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Need for Precision

• Beauty factories (Belle II, LHCb) producing B mesons (and other b-hadrons) 
at unprecedented rates. 

• Similarly for charm factories (BES III, LHCb, Belle II). 

• CEPC/FCC have potential to combine high rate and boost of LHC with 
cleanliness of asymmetric e+e− machines. 

• Lingering puzzles in strangeness: will b anomalies linger too? 

• Two-prong strategy: 

• determine parameters of the Standard Model; 

• study rare processes with well-predicted SM rate.
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Outline

• Need for precision 

• QCD and lattice gauge theory 

• Some precise results from lattice QCD 

• Hadron masses and quark masses 

• Quark flavor 

• Muon g–2 

• Enabling precision lattice QCD
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Lattice QCD



QCD Lagrangian

• SU(3) gauge symmetry and 1 + nf + 1 parameters: 

• Gauge coupling g0 and quarks masses mf are not directly measurable: 

• quarks bound into hadrons: use meson masses to fix mf; 

• “dimensional transmutation”; use another mass to eliminate g0.

LQCD =
1
g2

0
tr[FµnFµn]

� Â
f

ȳ f (/D+m f )y f

+
iq

32p2 eµnrs tr[FµnFrs]

MΩ or similar, ;

Mπ, MK, MJ/ψ, MY, …;

θ = 0.
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Humankind’s most perfect theory—Wilczek



QCD Functional Integral

• Everything from integrals: 

• Infinite spacetime lattice makes set of integration variables countable;   
finite lattice makes them finite. 

• Markov chain Monte Carlo with important sampling:
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hO(U,y, ȳ)i= 1
Z

Z
DUDyDȳO(U,y, ȳ)e�S

imaginary time: 
t = x0 = −ix4

gluons (anti)quarks

<latexit sha1_base64="9tNHFDOr4UXE2JSnvGO5Jfj6dL4="></latexit>

hO(U,G)i= 1
C

C�1

Â
c=0

O(U,G)
Hybrid Monte Carlo (HMC) 

Duane, Kennedy, Pendleton, Roweth 
Phys. Lett. B 195 (1987) 216

https://inspirehep.net/literature/254077


• Everything (almost) from correlation functions: 

• Masses, annihilation matrix elements: 

• Decay and mixing matrix elements: 

• Valence & sea quarks: different parts of code, so masses can differ.

QCD Correlation Functions
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• Computer generates data in a slab of a 10-dimensional parameter space: 

• Combine data with effective field theories (EFT) [e.g., hep-lat/0205021].

Lattice QCD Data
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https://inspirehep.net/literature/587161


• Effective field theories: Symanzik (a → 0), chiral perturbation theory 	
(mq́, mq → mu, md), heavy quark theory (mQ → mb, mc).

red EFT

https://oscarsnaturenews.wordpress.com/2019/11/16/amphibians/
https://en.wikipedia.org/wiki/Newt


Masses
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B mesons offset by −4000 MeV

Hadron Spectrum
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π…Ω: BMW, MILC, PACS-CS, QCDSF; ETM (2+1+1);
η-ηʹ: RBC, UKQCD, Hadron Spectrum (ω).

Kronfeld, arXiv:1203.1204

http://arXiv.org/abs/1203.1204/


• Not much interest in normal hadron masses these days: 

• even Mn−Mp studied vs. md−mu & α a while ago [arXiv:1406.4088]. 

• Lots of interest in exotic hadrons (XYZ, tetraquarks, pentaquarks): 
lattice QCD ↔ structure [USQCD-WP, SnowWP]. 

• Most precisely calculable masses are pseudoscalar meson masses: 

• adjust bare quark masses until nf of them agree with experiment—π, 
K0±K+, D(s) (ηc), B(s) (ηb); 

• convert them to quark masses in renormalization schemes used in 
continuum QCD (MS, RGI).

Hadron Spectroscopy
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MS

https://inspirehep.net/literature/1300659
https://inspirehep.net/literature/1730506
https://inspirehep.net/literature/1300659


Quark Masses: bottom, charm

• Flavor Lattice Averaging Group (FLAG), arXiv:2111.09849. 

• Green passes all quality criteria; solid enters average (hatched superseded).

0.2% 0.5%

http://flag.unibe.ch/
https://inspirehep.net/literature/1971260
http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=mb.bib
http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=mc.bib


Quark Masses: bottom, charm

• Flavor Lattice Averaging Group (FLAG), arXiv:2111.09849. 

• Green passes all quality criteria; solid enters average (hatched superseded).

0.2% 0.5%

Test SM quark mass generation: yq = i21mq/v
<latexit sha1_base64="heJTT8eO6AHaGSfRA2dholBbokY="></latexit>
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http://flag.unibe.ch/
https://inspirehep.net/literature/1971260
http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=mb.bib
http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=mc.bib


Quark Masses: strange, down/up

• arXiv:1802.04248, arXiv:1805.06225

0.75%

<latexit sha1_base64="vYo7PXB+hGVnfNTRRfp2Cdpgwlc="></latexit>

mu,MS(2 GeV) = 2.130(41) MeV

md,MS(2 GeV) = 4.675(56) MeV

http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=mud.bib
http://inspirehep.net/record/1654552
http://inspirehep.net/record/1673345
http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=ms.bib


Strong Coupling αs(μ)

• Numerous methods: 

• different observables; 

• different probes; 

• different systematics. 

• Consider “heavyCurr” ☛ 

• same PT as in e+e– -> QQ| 
determination. 

• SnowWP on αs.

<latexit sha1_base64="QA3NrZunIhTxg7vGIPh9SAwwNSo="></latexit>

e+e� ! QQ̄

https://inspirehep.net/literature/2053387


Strong Coupling αs(μ)30 9. Quantum Chromodynamics

–s(M2
· ) = 0.312 ± 0.015.
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Figure 9.2: Summary of determinations of –s(M2

Z) from the seven sub-fields discussed in the
text. The yellow (light shaded) bands and dotted lines indicate the pre-average values of each
sub-field. The dashed line and blue (dark shaded) band represent the final world average value of
–s(M2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination including
a simultaneous fit of PDFs.

1st June, 2022
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CEPC jets: determine αs or test QCD/OPE 
(cf., LHC data testing OPE arXiv:2205.02857)

https://inspirehep.net/literature/2078066


Matrix Elements



Leptonic Decays

July 9, 2022 D.Kovalskyi   /   B(s)→μμ measurements   /   ICHEP 2022

Bs→μμ BF Result

13

1 2 3 4 5
]9−) [10−µ+µ → 0

s
(BΒ

SM Prediction
Beneke et al, JHEP 10 (2019) 232 0.14 ± 3.66

ATLAS
JHEP 04 (2019) 098  0.7− 

 +0.82.8

CMS
JHEP 04 (2020) 188 0.65− 

 +0.722.94

ATLAS+CMS+LHCb
BPH-20-003 0.35− 

 +0.372.69

LHCb
PRL 128 (2022) 041801 0.44− 

 +0.483.09

CMS
BPH-21-006 0.41− 

 +0.443.83

Alternative using Bs→J/ψϕ: 

• CKM: B+ → τ+ν. 

• BSM: Bs0 → μ+μ−. 

• ~0.7% uncertainty. 

• Dmytro Kovalskyi (CMS): 

• “Theoretically clean 

• nonperturbative contributions are in 
[fBs]; well known from lattice QCD.”

@ ICHEP 2022

https://agenda.infn.it/event/28874/contributions/169321/attachments/94767/129944/2021-07-09%20BsToMuMu%20ICHEP.pdf
http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=fBs.bib
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Cabibbo Angle Anomaly

• Leptonic decays πl2/Kl2 with 
fK/fπ yield |Vud|/|Vus|. 

• Semileptonic decay Kl3 with 
f+(0) yields |Vus|. 

• Superallowed nuclear decay 
with nuclear theory yields |Vud|. 

• Unitarity crisis (3.2σ): 

• Improve NS or (some day) just use π & K.

<latexit sha1_base64="b5JxylCDTBQWC+pX4U9s6bDJpd4="></latexit>

1� |Vud |20+ � |Vus|2Kl3
= 0.0021(2)(2)(2)(2)(5)NS [arXiv:2107.14708]

nuclear structure

https://inspirehep.net/literature/1896492


Coming Soon: |Vcd| and |Vcs|

• Semileptonic decays: great way to determine CKM: check if shapes agree 
& the fit relative normalization.	 Plots by Will I. Jay. 

• ||Vcd| & |Vcs| to ~1%. 

• Same approach for |Vcb| & |Vub|:
(<)1% for |Vub| (|Vcb|) in ~2 years.



Semileptonic B-Meson Decays

• |B → πlν = |Vub|; B → Dlν = |Vcb|. 

• Same approach as previous slide. 

• Three collaborations; two sets of 
ensembles. 

• Existing results are, by now, several years 
old: 

• 2+1+1-flavor results in a couple years 
[cf. arXiv:2111.05184]. 

• (click on plots ☞ full set of references)
0.6

0.7

0.8

0.9

1.0

1.1

1.2

1.3

0 2 4 6 8 10 12

f
B
!

D
(q

2
)

q2 [GeV2]

f0 BCL fit

f+ BCL fit

f+ HPQCD 15

f+ FNAL/MILC 15C

f0 HPQCD 15

f0 FNAL/MILC 15C

BaBar 2009

Belle 2016

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

0 5 10 15 20 25

f
B
!

⇡
(q

2
)

q2 [GeV2]

f0 BCL fit

f+ BCL fit

f+ HPQCD 06

f+ FNAL/MILC 15

f+ RBC/UKQCD 15

f0 FNAL/MILC 15

f0 RBC/UKQCD 15

BaBar untagged 12bin

BaBar untagged 6bin

Belle tagged 13bin

Belle untagged 13bin

Belle tagged 7bin

https://inspirehep.net/literature/1964596
http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=ff_BD_latt+exp.bib
http://flag.unibe.ch/2021/Media?action=AttachFile&do=get&target=ff_Bpi_latt+exp.bib


• Result: 103|Vcb| = 38.40(68th)(0.34expt)(0.18EM), still in tension with inclusive.

Semileptonic B-Meson Decays II 
	 arXiv:2105.14019

21

A. El-Khadra CHARM 2021, 31 May - 04 June 2021 24

̣Results for . 

̣Can be used to calculate  (lattice-only)  
̣Can be used in joint fits with experimental data from BaBar and Belle 

to determine  and  (lattice + exp)

hA1
(w), hA2

(w), hA3
(w), hV(w)

R(D*)

|Vcb | R(D*)

Form factors for B → D* ℓνℓ

[FNAL/MILC, arXiv:2105.14019] 

A. Vaquero 

28

FIG. 8: Results for separate fits to each dataset (left) and joint fit of all data (right). On the left we compare the BaBar result
(gray), the Belle result from the untagged dataset (green), and the lattice result coming from our synthetic data (red). In this
plot the lattice result used the |Vcb| coming from the joint fit. All results agree within ⇡ 2� over the whole kinematic range.
On the right, the lattice values have been multiplied by our best fit value of |Vcb|. There is tension between the slope predicted
by the lattice calculation and that of the experimental data. Since the lattice slope is well determined, correlations in the joint
fit cause the central lattice values (multiplied by the best fit |Vcb|) to fall slightly below the experimental values.

TABLE XII: Quadratic z expansion results. The second column shows results from a fit only to synthetic lattice-QCD data
(the same as the “quadratic” column in Table XI), the third from a joint fit to lattice QCD plus BaBar’s synthetic data, the
fourth from lattice QCD plus Belle’s untagged dataset, and the last lattice QCD plus both experiments. As with the z fit to
the chiral-continuum extrapolation, whenever a posterity or is very similar to its prior, we count the prior as input data.

Lattice QCD Lattice + BaBar Lattice + Belle Lattice + both

a0 0.0330(13) 0.0330(13) 0.0324(11) 0.0319(10)
a1 �0.155(55) �0.089(40) �0.160(44) �0.146(31)
a2 �0.12(98) �0.16(21) �0.67(94) �0.60(22)
b0 0.012 22(24) 0.012 24(23) 0.012 33(23) 0.012 42(23)
b1 �0.004(12) 0.0121(69) 0.014(10) 0.0037(46)
b2 0.08(53) 0.36(17) �0.29(25) 0.02(12)
c1 �0.0061(25) �0.0008(11) 0.0011(17) 0.000 15(94)
c2 �0.014(91) 0.054(46) 0.033(57) 0.078(36)
c3 �0.12(83) �0.34(76) �1.10(56)
d0 0.0506(16) 0.0516(15) 0.0522(15) 0.0527(15)
d1 �0.334(68) �0.199(50) �0.180(49) �0.195(43)
d2 �0.03(96) 0.18(92) �0.02(90) �0.01(90)

�
2
/dof 0.64/3 9.57/5 111/81 125/84PN
i a

2
i 0.04(24) 0.035(71) 0.5(13) 0.38(26)PN

i (b2i + c
2
i ) 0.006(78) 0.15(18) 0.20(48) 1.2(12)PN

i d
2
i 0.115(68) 0.08(35) 0.036(37) 0.041(21)

|Vcb|⇥ 103 39.84(94) 38.35(86) 38.57(78)

fits, and the sizes of the errors are similar. We also see a general agreement in the coe�cients of the expansion,
particularly in the important low-order ones. The origin of the low p value lies in the experimental data. A fit to the
two experimental datasets without lattice QCD yields �2/dof = 91.4/69. We thus conclude that the low p value of
the fit yielding Eq. (5.22) is unavoidable without unjustifiable omission of experimental data.

We note, however, a potential inconsistency in the Belle untagged dataset, as it is given in Ref. [17], first noticed
in Ref. [87]. If the same data underlie the di↵erent binnings, then only 37 of the 40 bins are truly independent

Available lattice data and simulations

Using 15 Nf = 2 + 1 MILC ensembles of sea asqtad quarks

The heavy quarks are treated using the Fermilab action

Alejandro Vaquero (University of Utah) B̄ ! D⇤`⌫̄ at non-zero recoil April 22st, 2021 6 / 19
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FIG. 5: Chiral-continuum extrapolation for the form factors hA1 (top left), hV (top right), hA2 (bottom left), and hA3 (bottom
right). The color codes di↵erent lattice spacings, whereas the band shows the result of the fit. The upper-left plot for hA1 also
shows the zero-recoil result from Ref. [19].

There are more contributions to the final error that have been taken into account: light-quark mass mistuning,
scale setting, isospin e↵ects, and finite-volume e↵ects. The final error is calculated as the quadrature sum of these
uncertainties with that of the chiral-continuum extrapolation error, which (again) includes statistical, chiral-continuum
extrapolation, discretization, heavy-quark mistuning, and matching errors, as shown in Table VII. In the rest of this
section, we discuss each source of uncertainty one by one, explaining how they enter this error budget.

A. Statistics and stability of the correlator fits

In principle, the determination of masses, energies, and form factors depends on choices made in fitting the two- and
three-point correlation functions, but we argue that the associated uncertainties are encompassed in the statistical
component of the first line of Table VII. We have fitted the two-point functions with both 2+2 and 3+3 states in our

19

FIG. 6: Contributions to the total error of the form factors hA1 (top left), hV (top right), hA2 (bottom left), and hA3 (bottom
right) as a function of the recoil parameter w. The two largest contribution come from statistics, in blue, and quark discretization
e↵ects, in orange. These two contributions overlap in the brown band in the plot, because of the common term of order a

2 in
Eqs. (3.21) and (3.24). The remaining contributions do not overlap. Note the di↵erences in vertical scales.

ansatz. Only when the two results agree within statistical errors do we select a particular fitting range. In this way,
the influence of excited states is reduced below the statistical uncertainty of the B masses and D⇤ energies. For the
three-point-function ratios, we find that excited states play a more important role, as can be seen for the example of
xf in Fig. 3. When fitting the three-point functions, we therefore include extra states at the source and sink in order
to control this potential source of systematic error.

Bias can arise from the choice of fitting ranges. To avoid the problems that can come from choosing di↵erent fitting
ranges for di↵erent ensembles, we impose the same tMin in physical units for all the two-point correlator fits. Our
tMax is chosen di↵erently and varies from ensemble to ensemble. But the impact of a di↵erent tMax is much smaller,
because these points have much larger errors. We refer to the reader to Sec. III C 1, where all the details are explained.
For the form-factor ratio fits, we employ the same range in physical units for all ensembles and most ratios. For the
double ratio and xf , where the same pattern of states is expected at source and sink, we use a symmetric fit range

Semileptonic form factors for B ! D⇤`⌫ at nonzero recoil from
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We present the first unquenched lattice-QCD calculation of the form factors for the decay B !
D

⇤
`⌫ at nonzero recoil. Our analysis includes 15 MILC ensembles with Nf = 2+1 flavors of asqtad

sea quarks, with a strange quark mass close to its physical mass. The lattice spacings range from
a ⇡ 0.15 fm down to 0.045 fm, while the ratio between the light- and the strange-quark masses ranges
from 0.05 to 0.4. The valence b and c quarks are treated using the Wilson-clover action with the
Fermilab interpretation, whereas the light sector employs asqtad staggered fermions. We extrapolate
our results to the physical point in the continuum limit using rooted staggered heavy-light meson
chiral perturbation theory. Then we apply a model-independent parametrization to extend the
form factors to the full kinematic range. With this parametrization we perform a joint lattice-
QCD/experiment fit using several experimental datasets to determine the CKM matrix element
|Vcb| = (38.57 ± 0.70th ± 0.34exp) ⇥ 10�3, where the first error is theoretical and the second comes
from experiment. This result is still in tension with current inclusive determinations, but it is in
agreement with previous exclusive determinations. We also integrate the di↵erential decay rate
obtained solely from lattice data to predict R(D⇤) = 0.266 ± 0.014, which confirms the current
tension between theory and experiment.

I. INTRODUCTION

High precision tests of the standard model (SM) o↵er exciting possibilities for discovering new physics. In particular,
the flavor sector of the SM is very rich in phenomena that can be used to explore physics beyond the standard model
(BSM). Most flavor physics revolves around the Cabibbo-Kobayashi-Maskawa (CKM) matrix, which relates the mass
and flavor eigenstates of the quarks. Since it is a basis transformation, the CKM matrix is constrained by unitarity,
so violations of this rule could indicate the influence of new physics. Weak processes that are loop-suppressed in the
SM may also expose new physics. To determine CKM matrix elements to high precision and to perform precision
tests of the SM in measurements of rare decay processes, it is essential to know the strong-interaction environment in
which these processes occur.

Among the CKM matrix elements, |Vcb| has arguably been one of the most perplexing. There is a long standing
tension between the determination of this element via exclusive and inclusive decays. The operator product expansion
(OPE) is used to analyze inclusive decay experiments measuring semileptonic decays B ! Xc`⌫, where Xc represents
any charmed hadron or combination of hadrons with a single c quark. On the other hand, exclusive decay experiments
focus on decays with a specific charmed hadron in the final state, for example, B ! D`⌫ or B ! D⇤`⌫. We expect
both types of experiments to yield consistent results for |Vcb|; however, there is a ⇠ 3� discrepancy between the

⇤Electronic address: alexvaq@physics.utah.edu
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An Error Budget 
	 arXiv:2105.14019

<latexit sha1_base64="k72MOHawMMWtGRQvn6D8qnXXVGg="></latexit>

Source hV (%) hA1
(%) hA2

(%) hA3
(%)

Chiral-continuum fit error 4.2 2.0 17.4 6.9

(Statistics) (3.7) (1.2) (16.9) (6.3)

(Chiral-continuum extr.) (0.8) (0.9) (1.7) (0.5)

(LQ and HQ discretization) (2.6) (1.3) (9.7) (4.4)

(HQ mistuning) (0.0) (0.0) (1.7) (0.0)

(Matching O(amcas)) (0.3) (0.2) (1.7) (0.5)

LQ mistuning 0.0 0.0 0.1 0.0

Matching O(a2
s
) 0.7 0.3 0.5 0.3

Scale setting 0.0 0.0 0.3 0.1

Isospin effects 0.1 0.1 0.4 0.2

Finite volume — — — —

Total error 4.3 2.0 17.4 6.9

https://inspirehep.net/literature/1865940


• Lepton-flavor universality violation: 

• Lattice-QCD only form factors +: 
errors comparable to data. 

• Form factors from |Vcb| fit +:   
errors negligible— 

• ~4σ discrepancy. • Plot by Alejandro Vaquero.
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R(D(⇤)) =
B(B ! D(⇤)tnt)

B(B ! D(⇤)`n`)
`= e,µ
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̣Results for . 

̣Can be used to calculate  (lattice-only)  
̣Can be used in joint fits with experimental data from BaBar and Belle 

to determine  and  (lattice + exp)

hA1
(w), hA2

(w), hA3
(w), hV(w)

R(D*)

|Vcb | R(D*)

Form factors for B → D* ℓνℓ

[FNAL/MILC, arXiv:2105.14019] 

A. Vaquero 
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FIG. 8: Results for separate fits to each dataset (left) and joint fit of all data (right). On the left we compare the BaBar result
(gray), the Belle result from the untagged dataset (green), and the lattice result coming from our synthetic data (red). In this
plot the lattice result used the |Vcb| coming from the joint fit. All results agree within ⇡ 2� over the whole kinematic range.
On the right, the lattice values have been multiplied by our best fit value of |Vcb|. There is tension between the slope predicted
by the lattice calculation and that of the experimental data. Since the lattice slope is well determined, correlations in the joint
fit cause the central lattice values (multiplied by the best fit |Vcb|) to fall slightly below the experimental values.

TABLE XII: Quadratic z expansion results. The second column shows results from a fit only to synthetic lattice-QCD data
(the same as the “quadratic” column in Table XI), the third from a joint fit to lattice QCD plus BaBar’s synthetic data, the
fourth from lattice QCD plus Belle’s untagged dataset, and the last lattice QCD plus both experiments. As with the z fit to
the chiral-continuum extrapolation, whenever a posterity or is very similar to its prior, we count the prior as input data.

Lattice QCD Lattice + BaBar Lattice + Belle Lattice + both

a0 0.0330(13) 0.0330(13) 0.0324(11) 0.0319(10)
a1 �0.155(55) �0.089(40) �0.160(44) �0.146(31)
a2 �0.12(98) �0.16(21) �0.67(94) �0.60(22)
b0 0.012 22(24) 0.012 24(23) 0.012 33(23) 0.012 42(23)
b1 �0.004(12) 0.0121(69) 0.014(10) 0.0037(46)
b2 0.08(53) 0.36(17) �0.29(25) 0.02(12)
c1 �0.0061(25) �0.0008(11) 0.0011(17) 0.000 15(94)
c2 �0.014(91) 0.054(46) 0.033(57) 0.078(36)
c3 �0.12(83) �0.34(76) �1.10(56)
d0 0.0506(16) 0.0516(15) 0.0522(15) 0.0527(15)
d1 �0.334(68) �0.199(50) �0.180(49) �0.195(43)
d2 �0.03(96) 0.18(92) �0.02(90) �0.01(90)

�
2
/dof 0.64/3 9.57/5 111/81 125/84PN
i a

2
i 0.04(24) 0.035(71) 0.5(13) 0.38(26)PN

i (b2i + c
2
i ) 0.006(78) 0.15(18) 0.20(48) 1.2(12)PN

i d
2
i 0.115(68) 0.08(35) 0.036(37) 0.041(21)

|Vcb|⇥ 103 39.84(94) 38.35(86) 38.57(78)

fits, and the sizes of the errors are similar. We also see a general agreement in the coe�cients of the expansion,
particularly in the important low-order ones. The origin of the low p value lies in the experimental data. A fit to the
two experimental datasets without lattice QCD yields �2/dof = 91.4/69. We thus conclude that the low p value of
the fit yielding Eq. (5.22) is unavoidable without unjustifiable omission of experimental data.

We note, however, a potential inconsistency in the Belle untagged dataset, as it is given in Ref. [17], first noticed
in Ref. [87]. If the same data underlie the di↵erent binnings, then only 37 of the 40 bins are truly independent

Available lattice data and simulations

Using 15 Nf = 2 + 1 MILC ensembles of sea asqtad quarks

The heavy quarks are treated using the Fermilab action

Alejandro Vaquero (University of Utah) B̄ ! D⇤`⌫̄ at non-zero recoil April 22st, 2021 6 / 19
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FIG. 5: Chiral-continuum extrapolation for the form factors hA1 (top left), hV (top right), hA2 (bottom left), and hA3 (bottom
right). The color codes di↵erent lattice spacings, whereas the band shows the result of the fit. The upper-left plot for hA1 also
shows the zero-recoil result from Ref. [19].

There are more contributions to the final error that have been taken into account: light-quark mass mistuning,
scale setting, isospin e↵ects, and finite-volume e↵ects. The final error is calculated as the quadrature sum of these
uncertainties with that of the chiral-continuum extrapolation error, which (again) includes statistical, chiral-continuum
extrapolation, discretization, heavy-quark mistuning, and matching errors, as shown in Table VII. In the rest of this
section, we discuss each source of uncertainty one by one, explaining how they enter this error budget.

A. Statistics and stability of the correlator fits

In principle, the determination of masses, energies, and form factors depends on choices made in fitting the two- and
three-point correlation functions, but we argue that the associated uncertainties are encompassed in the statistical
component of the first line of Table VII. We have fitted the two-point functions with both 2+2 and 3+3 states in our

19

FIG. 6: Contributions to the total error of the form factors hA1 (top left), hV (top right), hA2 (bottom left), and hA3 (bottom
right) as a function of the recoil parameter w. The two largest contribution come from statistics, in blue, and quark discretization
e↵ects, in orange. These two contributions overlap in the brown band in the plot, because of the common term of order a

2 in
Eqs. (3.21) and (3.24). The remaining contributions do not overlap. Note the di↵erences in vertical scales.

ansatz. Only when the two results agree within statistical errors do we select a particular fitting range. In this way,
the influence of excited states is reduced below the statistical uncertainty of the B masses and D⇤ energies. For the
three-point-function ratios, we find that excited states play a more important role, as can be seen for the example of
xf in Fig. 3. When fitting the three-point functions, we therefore include extra states at the source and sink in order
to control this potential source of systematic error.

Bias can arise from the choice of fitting ranges. To avoid the problems that can come from choosing di↵erent fitting
ranges for di↵erent ensembles, we impose the same tMin in physical units for all the two-point correlator fits. Our
tMax is chosen di↵erently and varies from ensemble to ensemble. But the impact of a di↵erent tMax is much smaller,
because these points have much larger errors. We refer to the reader to Sec. III C 1, where all the details are explained.
For the form-factor ratio fits, we employ the same range in physical units for all ensembles and most ratios. For the
double ratio and xf , where the same pattern of states is expected at source and sink, we use a symmetric fit range
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We present the first unquenched lattice-QCD calculation of the form factors for the decay B !
D

⇤
`⌫ at nonzero recoil. Our analysis includes 15 MILC ensembles with Nf = 2+1 flavors of asqtad

sea quarks, with a strange quark mass close to its physical mass. The lattice spacings range from
a ⇡ 0.15 fm down to 0.045 fm, while the ratio between the light- and the strange-quark masses ranges
from 0.05 to 0.4. The valence b and c quarks are treated using the Wilson-clover action with the
Fermilab interpretation, whereas the light sector employs asqtad staggered fermions. We extrapolate
our results to the physical point in the continuum limit using rooted staggered heavy-light meson
chiral perturbation theory. Then we apply a model-independent parametrization to extend the
form factors to the full kinematic range. With this parametrization we perform a joint lattice-
QCD/experiment fit using several experimental datasets to determine the CKM matrix element
|Vcb| = (38.57 ± 0.70th ± 0.34exp) ⇥ 10�3, where the first error is theoretical and the second comes
from experiment. This result is still in tension with current inclusive determinations, but it is in
agreement with previous exclusive determinations. We also integrate the di↵erential decay rate
obtained solely from lattice data to predict R(D⇤) = 0.266 ± 0.014, which confirms the current
tension between theory and experiment.

I. INTRODUCTION

High precision tests of the standard model (SM) o↵er exciting possibilities for discovering new physics. In particular,
the flavor sector of the SM is very rich in phenomena that can be used to explore physics beyond the standard model
(BSM). Most flavor physics revolves around the Cabibbo-Kobayashi-Maskawa (CKM) matrix, which relates the mass
and flavor eigenstates of the quarks. Since it is a basis transformation, the CKM matrix is constrained by unitarity,
so violations of this rule could indicate the influence of new physics. Weak processes that are loop-suppressed in the
SM may also expose new physics. To determine CKM matrix elements to high precision and to perform precision
tests of the SM in measurements of rare decay processes, it is essential to know the strong-interaction environment in
which these processes occur.

Among the CKM matrix elements, |Vcb| has arguably been one of the most perplexing. There is a long standing
tension between the determination of this element via exclusive and inclusive decays. The operator product expansion
(OPE) is used to analyze inclusive decay experiments measuring semileptonic decays B ! Xc`⌫, where Xc represents
any charmed hadron or combination of hadrons with a single c quark. On the other hand, exclusive decay experiments
focus on decays with a specific charmed hadron in the final state, for example, B ! D`⌫ or B ! D⇤`⌫. We expect
both types of experiments to yield consistent results for |Vcb|; however, there is a ⇠ 3� discrepancy between the

⇤Electronic address: alexvaq@physics.utah.edu
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Flavor Anomalies—Summary

• Many rely on QCD input: 

• decay constants; 

• form factors; 

• four-quark operators. 

• (Angular observables and LFUV 
profit from, but don’t rely on, 
form factors.) 

• Plot by Patrick Koppenburg 
(LHCb).
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Muon g−2



Muon g−2: Hadronic Contributions

• Putative 4.2σ discrepancy between experiment and SM (see below). 

• SM uncertainty mostly from two virtual hadronic processes: 

• hadronic vacuum polaration (HVP)— 

• 6845(40) = 6931(40) − 98.3(7) + 12.4(1); 

• hadronic light-by-light scattering (HLbL)— 

• 92(18) = 90(17) + 2(1). 

• Two methods: experimental data + dispersion theory OR lattice QCD: 

• Can we get from 6931(40) [actually 7075(55)] to 7000(13)?
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Hadronic Light-by-Light

• Lattice QCD and 
dispersive method 
both support 
model estimates. 

• Agreement is too 
good and error is 
too small for HLbL 
to explain the 
discrepancy. 

• Plot from Mg–2TI 
SnowWP.
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Hadronic Vacuum Polarization

• Discrepancy: HVP vs. BSM?!?	 [Mg–2TI, SnowWP]
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4.2σ
1011[aμ = (g−2)μ/2] uncertainty 

now
uncertainty 

target

QED 116 584 718 .93(10)

EW 153 .6(1.0)

HVP

LO+NLO+NNLO 6845 (40) (13)

HLbL

LO+NLO 95 (18) (9)

SM total 116 591 810 (43) (16)

BNL 821 ⊕

FNAL 989 116 592 061 (41) (16)

Expt – SM 251 (59) (22)
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Many Contributions

• u, d, s connected dominates. 

• Also need conversion from 
QCD units to muon units:     
mμ/MΩ. 

• Need independent lattice-QCD 
calculations: 

• Fermilab Lattice+MILC+ 
HPQCD; Aubin et alia; 

• χQCD; RBC+UKQCD; 

• Mainz/CLS; ETM; 

• BMW.
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Strong isospin-breaking

connected light connected strange connected charm disconnected
633.7(2.1)(4.2) 53.393(89)(68) 14.6(0)(1) -13.36(1.18)(1.36)

0.11(4)

bottom; higher order;
perturbative

Etc.

Finite-size effects

disconnected
-4.67(54)(69)

1010×aμ
LO-HVP = 707.5(2.3)stat(5.0)sys[5.5]tot

QED
isospin-breaking:

valence 

Isospin symmetric

connected disconnected

connected disconnected

connected

disconnectedconnected

-0.55(15)(10)

-0.040(33)(21)

0.011(24)(14)

-1.23(40)(31)

-0.0093(86)(95)

0.37(21)(24)

6.60(63)(53)

QED
isospin-breaking:

 sea

QED
isospin-breaking:

mixed

isospin-symmetric

isospin-breaking

18.7(2.5)

0.0(0.1)
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Road to Precision

• Goal is 0.2%, which will be 0.5%/nfew.. 

• Road to precision will involve jumping through windows [arXiv:1801.07224]: 

• TI put forward intermediate window as a useful point of comparison. 

• Also amenable to R(e+e–) via Laplace 
transform. 

• Very active: arXiv:2111.15329 (ETM), 
arXiv:2204.01280 (χQCD), 
arXiv:2206.06582 (Mainz/CLS), 
arXiv:2206.15084 (ETM),   
arXiv:2207.04765 (Fermilab/HPQCD/MILC).
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Outlook: Enabling Precision



Enabling Precision Lattice QCD

• The push beyond 1% requires QED (qd ≠ qu) and strong isospin breaking 
(md ≠ mu).  QED requires theoretical development as well as computational. 

• Lattice QCD is (mostly) carried out by collaborations with a mix of skills: 

• computing, phenomenology, theory; 

• on the computing side, generous support (in U.S.) from the Exascale 
Computing Project (ECP from DOE ASCR) until end 2023; 

• phenomenology and theory need students, postdocs, junior faculty. 

• Lattice gauge theory (QCD and BSM) is a tool valuable in a wide variety of 
topics in particle physics, nuclear physics, and astrophysics.



LGT @ Snowmass: arXiv:2209.10758  
USQCD @ TF: arXiv:2207.07641 

USQCD @ CompF: arXiv:2204.00039 

Thank you for your attention!
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