒔𝝃 𝒔 = 𝝃(𝒔)

The spin projection operator

𝝃(𝒔)𝝃'(𝒔) =
𝟏
𝟐 (𝟏 + 𝝈 * 𝒔)

𝒖(𝒑, 𝒔)i𝒖(𝒑, 𝒔) = (𝒑 +𝒎)
𝟏
𝟐 (𝟏 + 𝜸𝟓𝒔)

𝒖 𝒑, 𝒔 4𝒖 𝒑, 𝒔 =
𝝃(𝒔)𝝃"(𝒔) −𝝃 𝒔 𝝃" 𝒔

𝒑 : 𝝈
𝑬 +𝒎

𝒑 : 𝝈
𝑬 +𝒎

𝝃(𝒔)𝝃"(𝒔) −
𝒑 : 𝝈
𝑬 +𝒎

𝝃(𝒔)𝝃"(𝒔)
𝒑 : 𝝈
𝑬 +𝒎

=

𝟏
𝟐
(𝟏 + 𝝈 : 𝒔) −

𝒑 : 𝝈
𝑬 +𝒎

𝟏
𝟐
[𝟏 − 𝝈 : 𝒔 +

𝟐
𝒑𝟐

𝒑 : 𝝈 𝒔 : 𝝈 ]

𝒑 : 𝝈
𝑬 +𝒎

𝟏
𝟐
(𝟏 + 𝝈 : 𝒔) −

𝑬 −𝒎
𝑬 +𝒎

𝟏
𝟐
[𝟏 − 𝝈 : 𝒔 +

𝟐
𝒑𝟐

𝒑 : 𝝈 𝒔 : 𝝈 ]

=
𝟏 −

𝒑 : 𝝈
𝑬 +𝒎

𝒑 : 𝝈
𝑬 +𝒎

−
𝑬 −𝒎
𝑬 +𝒎

𝟏
𝟐
(𝟏 + 𝝈 : 𝒔) 𝟎

𝟎
𝟏
𝟐
[𝟏 − 𝝈 : 𝒔 +

𝟐
𝒑𝟐

𝒑 : 𝝈 𝒔 : 𝝈 ]
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Description of spin states: spin-1/2 particles

The spin projection operator 𝒖(𝒑, 𝒔)i𝒖(𝒑, 𝒔) = (𝒑 +𝒎)
𝟏
𝟐 (𝟏 + 𝜸𝟓𝒔)

𝟏 + 𝝈 $ 𝒔 𝟎

𝟎 𝟏 − 𝝈 $ 𝒔 +
𝟐
𝒑𝟐

𝒑 $ 𝝈 𝒔 $ 𝝈 = 𝟏 + 𝜸𝟓𝜸 $ 𝒔 +
−
(𝒑 $ 𝒔)(𝒑 $ 𝝈)
𝒎(𝑬 +𝒎)

𝒑 $ 𝒔
𝒎

−
𝒑 $ 𝒔
𝒎

(𝒑 $ 𝒔)(𝒑 $ 𝝈)
𝒎(𝑬 −𝒎)

𝑵𝟐
𝟏 −

𝒑 $ 𝝈
𝑬 +𝒎

𝒑 $ 𝝈
𝑬 +𝒎

−
𝑬−𝒎
𝑬+𝒎

=
𝑵𝟐

𝑬 +𝒎
𝑬+𝒎 −𝒑 $ 𝝈
𝒑 $ 𝝈 −𝑬 +𝒎

=
𝑵𝟐

𝑬 +𝒎
(𝜸 $ 𝒑 +𝒎)

𝜸𝟓 =
𝟎 𝟏
𝟏 𝟎

𝜸𝟓𝜸𝟎 =
𝟎 −𝟏
𝟏 𝟎 𝜸𝟓𝜸 =

−𝝈 𝟎
𝟎 𝝈

𝒔 = (
𝒑 $ 𝒔
𝒎

, 𝒔 +
(𝒑 $ 𝒔)𝒑
𝒎(𝑬 +𝒎)

)

𝜸𝟓𝜸 $ 𝒔 =
𝝈 $ 𝒔 +

(𝒑 $ 𝒔)(𝒑 $ 𝝈)
𝒎(𝑬 +𝒎)

−
𝒑 $ 𝒔
𝒎

𝒑 $ 𝒔
𝒎

−𝝈 $ 𝒔 −
(𝒑 $ 𝒔)(𝒑 $ 𝝈)
𝒎(𝑬 +𝒎)

𝜸 $ 𝒑 +𝒎
−

𝒑 $ 𝒔 𝒑 $ 𝝈
𝒎 𝑬 +𝒎

𝒑 $ 𝒔
𝒎

−
𝒑 $ 𝒔
𝒎

𝒑 $ 𝒔 𝒑 $ 𝝈
𝒎 𝑬 −𝒎

= 𝟎
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Description of spin states: spin-1 particles

6𝒔 =
𝟏
𝟐𝚺 𝚺𝒛 =

𝟏 𝟎 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 −𝟏

𝚺𝒙 =
𝒊
𝟐

𝟎 −𝟏 𝟎
𝟏 𝟎 −𝟏
𝟎 𝟏 𝟎

𝚺𝒙 =
𝟏
𝟐

𝟎 𝟏 𝟎
𝟏 𝟎 𝟏
𝟎 𝟏 𝟎

Spin operator

Spin density matrix

6𝝆 =
𝝆𝟏𝟏 𝝆𝟏𝟎 𝝆𝟏$𝟏
𝝆𝟎𝟏 𝝆𝟎𝟎 𝝆𝟎$𝟏
𝝆$𝟏𝟏 𝝆$𝟏𝟎 𝝆$𝟏$𝟏

Decomposition 6𝝆 =
𝟏
𝟑
𝟏 +

𝟑
𝟐
𝑺𝒊𝚺𝐢 + 𝟑𝐓𝐢𝐣𝚺,- 𝚺,- =

𝟏
𝟐
𝚺𝐢𝚺𝐣 + 𝚺𝐣𝚺𝐢 −

𝟐
𝟑
𝑰𝜹𝒊𝒋

𝑻 =
𝟏
𝟐

−
𝟐
𝟑𝑺𝑳𝑳 + 𝑺𝑻𝑻

𝒙𝒙 𝑺𝑻𝑻𝒙𝒙 𝑺𝑳𝑻𝒙

𝑺𝑻𝑻
𝒙𝒚 −

𝟐
𝟑
𝑺𝑳𝑳 − 𝑺𝑻𝑻𝒙𝒙 𝑺𝑳𝑻

𝒚

𝑺𝑳𝑻𝒙 𝑺𝑳𝑻
𝒚 𝟒

𝟑𝑺𝑳𝑳
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Description of spin states: spin-1 particles

Spin density matrix

Polarization vector: 𝑺 = 𝟎, 𝑺𝒙, 𝑺𝒚, 𝑺𝒛 = (𝟎, 𝑺𝑻𝒙 , 𝑺𝑻
𝒚 , 𝑺𝑳)

Tensor polarization: Scalar 𝑺𝑳𝑳
Vector 𝑺𝑳𝑻 = (𝟎, 𝑺𝑳𝑻𝒙 , 𝑺𝑳𝑻

𝒚 , 𝟎)
Tensor 𝑺𝑻𝑻 =

𝟎 𝟎
𝟎 𝑺𝑻𝑻𝒙𝒙

𝟎 𝟎
𝑺𝑻𝑻
𝒙𝒚 𝟎

𝟎 𝑺𝑻𝑻
𝒙𝒚

𝟎 𝟎
𝑺𝑻𝑻
𝒚𝒚 𝟎
𝟎 𝟎

1𝝆 =

𝟏 + 𝑺𝑳𝑳
𝟑

+
𝑺𝑳
𝟐

𝑺𝑳𝑻𝒙 − 𝒊𝑺𝑳𝑻
𝒚 + (𝑺𝑻𝒙 − 𝒊𝑺𝑻

𝒚)
𝟐 𝟐

𝑺𝑻𝑻𝒙𝒙 − 𝒊𝑺𝑻𝑻
𝒙𝒚

𝟐
𝑺𝑳𝑻𝒙 + 𝒊𝑺𝑳𝑻

𝒚 + (𝑺𝑻𝒙 + 𝒊𝑺𝑻
𝒚)

𝟐 𝟐
𝟏 − 𝟐𝑺𝑳𝑳

𝟑
−𝑺𝑳𝑻𝒙 + 𝒊𝑺𝑳𝑻

𝒚 + (𝑺𝑻𝒙 − 𝒊𝑺𝑻
𝒚)

𝟐 𝟐
𝑺𝑻𝑻𝒙𝒙 + 𝒊𝑺𝑻𝑻

𝒙𝒚

𝟐
−𝑺𝑳𝑻𝒙 − 𝒊𝑺𝑳𝑻

𝒚 + (𝑺𝑻𝒙 + 𝒊𝑺𝑻
𝒚)

𝟐 𝟐
𝟏 + 𝑺𝑳𝑳

𝟑
−
𝑺𝑳
𝟐

transverse 
plane

See e.g. A. Bacchetta, & P.J. Mulders, PRD62, 114004 (2000).
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Polarization measurements: hyperon polarization

Two body decay 𝑨 → 𝟏 + 𝟐

For unpolarized (or spinless) A, the decay product is isotropic.      

For parity conserved decays of A, the decay product is isotropic.   

𝒑𝑨 = (𝑴𝑨, 𝟎, 𝟎, 𝟎) 𝒑𝟏 = (𝑬𝟏∗ , 𝒑𝟏∗ ) 𝒑𝟐 = (𝑬𝟐∗ , 𝒑𝟐∗ ) 𝒑𝟏∗ = −𝒑𝟐∗ = 𝒑∗

𝒑𝑨 = 𝒑𝟏 + 𝒑𝟐 𝑬𝟏∗ = (𝑴𝑨
𝟐 +𝒎𝟏

𝟐 −𝒎𝟐
𝟐)/𝟐𝑴𝑨

𝒅𝟑𝑵
𝒅𝟑𝒑𝟏

=
𝟏

𝟒𝝅 𝒑∗𝟐
𝜹( 𝒑𝟏 − 𝒑∗ )

In the rest frame of A

𝒅𝑵
𝒅𝛀 =

𝟏
𝟒𝝅

For parity violating decay of the hyperon,    
𝒅𝑵
𝒅𝛀 =

𝟏
𝟒𝝅 𝟏 + 𝜶𝑷 )

𝒑𝟏∗

|𝒑𝟏∗ |
=

𝟏
𝟒𝝅 (𝟏 + 𝜶𝑷cos 𝜽∗)

Spin self analyzing parity violating weak decay of the hyperon A . 

𝜶: the decay polarization parameter, 
measured experimentally and can be found in PDG.

A

𝒑𝟏∗

𝒑𝟐∗

𝜽∗𝑷 1

2
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Polarization measurements: vector meson

Consider 𝐀 → 𝟏 + 𝟐 in the rest frame of A

Suppose A is in the spin state |𝑺𝑨, 𝑴𝑨⟩, the final state particles have helicities 𝝀𝟏 and 𝝀𝟐. 

The decay amplitude is  𝑨𝒎 𝒑; 𝝀𝟏, 𝝀𝟐 = 𝒑; 𝝀𝟏, 𝝀𝟐 &𝐔 𝑺𝑨, 𝑴𝑨

Applying total angular momentum conservation

𝑨𝒎 𝒑; 𝝀𝟏, 𝝀𝟐 = 𝒑; 𝝀𝟏, 𝝀𝟐 𝑬, 𝑺𝑨, 𝑴𝑨; 𝝀𝟏, 𝝀𝟐 𝑬, 𝑱 = 𝑺𝑨, 𝑴 = 𝑴𝑨; 𝝀𝟏, 𝝀𝟐 &𝐔 𝑺𝑨, 𝑴𝑨

𝑺𝑨, 𝑴𝑨; 𝝀𝟏, 𝝀𝟐 &𝐔 𝑺𝑨, 𝑴𝑨 = 𝑺𝑨; 𝝀𝟏, 𝝀𝟐 &𝐔 𝑺𝑨 = 𝑯𝑺𝑨(𝝀𝟏, 𝝀𝟐)

Space rotation invariance demands

𝑨𝒎 𝒑; 𝝀𝟏, 𝝀𝟐 = 𝒑; 𝝀𝟏, 𝝀𝟐 𝑺𝑨, 𝑴𝑨; 𝝀𝟏, 𝝀𝟐 𝑯𝑺𝑨(𝝀𝟏, 𝝀𝟐)Hence

The angular dependence is determined 
by the calculable state projection

Helicity amplitude, independent of 𝑴𝑨, independent of angles (𝜽, 𝝋).

𝒑; 𝝀𝟏, 𝝀𝟐 𝑺𝑨, 𝑴𝑨; 𝝀𝟏, 𝝀𝟐
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Polarization measurements: vector meson

Calculation of 𝒑, 𝜽, 𝝋; 𝝀𝟏, 𝝀𝟐 𝒑, 𝑱,𝑴; 𝝀𝟏, 𝝀𝟐

𝒑, 𝜽, 𝝋; 𝝀𝟏, 𝝀𝟐 = 2𝑹(𝝋, 𝜽, −𝝋) 𝒑, 𝟎, 𝟎; 𝝀𝟏, 𝝀𝟐

The rotation operator

(1) a rotation of angle 𝜶 around z-axis (𝒙, 𝒚, 𝒛) → (𝒙J, 𝒚J, 𝒛′)

(2) a rotation of angle 𝛃 around y’-axis 
(3) a rotation of angle 𝜸 around z’’-axis 

&𝑹𝒏 𝜶 = 𝒆D𝒊𝜶K𝑱𝒏

It can be shown that 𝒑, 𝟎, 𝟎; 𝝀𝟏, 𝝀𝟐 𝒑, 𝑱,𝑴; 𝝀𝟏, 𝝀𝟐 =
𝟐𝑱 + 𝟏
𝟒𝝅

𝟏/𝟐

&𝑹𝒚! 𝜷 = &𝑹𝒛 𝜶 &𝑹𝒚 𝜷 &𝑹𝒛D𝟏 𝜶
&𝑹 𝜶, 𝜷, 𝜸 = &𝑹𝒛 𝜶 &𝑹𝒚 𝜷 &𝑹𝒛 𝜸 = 𝒆D𝒊𝜶K𝑱𝒛𝒆D𝒊𝜷K𝑱𝒚𝒆D𝒊𝜸K𝑱𝒛

(𝒙′, 𝒚′, 𝒛′) → (𝒙JJ, 𝒚JJ, 𝒛′′)
(𝒙′′, 𝒚′′, 𝒛′′) → (𝒙JJJ, 𝒚JJJ, 𝒛′′′)

&𝑹 𝜶, 𝜷, 𝜸 = &𝑹𝒛!! 𝜸 &𝑹𝒚! 𝜷 &𝑹𝒛 𝜶

Any rotation can be described by three Euler angles (𝜶, 𝜷, 𝜸)
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Polarization measurements: vector meson

The Wigner rotation matrix 𝒋𝒎′ 2𝑹(𝜶, 𝜷, 𝜸) 𝒋𝒎

B𝑹(𝜶, 𝜷, 𝜸) 𝒋𝒎 =H
𝒎$

𝒋𝒎5 ⟨𝒋𝒎5|B𝑹 𝜶, 𝜷, 𝜸 𝒋𝒎 =H
𝒎$

𝑫𝒎𝒎$
𝒋 𝜶, 𝜷, 𝜸 |𝒋𝒎5⟩

𝑫𝒎𝒎$
𝒋 𝜶, 𝜷, 𝜸 = ⟨𝒋𝒎5|B𝑹 𝜶, 𝜷, 𝜸 𝒋𝒎 = 𝒆$𝒊𝒎$𝜶𝒆$𝒊𝒎𝜸 𝒋𝒎5 𝒆$𝒊𝜷9𝑱𝒚 𝒋𝒎 = 𝒆$𝒊𝒎$𝜶$𝒊𝒎𝜸𝒅𝒎𝒎$

𝒋 𝜷

𝒅𝒎𝒎$
𝒋 𝜷 = ⟨𝒋𝒎5 𝒆$𝒊𝜷9𝑱𝒚 𝒋𝒎⟩

= [ 𝒋 +𝒎 ! 𝒋 −𝒎 ! 𝒋 +𝒎5 ! 𝒋 − 𝒎5 !]𝟏/𝟐

× H
𝒌>𝒎𝒂𝒙{𝒎$𝒎$,𝟎}

𝒎𝒊𝒏{𝒋D𝒎,𝒋$𝒎$} cos𝜷2
𝟐𝒋

tan𝜷2
𝟐𝒌$𝒎D𝒎$

𝒋 + 𝒎− 𝒌 ! 𝒋 −𝒎5 − 𝒌 ! 𝒌! 𝒌 −𝒎5 +𝒎 !

𝒅𝟏 𝜷 =

𝟏 + cos𝜷
𝟐

−
sin𝜷
𝟐

𝟏 − cos𝜷
𝟐

sin𝜷
𝟐

cos𝜷 −
sin𝜷
𝟐

𝟏 − cos𝜷
𝟐

sin𝜷
𝟐

𝟏 + cos𝜷
𝟐

𝒅𝟏/𝟐 𝜷 =
cos

𝜷
2 −sin

𝜷
2

sin
𝜷
2 cos

𝜷
2



322022年8月，线上Fudan2022

Polarization measurements: vector meson

𝑴𝑨
5 = 𝝀 = 𝝀𝟏 − 𝝀𝟐

The inner product

=
𝟐𝑱 + 𝟏
𝟒𝝅

𝟏
𝟐
𝑫𝑴𝑨𝝀
𝑺𝑨 ∗ (𝝋, 𝜽,−𝝋)

⟨𝒑; 𝝀𝟏, 𝝀𝟐|𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐⟩

=J
𝑴𝑨
$

⟨𝒑, 𝟎, 𝟎; 𝝀𝟏, 𝝀𝟐 |𝑺𝑨,𝑴𝑨
5 ; 𝝀𝟏, 𝝀𝟐⟩⟨𝑺𝑨,𝑴𝑨

5 ; 𝝀𝟏, 𝝀𝟐|𝑹' 𝝋,𝜽,−𝝋 |𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐⟩

= ⟨𝒑, 𝟎, 𝟎; 𝝀𝟏, 𝝀𝟐|𝑹' 𝝋,𝜽,−𝝋 |𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐⟩

= ⟨𝒑, 𝟎, 𝟎; 𝝀𝟏, 𝝀𝟐|𝑺𝑨, 𝝀; 𝝀𝟏, 𝝀𝟐⟩⟨𝑺𝑨, 𝝀; 𝝀𝟏, 𝝀𝟐|𝑹' 𝝋,𝜽,−𝝋 |𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐⟩

𝑨𝒎 𝒑; 𝝀𝟏, 𝝀𝟐 = 𝒑; 𝝀𝟏, 𝝀𝟐 N𝐔 𝑺𝑨,𝑴𝑨

The decay amplitude 

= 𝒑; 𝝀𝟏, 𝝀𝟐 𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐 𝑯𝑺𝑨(𝝀𝟏, 𝝀𝟐)

=
𝟐𝑱 + 𝟏
𝟒𝝅

𝟏
𝟐
𝑫𝑴𝑨𝝀
𝑺𝑨 ∗ (𝝋, 𝜽,−𝝋)𝑯𝑨(𝝀𝟏, 𝝀𝟐)
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Polarization measurements: vector meson

The angular distribution

𝑾 𝜽,𝝋 = 𝑵 J
𝝀𝟏,𝝀𝟐

⟨𝒑; 𝝀𝟏𝝀𝟐| 1𝝆𝟏𝟐 𝒑; 𝝀𝟏𝝀𝟐 = 𝑵 J
𝝀𝟏,𝝀𝟐

⟨𝒑; 𝝀𝟏𝝀𝟐| N𝐔 1𝝆𝑨 N𝐔' 𝒑; 𝝀𝟏𝝀𝟐

= 𝑵 J
𝝀𝟏,𝝀𝟐;𝑴𝑨,𝑴𝑨

$

⟨𝒑; 𝝀𝟏𝝀𝟐| N𝐔 |𝑺𝑨,𝑴𝑨⟩⟨𝑺𝑨,𝑴𝑨|1𝝆𝑨 |𝑺𝑨,𝑴𝑨
5 ⟩⟨𝑺𝑨,𝑴𝑨

5 |N𝐔' 𝒑; 𝝀𝟏𝝀𝟐

= 𝑵 J
𝝀𝟏,𝝀𝟐;𝑴𝑨,𝑴𝑨

$

𝑨𝑴𝑨 𝒑; 𝝀𝟏𝝀𝟐 𝑨𝑴𝑨
$

∗ (𝒑; 𝝀𝟏𝝀𝟐) ⟨𝑺𝑨,𝑴𝑨|1𝝆𝑨 |𝑺𝑨,𝑴𝑨
5 ⟩

Suppose the spin density matrix of A is 1𝝆𝑨 =J
𝑴𝑨

𝒈𝑴𝑨| ⟩𝑺𝑨,𝑴𝑨 ⟨𝑺𝑨,𝑴𝑨|

The spin density matrix of the system (1,2) is 1𝝆𝟏𝟐 =J
𝑴𝑨

𝒈𝑴𝑨
N𝐔| ⟩𝑺𝑨,𝑴𝑨 ⟨𝑺𝑨,𝑴𝑨|N𝐔' = N𝐔1𝝆𝑨 N𝐔'

= 𝑵5 J
𝝀𝟏,𝝀𝟐;𝑴𝑨,𝑴𝑨

$

𝑯𝑨 𝝀𝟏, 𝝀𝟐 𝟐𝑫𝑴𝑨𝝀
𝑺𝑨∗ (𝝋, 𝜽,−𝝋)𝑫𝑴𝑨

$ 𝝀
𝑺𝑨 (𝝋, 𝜽,−𝝋)⟨𝑴𝑨|1𝝆𝑨 |𝑴𝑨

5 ⟩
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Polarization measurements: vector meson
For 𝑽 → 𝟏 + 𝟐, where 1 and 2 are two pseudoscalar mesons, we have 𝑺𝑨 = 𝟏, 𝝀𝟏 = 𝝀𝟐 = 𝟎

𝑾(𝜽,𝝋) = 𝑵 q
𝑴𝑨,𝑴𝑨

!

𝑯𝑨
𝟐𝑫𝑴𝑨𝟎

𝟏∗ (𝝋, 𝜽, −𝝋)𝑫𝑴𝑨
!

𝟏 (𝝋, 𝜽, −𝝋)⟨𝑴𝑨|o𝝆𝑨|𝑴𝑨
J ⟩

=
𝟑
𝟒𝝅 {

𝟏
𝟐 𝝆𝟏𝟏 + 𝝆D𝟏D𝟏 sinQ 𝜃 + 𝝆𝟎𝟎 cosQ 𝜃

−
𝟏
𝟐
sin 2𝜽 [cos𝜑 (𝐑𝐞𝝆𝟏𝟎 − 𝐑𝐞𝝆D𝟏𝟎) − sin𝜑 (𝐈𝐦𝝆𝟏𝟎 + 𝐈𝐦𝝆D𝟏𝟎)]

− sinQ 𝜽 (cos 2𝜑 𝐑𝐞𝝆𝟏D𝟏 − sin 2𝜑 𝐈𝐦𝝆𝟏D𝟏)}

1
𝟎

𝟐𝝅
𝒅𝝋𝑾(𝜽,𝝋) =

𝟑
𝟒 [ 𝟏 − 𝝆𝟎𝟎 + 𝟑𝝆𝟎𝟎 − 𝟏 cosQ 𝜃]

e.g., 𝝆 → 𝝅𝝅
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Polarization measurements: vector meson

For 𝑽 → 𝟏 + 𝟐, where 1 and 2 are two spin-1/2 Fermions, i.e.,  𝑺𝑨 = 𝟏, 𝝀𝟏 = ± 𝟏
𝟐
, 𝝀𝟐 = ± 𝟏

𝟐

𝑾(𝜽,𝝋) =
𝟑

𝟖𝝅 𝟏 + 𝝆𝟎𝟎
[𝟏 + 𝝀𝜽 cosQ 𝜃 + 𝝀𝝋 sinQ 𝜃 cos 𝟐𝝋 + 𝝀𝜽𝝋 sin 2𝜽 cos𝜑

+𝝀𝝋G sinQ 𝜽 sin 2𝜑 + 𝝀𝜽𝝋G sin 2𝜃 sin𝝋]

consider the case: (1) Helicity conservation: 𝝀𝟏 = −𝝀𝟐 , 𝝀 = ±𝟏
(2) Space reflection invariance: 𝑯𝑨(𝝀𝟏, 𝝀𝟐) = 𝑯𝑨(−𝝀𝟏, −𝝀𝟐)

only one independent helicity amplitude 

𝝀𝜽 =
𝟏 − 𝟑𝝆𝟎𝟎
𝟏 + 𝝆𝟎𝟎

𝝀𝝋 =
𝟒𝐑𝐞𝝆𝟏D𝟏
𝟏 + 𝝆𝟎𝟎

𝝀𝜽𝝋 =
𝟐𝐑𝐞(𝝆𝟏𝟎 − 𝝆D𝟏𝟎)

𝟏 + 𝝆𝟎𝟎

𝝀𝝋G =
𝟒𝐈𝐦𝝆𝟏D𝟏
𝟏 + 𝝆𝟎𝟎

𝝀𝜽𝝋G =
𝟐𝐈𝐦(𝝆𝟏𝟎 − 𝝆D𝟏𝟎)

𝟏 + 𝝆𝟎𝟎

e.g.,  𝐉/𝝍 → 𝒆E𝒆.



362022年8月，线上Fudan2022

Polarization measurements: Hyperon decay
For 𝑯 → 𝑵𝝅,   𝑺𝑨 =

𝟏
𝟐
, 𝝀𝟏 = ± 𝟏

𝟐
, 𝝀𝟐 = 𝟎

𝑾(𝜽,𝝋) =
𝟏
𝟒𝝅 (𝟏 + 𝜶𝑷cos 𝜃 + 𝜶 sin 𝜃 cos𝝋𝐑𝐞𝝆"D + 𝜶sin 𝜃 sin𝝋 𝐈𝐦𝝆"D)

𝜶 =
𝑯𝑨

𝟏
𝟐

𝟐
− 𝑯𝑨 −𝟏𝟐

𝟐

𝑯𝑨
𝟏
𝟐

𝟐
+ 𝑯𝑨 −𝟏𝟐

𝟐

𝑷 = 𝝆"" − 𝝆DD

If space reflection invariance 𝑯𝑨
𝟏
𝟐

= 𝑯𝑨 −
𝟏
𝟐 𝜶 = 𝟎
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Two books


