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Introduction
Plasma-based accelerator offers high acceleration gradient and strong transverse focusing electromagnetic field to accelerate electrons. The electrons in the wake emit
axial synchrotron radiation because of betatron oscillation (BO), which leads to the energy loss of electrons and in return affects beam properties [4]. Such effect is called
the radiation reaction (RR). To study this process, we reestablish the BO model with RR [2, 3, 4, 5] by a considering the oscillations in two transverse and one longitudinal
directions. In our three-dimensional model, long-term equations (LTE), with information in the betatron time scale being averaged out, are obtained and compared with the
original equations by numerical methods and the particle tracking code PTracker (PT)[6]. Use our model, the energy evolution, the BO amplitude, as well as the BO phase
shift, with arbitrary initial polarization, can be predicted without resolving the BO period. This work can be of great value for future plasma based high-energy accelerators
and colliders.

Theoretical model and long-term equations

We use the plasma normalization units. The classical expression of radiation reaction (RR) is the Lorentz–Abraham–Dirac
equation [1],
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Neglect the interaction between the beam particles, the electromagnetic field provided by the wake can be modeled as
Ez = Ez0 + λζ1,

E⃗⊥ = κ2 (1− λ) r⃗,

Bθ = −κ2λr.

Then, from the Lorentz-Newton equation, we derive the long-term equations (LTE) about the relativistic factor of electron
γ, the amplitude of BO, phase and angular momentum
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where, Sx is the areas (divided by 2π) of the ellipses encircled by the particle trajectory in x− px phase space. Analogous
expressions can be found for the y direction.

The value of parameters

Results of LTE compared with PTracker (re = 0)
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Results of LTE compared with PTracker (re = e−10)
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Conclusion
γ and ζ have the same drift frequency
In this study, three-dimensional betatron oscillation in non-linear plasma wake-
field associated with radiation reaction force is discussed. The long-term equa-
tions obtained in our model are proved by comparing with the original equations
by numerical methods. These equations provide a powerful tool for predicting
the long-term behavior of the betatron oscillation, and have a great potential in
future high-energy plasma accelerators.
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