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TOP YUKAWA/MASS RUNNING (LEADING ORDER):

1412.1633(mb(mt)), 1704.00540 (tt+1j), 1903.06574(review)Figure 1: LO and NLO cross section

for e+e� ! tt̃+X process.
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Figure 2: MS running top quark mass at one

loop, given M
pole

t
= 173 GeV.

the result can be converted in expression of the running mass through a straightforward

variable substitution and expand to order ↵s, defined as follows, [6, 9]

�
NLO(mp

t
) ) �

NLO(m(µ)) +
@�

Born

@m
|m(µ)�m+O(↵2

s).
1 (2.2)

We keep to the first order, and �m is of order ↵s. The two expressions should agree within

the di↵erence of O(↵2
s) which is small, as shown in Fig. 1. At around the threshold, the higher

order contributions to the cross section can be important, and the two mass schemes at first

order matches poorly. Way above the threshold as for our purpose, the approximation holds

well. The error bars are shown for the pole mass scheme, where it’s calculated by varying

the renormalization scale within 0.5 < µR/
p
s < 2. In the region above ⇡ 500 GeV the error

bars cover the di↵erence between the two schemes as expected.

Numerically, the two expressions di↵er by the higher order terms we omit in the scheme

transformation relation which reads,

O(↵n�2
s ) � @�

1

@m
|m(µ)�m+

1

2

@�
Born

@m
|m(µ)(�m)2. (2.3)

The mass derivative of �NLO can be evaluated numerically from the �
NLO � m curve later

fitted in Fig. 4. The convergence from including this ↵2
s term is checked for the energy scalep

s = 500 and 1000 GeV we are to work with.

The total NLO cross section with pole-mass renormalization scheme is automated by

Madgraph5@NLO. The born level cross section has analytic form and as well for its mass

derivative. We set the central renormalization scale µR to be
p
s, which sets the scale as well

for ↵s(µ) and the explicit m(µ) in the expression.

2.2 Scheme Dependence

Under the MS mass expression, the mass parameter introduces extra scale dependence. We

can compare the dependence between the two mass schemes. In Fig. 3 we checked the renor-

1We justify the convertion in the Appendix where we check the µ dependence of the expression.

– 3 –

mf = yfv/
p
2

N.B.: Running Yukawa and mass are equivalent in 
the broken phase where vev. taken as physical/fixed
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mf = yfv/
p
2

N.B.: Running Yukawa and mass are equivalent in 
the broken phase where vev. taken as physical/fixed

(top running mass and stability) 1001.3987,1408.6080, etc. 
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RUNNING YUKAWA/MASS M(𝝁) IS THE CHOICE  

ESPECIALLY WHEN PHYSICAL SCALE IN THE PROCESS: Q >> MF 
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SCHEME TRANSFORMATION:  
RE-EXPRESS CROSS SECTION AS A FUNCTION OF MSBAR MASS 

The second method to extract mass from the inclusive top-quark pair production cross

section is also studied on LHC and Tevatron. It reaches few GeV precision on the mass.

One feature is that this method allows direct determination of a MS running mass, given

a pole and running mass relation defined perturbatively. As we know the pole mass su↵ers

from intrinsic uncertainties of order ⇤QCD, bellow which it is beyond the scale of applicability

for a perturbative self-energy calculation. Thus it is theoretically more motivated to extract

directly the renormalized field theory (short-distance) mass from inclusive cross section. The

MS mass scheme is shown to give more stable predictions under scale variation[5] and in turn

be extracted with smaller uncertainty compared to the pole mass. Given the PDF suppression,

most of the top pair production at a hadron collider are near its threshold region, which fixed

the renormalization scale to be around mt. At a e
+
e
� collider running at di↵erent energy

scales above the top threshold, we are able to have sensitivity on top quark running mass at

di↵erent scales[6]. The inclusive cross sections at di↵erent
p
s are independent observables,

each can be used to extract out a MS mass at that scale. The running e↵ect of the extracted

m(µ) serves further a consistency check of the perturbation theory.

It is worth mentioning that the threshold scanning in e
�
e
+ collision is predicted to reach

below 100 MeV precision[7] and expected to give the most precise top mass determination

foreseen. It relates the threshold peak position and pole mass to the order O(↵3
s) correction

and found relatively stable scale dependence[8].

In the remaining of the paper we first in Sec. 2 present the method we use to extract the

top MS running mass from the inclusive cross section for e+e� ! tt̃X process. We evaluate

the scale dependence in both pole mass and running mass schemes. We then evaluate in

Sec. 3 the sensitivity on MS mass at both energy scales and conclude in Sec. 4.

2 Method

The top quark at a e
+
e
� machine is dominantly produced through the pair production

e
+
e
� ! tt̃ process once above the 2mt threshold. At leading order, the cross section is

a well defined 2 ! 2 process and is plotted against the
p
s in Fig. 1. At order ↵s, the dia-

grams of virtual correction and real emission of a gluon need also to be included. The total

cross section reads �tot = �
0
2!2 + �

1
2!2(V +R<cut) + �

1
2!3(R>cut).

2.1 Scheme Transformation

To extract directly the MS running mass, we express the NLO cross section in terms of m(µ)

instead of the pole mass m
p. The calculation for the NLO inclusive cross section is carried

out with the top mass renormalized in the on-shell scheme. Given the relation between the

pole and MS mass,

m
pole

t
= m(µ)

✓
1 +

↵s(µ)

⇡

✓
4

3
+ ln

µ
2

(m(µ))2

◆
+O(↵2

s)

◆
= m(µ) + �m(µ), (2.1)

– 2 –
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We keep to the first order, and �m is of order ↵s. The two expressions should agree within

the di↵erence of O(↵2
s) which is small, as shown in Fig. 1. At around the threshold, the higher

order contributions to the cross section can be important, and the two mass schemes at first

order matches poorly. Way above the threshold as for our purpose, the approximation holds

well. The error bars are shown for the pole mass scheme, where it’s calculated by varying

the renormalization scale within 0.5 < µR/
p
s < 2. In the region above ⇡ 500 GeV the error

bars cover the di↵erence between the two schemes as expected.

Numerically, the two expressions di↵er by the higher order terms we omit in the scheme

transformation relation which reads,

O(↵n�2
s ) � @�

1
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|m(µ)�m+

1

2

@�
Born

@m
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The mass derivative of �NLO can be evaluated numerically from the �
NLO � m curve later

fitted in Fig. 4. The convergence from including this ↵2
s term is checked for the energy scalep

s = 500 and 1000 GeV we are to work with.

The total NLO cross section with pole-mass renormalization scheme is automated by

Madgraph5@NLO. The born level cross section has analytic form and as well for its mass

derivative. We set the central renormalization scale µR to be
p
s, which sets the scale as well

for ↵s(µ) and the explicit m(µ) in the expression.

2.2 Scheme Dependence

Under the MS mass expression, the mass parameter introduces extra scale dependence. We

can compare the dependence between the two mass schemes. In Fig. 3 we checked the renor-

1We justify the convertion in the Appendix where we check the µ dependence of the expression.

– 3 –

Figure 4: NLO cross section as a function of pole and running mass at 500 GeV and 1000

GeV c.m. The error bars/bands are scale variation errors µR/
p
s ⇠ [0.5, 2], read o↵ from

Fig. 3.

With 500 fb�1 and 1000 fb�1 luminosity for 500 GeV and 1 TeV respectively, the statis-

tical uncertainty is estimated to be
p
N/N , which are 0.2% for both energy level, a factor of

2 ⇠ 5 lower than the theoretical errors estimated here. The dominant error in this case thus

is the theoretical systematic error from the signal calculation.

The translation to sensitivity on mass is then straightforward. We plot in Fig. 4 �
NLO

as a function of mt. From the plots, we can read o↵ a 5.8(15.6) GeV mass uncertainty range

for the 500(1000) GeV cener of mass energy.

4 Conclusions

We make direct extraction of the top quark running mass through the inclusive ↵s NLO cross

section measurements of the e�e+ ! tt̃ process at 500 and 1000 GeV. Given NLO calculation

and reasonable estimation on uncertainties, we reach a 5.8(15.6) GeV sensitivity on the MS

one-loop running mass at 500(1000) GeV energy scale.

More careful studies including signal and background acceptance with selection cuts,

and inclusion of completed NNLO calculation for signal (NLO results for the background

processes) will likely reduce the uncertainty resulted here. The significance of this study

remains, which is to measure the running MS mass at di↵erent energy scales and check

consistency of the perturbation theory by comparing to the top mass precision measurement

result.

5 Appendix

The scheme translation in Eqn. 2.2 needs some justification. At the order of O(↵2
↵s) we

are working with, the �(Z)tt vertex and top mass can be renormalized di↵erently and their

expression in the two schemes should be �
OS(mp

,↵, s, ...) and �
MS(m(µ),↵(µ), µ; s,mp

...).

– 5 –
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MT(Q) AS A PROBE FOR NEW PHYSICS?
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 μ = mtt̄

 (1000 GeV)  [131,147] GeV is extracted given reference pt at 500 GeVMt ⊂
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�tt̄j
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, mjt > µmin

1. OBSERVABLE SENSITIVE TO MT / YT:  
MT2 (LHC), THRESHOLD SHAPE (EE-COLLIDER), 𝝈TOT, R3/2 ETC.  

2. THE SCALE FOR RUNNING MASS:

, �tt̄j

LO：

Eg > μ′ min

RUNNING MASS MEASURE: e+e−



1. OBSERVABLE SENSITIVE TO MT / YT:  
MT2 (LHC), THRESHOLD SHAPE (EE-COLLIDER), 𝝈TOT, R3/2 ETC.  

2. THE SCALE FOR RUNNING MASS:

Parton level analysis with (syst error only) from : 

 (500 GeV)  [152,158] GeV 
 (1000 GeV)  [140,155] GeV

σinc,NLO
tt̄

Mt ⊂
Mt ⊂

Discussion: 
• Sensitivity on phase space top mass, and internal propagator:  

.  

• Statistic error estimate with full simulation & background including top decays.  
• Additional observable: 

σinc,LO
tot ( 1 − 4

4m2
t

s
), σLO

3 ( 1 − 4
4m2

t

s
,

1
s1 − m2

t
)

mtg, r(xcut = Eg/ s), etc .

⇒ r1TeV/500GeV ⊂ [0.9,1]

N.B.: COMPARED TO CURRENT CMS [0.85,0.95] 
A SIMILAR 15 GEV ERROR AT 1TEV IS ENVISIONED. 

** SM NLO  RUNNING PREDICTION CENTRES AT 0.95. 

μ =

mt(μ)
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PARTON: σinc
tt̄ (μ = s)

9904251 ( ), 980279( ) and SLAC, DELPHI tt̄ + g mb(mZ)



RUNNING MASS MEASURE: e+e−

9904251 ( ), 980279( ) and SLAC, DELPHI tt̄ + g mb(mZ)

N.B.: COMPARED TO CURRENT CMS [0.85,0.95] 
A SIMILAR 15 GEV ERROR AT 1TEV IS ENVISIONED. 

A 1% SYSTEMATIC ERROR ON  GIVES 5 GEV ERROR

μ =

r(x = 0.1)
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