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Introduction

Asymptotic freedom: 
the QCD coupling between 
quarks and gluons becomes 
weak at short distances, 
allowing perturbative 
calculations of physical 
observables involving large 
momentum transfer.

PDG 2022
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Introduction

how to achieve a reliable, convergent fixed-order series
how to reliably estimate the contributions of unknown higher-

order terms

In addition to the evaluation of high-order loops, the 
precision and predictive power of pQCD predictions depends 
on two important issues: 

Renormalization in pQCD calculations
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Our Calculation technology, arXiv: 2209.03546, 1701.08245

Using Principle of Maximal Conformality (PMC) to calculating 

the fixed-order pQCD series ; (central value)

Using Bayesian analysis to estimating the uncalculated higher-

order contribution. (theoretical error)

Bayesian analysis

Introduction

PMC

central value

theoretical error
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MS-like scheme (𝑅𝛿 scheme)
𝛼𝑠,𝐵 ⟼ 𝜇2𝜖

𝑒𝛾𝐸+𝛿

4𝜋

𝜖

𝑍𝛼𝑠
𝛼𝑠PRL 110,192001(2013)

PRD 89,014027(2014)

⇒ 𝐼𝑓 𝛽 = 0, 𝑡ℎ𝑒𝑛
𝜕𝜌𝛿

𝜕𝛿
= 0

Principle of Maximal Conformality (PMC)
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PRD 95, 094006 (2017)
All non-conformal 𝛽-terms are absorbed into the 

redefinition of the renormalization scale (or 𝛼𝑠)

PMC single-scale-setting
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Basic assumptions (JHEP 09, 039 (2011)) :

• The order of magnitude of ҧ𝑐 is equally probable for all values.

taking the limit 𝜖 → 0 for the final result.

• The conditional p.d.f. ℎ0 𝑐𝑖 ҧ𝑐 is assumed as a uniform distribution

• All the coeffcients 𝑐𝑖 𝑖 = 𝑙, 𝑙 + 1, ⋯ are mutually independent

all coefficients are finite and bounded by a common number, 

𝑐𝑖 < ҧ𝑐, ҧ𝑐 > 0 ∀ 𝑖

Bayesian analysis
𝛿𝑘+1 = 𝑐𝑘+1𝛼𝑠

𝑘+1

To obtain a probability density function (p.d.f.) for unknown 𝑐𝑘+1

8



The conditional p.d.f. 𝑓𝑐 𝑐𝑛 𝑐𝑙 , 𝑐𝑙+1, ⋯ 𝑐𝑘 , (𝑛 > 𝑘) 

arXiv: 2209.03546

Bayesian analysis: posterior distribution
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The pQCD predictions of 𝑅(𝑠)

PRL 101, 012002 (2008);   PRL 104, 132004 (2010);  
PLB 714, 62 (2012); JHEP07,017(2012)

Determination of 𝛼𝑠 at 𝑒+𝑒− colliders

Example :
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Determination of 𝛼𝑠 at 𝑒+𝑒− colliders

𝛿QCD( 𝑠 = 31.6𝐺𝑒𝑉)P
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2 loop, Conv.

3 loop, Conv.

4 loop, Conv.

3 loop, PMCs

4 loop, PMCs

2 loop, PMCs

After using PMCs approach :  

Scale-fixed prediction with

improved convergence

The pQCD predictions of 𝑅𝑢𝑑𝑠(𝑠)

Determination of 𝛼𝑠 at 𝑒+𝑒− colliders

the effects due to 

continuation of the 

spacelike perturbative 

results into the timelike 

domain are only partially 

accounted for in 

conventional scale setting 

(Conv.)
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solving the equation 𝑅𝑢𝑑𝑠
(data)

= 𝑅𝑢𝑑𝑠
theo.

(Λ)

Determination of 𝛼𝑠 at 𝑒+𝑒− colliders

Determination of 𝛼𝑠 ① solving equation  ② least squares (LS)

13



LS fitting

Error: 

the 1st and 2nd errors are the experimental and theoretical uncertainties

ቚ𝛼𝑠 𝑀𝑧
2

KEDR
= 0.1227−0.0132

+0.0117(𝑒𝑥𝑝𝑒. ) ± 0.0002(𝑡ℎ𝑒𝑜. )

Determination of 𝛼𝑠 at 𝑒+𝑒− colliders
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Event shape observables at CEPC

PMC scales for event shape
observables at CEPC

91.2GeV

240GeV

We also calculated the 
classical event shapes 
at the CEPC at 91.2, 
160 and 240 GeV.

arXiv: 2112.06212
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Event shape observables at CEPC

Our precise and scale-
independent 
predictions for event 
shape observables, 
provides a novel way to 
verify the running of 
αs(Q^2) at CEPC.

91.2GeV

240GeV

More detail See 
Wang’s Talk on 10.27
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 The resulting PMC series is a renormalon-free and scale-invariant 

conformal series; it thus achieves precise fixed-order pQCD predictions and 

provides a reliable basis for predicting unknown higher-order (UHO) 

contributions.

 The Bayesian analysis provides a compelling approach for estimating the 

UHOs from the known fixed-order series by adopting a probabilistic 

interpretation.

 Using the PMC, in combination with the Bayesian analysis, one can 

consistently achieve high degree of reliability predictions for fixed-order 

pQCD calculation.

 The combination of PMC and Bayesian analysis provides a reliable 

theoretical basis for the precise determination of the QCD running coupling.

 Future precise 𝑅𝑢𝑑𝑠 measurements at Tau-Charm Facility will provide a 

reliable and independent determination of 𝛼𝑠.

 Our precise and scale-independent predictions for event shape 
observables call for the precise measurements at CEPC.

Conclusion
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Thank you for your attention !

18


