Quantum kinetic theory
and its applications to chiral transports and spin polarizations
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Recent review:
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Part 1

Chiral magnetic effect, Berry phase and kinetic theory

1. Chiral magnetic effect and chiral separation effect
(1a) Strong magnetic fields in HIC and CME
(1b) Other topics related to the CME
2. Kinetic theory and chiral kinetic theory
(2a) Standard kinetic theory
(2b) Chiral kinetic theory: a quick look
Berry phase, Berry monopole and chiral anomaly

4. Non-trivial Lorentz symmetry for chiral system
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Part 2

Wigner functions and the master equations

1. Definition of gauge invariant covariant Wigner function
(1a) Gauge invariant covariant Wigner function
(1b) Vector, chiral currents
(1c) The choice of gauge link
2. Master equation for covariant Wigner function
(2a) Closed-Time-Path formalism
(2b) From Dirac equation to master equations for chiral fermions
(2c) Master equations in general case (massive case)
3. Equal-time formulism for Wigner function
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Part 3

Quantum kinetic theory in massless limit and collisions

1. Solve quantum kinetic theory in gradient expansion
(1a) Gradient expansion
(1b) Leading order results and constrains from QKT
(1c) A order results
(1d) A2 order results
2. Discussions on the solution of Wigner function
(2a) CME, CVE, energy-momentum tensor and chiral anomaly
(2b) Chiral kinetic theory
(2c) Lorentz transformation and side jump
3. Collision effects
(3a) Kadanoff-Baym equation
(3b) General solution of Wigner function with collisions
(3c) Collision term for QED in HTL approximation
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Part 4

Applications to heavy ion physics

1. Spin polarization in relativistic heavy ion collisions
2. Recent development on QKT
3. Applications to spin polarization
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1. Chiral magnetic effect and chiral separation effect
(1a) Strong magnetic fields in HIC and CME
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The Nobel Prize in Physics 2004 was awarded
jointly to David J. Gross, H. David Politzer and
Frank Wilczek "for the discovery of asymptotic
freedom in the theory of the strong interaction."
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Quark Confinement

Quark Confinement:

HEFXTiR ~300B.C.
— Rz, HRHEY¥, HFHAE

Take half from a foot long stick each day,
You will never exhaust it in million years.

QCD qo—oa
e—o

M

o—-oo0—0
a q9q q

Quark pairs can be produced from vacuum
No free quark can be observed
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Deconfinement phase transition

High temperature
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ZFEIY WEEFRS

T.D. Lee (1974) and Collins (1975):
Heavy ion collision to create a new
form of matter!

B,
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Phases of QCD
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Relativistic heavy ion collisions

final detected
particle distributions

Relativistic Heavy-Ion Collisions
made by Chun Shen ] Kinetic
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collision evolution .
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Little Bang VS Big Bang

Big Bang Little Bang

Stars and galaxies that can be observed today were

born as a result of the evolution of the universe. Present time

(13.7 billion years
since the Big Bang)

-

S ..: 4 Universe
8 /_’ Clear Up
| A { ¥ WMAP

A Y
observation

awy pasde|3

since the Big Bang)
WMAP data 1 b BigBang

(3x10°years)

Inflation g INR
.~ | Inflation

transition eriod
completed P

CGC/ {
Glasma

10~35seconds

The universe began - Created from “nothing”
in an endless state

Plot by T. Hatsuda
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Strong EB fields in HIC (I)

* Two charged nuclei moving

alone z direction generate the
EB fields.

* EB fields can be computed by
Lienard-Wiechert potential.

reaction plane Nprot -

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022

15



Strong EB fields in HIC (Il)

* Theoretical estimation:
Lienard-Wiechert potential + Event-by-event
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@ 2 S - t=0 : 205' H.."...L.\'\‘
1f i I U ~
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A. Bzdak, V. Skokov PRC 2012 ;W.T. Deng, X.G. Huang PRC 2012;V.Roy, SP, PRC 2015;
H. Li, X.l. Sheng, Q.Wang, 2016; etc. / review: K. Tuchin 2013
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Strong magnetic fields

1 Tesla = 10* Gauss

0.6 Gauss
100 Gauss

8.3x10%Gauss
4.5x10°Gauss

10*2 Gauss
42102 Gauss
10*° Gauss

10*’Gauss
10*%Gauss

How strong?

Earth’s magnetic field
A typical hand-held magnet

Superconducting magnets used in LHC
The strongest steady magnetic field

(Nat. High Mag. Field Lab. at Florida )

Typical neutron stars

“Critical” magnetic field of electrons \/eB: =m,

Magnetars - On the third day 0.5MeV
Noncentral heavy-ion coll. at RHIC

Noncentral heavy-ion coll. at LHC
VeB ~ 100MeV

magnetic fields VgB ~ 1 GeV
in heavy-ion coll. at RHIC
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Evolution of EB fields

Ideal Bjorken MHD

SP, V. Roy, L. Rezzolla,
D.H. Rischke, PRD(2015)

| MHD + CME + Chiral anomaly
1 Siddique, Wang, SP, Wang,
| PRD (2019)

N
ECHO-QGP

Inghirami, Zanna,
Moghaddam, Becattini,
Bleicher, EPJC(2016)

a) ECHO-QGP S—
10 | bg s=5.8MeV = -----
. ¢) sp=0 MeV (vacuum)
d) Exp. decay (tg=1.9)
e) Bjorken flow ——

1 2 3

Vacuum
Kharzeev, McLerran,
Warringa, NPA(2008)
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Two ways to study the effects to EM fields

e Consider EM fields as the (real) photon fields
* Photo-photon, photon-nuclear interaction

* Consider EM fields as the background fields
* Quantum transport phenomena

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 19



Ultra-Peripheral Collisions

» Ultra-Peripheral Collisions (UPC): the
impact parameter is larger than 2 times
the radius of a nucleus

* Since the QCD effects are higher orders
and QED effects are enhanced by the Ze,
UPC provides a nice platform to study
the strong EB effects.

Za =1 - High photon density
Magnetic field strength B = 102 - 10" T

* Because the relativity, the photon (EB
fields) are almost real.

* Photon-photon, photon-nuclear
interactions
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Generation matter directly from lights

Scientists Generate Matter Directly From Light -
Physics Phenomena Predicted More Than 80 Years Ago

TOPICS: Antimatter Atomic Physics Brookhaven National Laboratory DOE Popular
By BROOKHAVEN NATIONAL LABORATORY  JULY 30, 2021

Collisions of Light Produce Matter/Antimatter from Pure
Energy

Study demonstrates a long-predicted process for generating matter directly from light — plus evidence that
magnetism can bend polarized photons along different paths in a vacuum

July 28, 2021

Abstract energy concept illustration.

J. Adam et al. (STAR Collaboration),

Measurement of e+e— Momentum and Angular

Distributions from Linearly Polarized Photon

Collisions, Phys. Rev. Lett 127, 052302 T R s
Quantum kinetic theory and its applications in HIC, ;lsE(shElX), SB+EEAXQCDiI#3IHE, CCNU, 2022 21
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Vacuum birefringence (l)

Optical birefringence:
Different index of refraction for light polarized parallel
vs. perpendicular to material’s ordinary axis

Birefringent Material

Linearly polarized
/ (vertical)

Ordinary ray

/ P / Extra-ordinary ray

Linearly polarized
(horizontal)

Figures from the talks given by Daniel Brandenburg and Zhangbu Xu
Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 22



Vacuum birefringence (ll)

* Vacuum birefringence: Index of refraction for photon interaction
with B field depends on relative polarization angle

Optical Theorem * The difference of linear

/"_\‘ polarization between probe and

Breit-Wheeler Process: observed lights leads to

~ cos(ng@) type correction to
differential cross section.

Ap = Ap[(e* +e7), (et —e7)]
~Ap[(et +e7),et]

Li, Zhou, Zhou, PLB 795, 576 (2019)

1400

[ . - ! " T ! j ! "
- STAR 045<M,<076GeV,P <01 Gev -
120007 & AwAUUPC % Au+Au 60%-80% x 0.65 B

1000}_ Fit: Cx( 1 + Amcos 2A0 + Amcos 4A0) t1o

800f

1 O
. *
x Light-by-Light Scattering

Observed Light

N
600

counts /(n/20)

Linear Polarized

400}

Probe Light pOIarization 200; 1‘Polariczg:;{y—>e*e‘: Withosu_tnlzglsriiation:
direction is modified O osweone
0 2 A=¢_-¢ T
Strong QED fields studies: Hattori, Itakura, Annals.Phys. (2013) STAR, PRL 127, 052302
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Polarization dependent vector meson production

* Azimuthal asymmetries cos(2¢) in diffractive vector

meson production in UPC A A
— A , ,
~ - '
> STAR: arXiv:2204.01625. L = e
> Theory: Aif +p """ e
B b o
o Model I: Zha, Brandenburg, Ruan, : 3
Tang, Xu, PRD 2021 1, =8 1
o Model ll: Xing, Zhang, Zhou, Zhou,
JHEP 2020 B STAR Signal *rn- pairs vs. Models
> For cos(¢) and cos(3¢) related to §0_4 By B B
pO’ see Hagiwara, Zhang, Zhou, Zhou, § ,4 )‘ﬁ ----- Model |: R=6.38 fm, a=0.535 fm
PRD 2021 ~ |4 i---- Model Il: R=6.9 fm, a=0.535 fm
| b
0.2 X
H ° i % \‘
* Also see studies for J /¢ : % -
Brandenburg, Xu, Zha, Zhang, Zhou, 3; .. -
Zhou, PRD 2022 0 —————‘égg.ﬁ,vi——#-&.—ﬁf;-—#r-—-h_ -

0 0.05 0.1 0.15 0.2 0.25
P; (GeV)
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Dilepton photoproduction

/ Xy X
Py E .
1
P

P, kz

Xj1 - Xi
Equivalent photon approximation (EPA)
* A.J. Baltz, Y. Gorbunoy, S. R. Klein and J. Nystrand, PRC 80, 044902 (2009)

* W. Zha, L. Ruan, Z. Tang, Z. Xu and S. Yang, PLB 781, 182 (2018)
* W. Zha, J. D. Brandenburg, Z. Tang and Z. Xu, PLB 800 (2020) 135089

Based on QED calculations

* Transverse momentum dependent (TMD) formulism
e C.Li,J. Zhou and Y. J. Zhou, Phys. Lett. B 795, 576 (2019) ; arXiv:1911.00237 [hep-ph]].
* Klein, Muller, Xiao, Yuan, PRL 122 (2019) 13, 132301; PRD 102 (2020) 9, 094013
* Xiao, Yuan, Zhou, PRL 125 (2020) 23, 232301

* QED in classical field approximation
* Vidovic, Greiner, Best, Soff, PRC (1993)
* W. Zha, J. D. Brandenburg, Z. Tang and Z. Xu, PLB 800 (2020) 135089

* R.J. Wang, SP, Q. Wang, PRD (2021)
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Chirality and massless fermions

Left handed Right handed

Spin

s?w
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Polarization by magnetic fields

Left handed Right handed

spin

spin

momentum

momentum
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27



Chiral Magnetic Effect

* Magnetic fields
* Nonzero axial chemical potential

* Number of Left handed fermions # Number
& . ,l of Right handed fermions

momentum

Kharzeev, Fukushima, Warrigna, (08,09), etc. ...

Quantum kinetic theory and its applications in HIC, i#isE(Fh§]X), S5+ EEAQCDIHIIEE, CCNU, 2022 28



Lee-Yang-Wu Parity violation in weak decay

BA $Co— 8Ni+e +7,

N =
TEBE E 3 Egﬁ z
(ico) w» (i) TE | = |

S=5

Wau, et al, Phys.Rev. 105(1957)1413 =

SCIRER | ST SRR
(ORPFEaIEE; (AR

A AR R S R SAEs 5! T "
(19574 LUSRA SIRAS XX FRIEE T /REATR) EMRIE1957
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Charge separation ?= Parity Violation

Slides from Kharzeev’s talk at 26" Winter Workshop on Nuclear Dynamics (2010)

Charge separation = parity violation:

B

4
-
1 ")
L BETA RAYS 3

p_

P - reflection

MIRROR
WIBBOK

SPINNING
COBALT §
NUCLEI

_’
p_|_ BETA RAYS  [lJ \
(ELECTRONS) /LT
J f*)\
- - = = v MlRRORw%
7:) . ﬁ—> —_’; B — B7 L o L THIS WORLD
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Experiments: signal VS background

%107
P T l LI I LI I LI I LI I L l LI l T
— B -
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e 041 ¥STAR ] 0.6 X1¢
= I 0 HWING ] same Opp.
N [ A HIING +v, | @ O ALICEPb-Pb @5, =276TeV
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&= 0.2 O MEVSIM 1 = *  ¥r STARAu-Au @5, =0.2TeV
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[V eeeeeezzz @mememe O : [o}8
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0.2 » ] e 02| *,
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0 10 20 30 40 50 60 70
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70 60 50 40 30 20 10
% Most central

STAR PRL 103, 251601(2009); ALICE PRL 110, 012301(2013)
PRC 81, 054908
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Experiments: signal VS background

%107
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CMS PRL 118, 122301 (2016);
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Isobaric collisions

96 96 96 96
adt ¥ il .Au +  Ru

» Same multiplicity distributions, eccentricities =>
same background
» Different magnetic field => different CME signals

Isobar structure difference

Copy from Hao-jie Xu’s slides

e.g. see Xu, et al., PRL 2018; Li, et al, PRC 2018; Zhang, Jia, PRL 2022; Deng, Huang, Ma,
Wang PRC 2016
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Results from Isobaric collisions

STAR, Isobar, PRC105, 014901(2022) V
1.02 STAR /sobar post-blind analysis, Vsyn = 200 GeV, Ru+Ru/Zr+Zr, 20-50%
The simple baseline doesn’t work
1k = = = = = = = = = = = = = = = = & = = =F = === ===—7-= -]
o : ¢
© .
oc
@
<
¢ \\(L \HL > S \o"Qh -\(‘} ._c,’QA’ \\\\Q‘
" < OQ\ ¢} &\ @ \\eo\{b

Nclus er
Akag = <COS(¢a + ¢ﬂ - 2LPRP)) = N 1\; X (COS((pa + (0[3 - 2lIJclustt:r» X V2 cluster
at'p

Multiplicity difference& Flow differences

The multiplicity and v2 differences from isobar structure are crucial for the CME search in the isobar

collisions at RHIC

Copy from Hao-jie Xu’s slides
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CME in condense matter

 Weyl Semi-metal: new transport effects

a=0.4036'nm -
b=:1.450'nm *

- s o1 -
9 6 30 3 6 9 by ~ > .

(a)

s (100).

0 100 200 300 400
T (K)

ZrTe.: Nature Physics, 12 , 550-554, (2016)
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1. Chiral magnetic effect and chiral separation effect
(1b) Other important topics related to the CME

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 36



Chiral separation effect

AN E field Standard Chiral anomaly

aujg : "
Chiral —— — A aﬂjg — CF,LWFaﬁ
current

AN Bfield — CE . B

Adler-Bell-Jackiw anomaly, Phys. Rev. 1969

8,35 = CE - B = C8,(e"*’ A,8,Ap) Chiral separation effect
0=3,(j¢ — Ce"**PA,0,Ap)

js = CA°B — CuB js = CuB

In the Dirac equations or Lagrangian, A° and chemical
potential always appear at the same place.

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 37



Connection to the chiral anomaly

AN E field Standard Chiral anomaly

0,JE
uls ~
Y S
Chiral —— — A a:u-]5 o CF,LWFO‘ﬁ
current
AN B field — CE y B
0. 1+ - . i
) ok Chiral magnetic effect
Vector Es~Vyus field
current s\~ A S J — C,U5B
B field
AN
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Chiral magnetic wave: Electric Quadrupole Moment

J5 = CFLB — C,U5B

c—lo

Theory:
Kharzeev, Yee, PRD 83, 085007 (2011).
Burnier, Kharzeey, Liao, Yee, PRL 107, 052303 (2011).
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A brief history for CME

Views of the Chiral Magnetic Effect; K. Fukushima ;

Lect. Notes Phys. 871 (2013) 241-259
Equation (2) is as a meaningful formula as Eq. (1), but the determination of y(x)

Lecture Notes in Physics 871

requires some assumptions. Besides, since the formula involves Q,,, it is unavoid- P S

able to think of topologically non-trivial gauge configurations. As a matter of fact, Andreas Schmitt

Harmen and I once tried to compute Q concretely on top of the real-time topological el
configuration, namely, the Liischer-Schechter classical solution, which turned out to Str on g Iy

be too complicated to be of any practical use. Then, Harmen hit on a brilliant idea to .

deal with Q,,, or strictly speaking, an idea to skirt around Q,,. [He invented another Inte rd Ctmg

nice trick later to treat Q,, more directly. I will come to this point later.] The crucial Matter m .
point is the following; it is not the topological charge Q,, but the chirality N5 that Magnetlc FIEldS

causes the charge separation. It is tough to think of Q,,, then what about starting with
N5 not caring too much about its microscopic origin? If one wants to fix a value of
some number, one should introduce a chemical potential conjugate to the number.
In this case of Ns, the necessary ingredient is the chiral chemical potential us that
couples the chiral-charge operator Py’y>y. In my opinion the introduction of us
was a simple and great step to make the CME transparent to everybody. In this way
the CME has eventually gotten equipped with enough simplicity and clarity.

Other methods to derive the CME:
Fukushima, Kharzeev, Warringa, The Chiral magnetic effect. PRD78, 074,033 (2008).
Also see more discussions on the dynamical mu5 and other corrections:
Bo Feng, D.F. Hou, H.C. Ren, PRD99 (2019) 3, 036010; M. Horvath, D.F. Hou, H.C. Ren,
PRD 101 (2020) 7, 076026; ...
Quantum kinetic theory and its applications in HIC, {#isE(FRFlK), B+EEAXQCDIHIIIE, CCNU, 2022 40
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Chirality Production

- We obtained the chirality production rate:

e2E B T2 smooth massless limit:

o
Ouls = Q72 AP T el

m — 0,Chiral anomaly

Copinger, Fukushima, SP,
PRL(2018)

« Consistent with physical picture

) £
—B

:@ ®3 momentum
spin
1

—0yns = Schwinger Pair Production rate

K. Fukushima, D.Kharzeev, H. Warringa PRL 2010

Quantum kinetic theory and its applications in HIC, {#isE(FRFlK), B+EEAXQCDIHIIIE, CCNU, 2022
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Mass correction to CME

* Assuming E,B at z direction, we obtain the current

3 — e’EB coth <§W> ex m’ t
J = 272 E b el

: 1
Non-perturbative: ~ =

B
* Sum over all Landau levels: Coth(E 1)
Copinger, Fukushima, SP, PRL(2018)
Also see recent review:

Copinger, SP, IJMPA (2020)

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022
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Chiral vorticial effect Vs CME

1 e

. § = < pus, §8 = 5— s,

gt = &pBM A+ Ewh, P m 2m

o I L gt e L 2 L =

]5 — €5BB —|— 55&] ’ 5 _l 6 |+ ) (:u‘ + /1‘5)7 535 o 271'2-/1“
—_—

* If we replace the magnetic field by the Coriolis force,
Stephanov, Yin, PRL 2012
B — 2mw ~ 2|p|lw — 2uw
CVE can be ” derived” from CME expect T"2/6.
* Why have we gotten TA2/6?

* Holographic models: it is the gravitational anomaly
* Curved space QED: No...

* Will the TA2/6 Non-renormalizable?
No. D.F. Hou, H. Liu, H.C. Ren, PRD 2012; S. Golkar, D.T. Son, JHEP 2015
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CVE and local polarization

A j'u — gBB'u + gwﬂ7
j& = &pBf 4+ &w,
W
1 e
§ = 3 HHs; B = 52 H5)
T 1 e
s = 6 T 2.2 (1 + ps), €5 = 92 M

* In the HIC (high temperature limit), <f5~T2 . The quarks will
be polarized by the vorticity. Local spin polarization.

Gao, Liang, SP, Wang, Wang, PRL 2012
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2. kinetic theory and chiral kinetic theory
(2a) Standard kinetic theory

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 45



Kinetic theory

* Assumptions:
Mean free path >> collision length scaling

* “distribution function” f(x,p,t) @ e
how many particles in a small &
volume of phase space (x+dx, p+dp) o’ -

e.g. Fermi-Dirac distribution function ‘ L)

* Ordinary kinetic theory: Boltzmann equation
Dynamical evolution equation for f(x,p,t)

Quantum kinetic theory and its applications in HIC, {#isE(FhHlX), B+EEAQCDIHIIIE, CCNU, 2022
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Ordinary Boltzmann equation

Particle’s velocity:

o
i

e : Particle’s energy

X

Orf +x-Vuf +p-V,f =C|f],

Lorentz force:

ImUadl

Quantum kinetic theory and its applications in HIC, {#isE(FhHlX), B+EEAQCDIHIIIE, CCNU, 2022
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An example: evolution of a quark-gluon system

Gluons + quarks with Leading-Log order QCD scatterings

2.0
= == [hermal
15 Hg: =1.12 GeV
' T: 0.86 GeV
“1.0

0.5 1.0 1.5 2.0 25
Energy (GeV)

3.0

- 0.fm
- 0.1 fm
- 0.2 fm
- 04 fm
- 0.9 fm
- 2. fm
- 5.fm
10. fm
- 35. fm
- 49. fm

0.25

0.20

0.05

0.00

- = Thermal
Uy: =1.06 GeV
T: 0.84 GeV

0.5 1.0 1.5 2.0 25
Energy (GeV)

Phase space box is of size [—3fm, 3fm]® x [-2GeV, 2GeV]°.

« Grids: space: 1 grid; momentum: 30x30x30=27,000
- Phase space size: [-3fm,3fm]3 x [-2GeV,2GeV]3
« Time step: dt=0.0005fm ; 100,000 steps

« Time cost: around 50 hours on a Nvidia Tesla V100 card

Jun-jie Zhang, Hong-zhong Wu, SP, Guang-you Qin, Qun Wang, PRD 2020
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2. kinetic theory and chiral kinetic theory
(2b) chiral kinetic theory: a quick look

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 49



What is Chiral kinetic theory?

Chiral Kinetic
Theory

Boltzmann
equation

=k

Massless
fermions

=

Quantum
Corrections

Of+x-V,f
+p-fo:C[f]

+

e =|p|+ ...

. O

X = %-Fh

p:E+@xB+h...
op

Quantum kinetic theory and its applications in HIC, iliSC(FRLX), S5+ EEAXQCDHIINE, CCNU, 2022
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Let us “Guess” what the corrections are

Chiral Magnetic Effect

spin

Spin coupled with magnetic
fields

momentum

Quantum kinetic theory and its applications in HIC, iliSC(FRLX), S5+ EEAXQCDHIINE, CCNU, 2022
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Quantum correction (l)

:T Spin magnetic moment:

€ €

fls = —gs5—S—
n 27ne I |p|

S— 3

€ P

|

|| 2|p]

Massless Chirality

Zeeman effect:

Ae = —FLMS'B = TIh

el p-B

p| 2|p|
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Quantum correction (ll)

 Correction to effective velocity/w.o. E fields

B spin ) Particles move parallel or anti-parallel to B
: Ax x B
g Dimension analysis
= . B
: A% oc —
p|
Final results:
, B
Ax = h >
2|p|
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Quantum correction (ll)

* Correction to effective velocity with E fields

B
2p°

For moving particles, they feel like:

B—-B+EXxXv

B 1
AX =l + h=—
2|p| 2|p]

AxX = h

E xv

Quantum kinetic theory and its applications in HIC, {#isE(FhHlX), B+EEAQCDIHIIIE, CCNU, 2022
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Quantum correction (lll)

* Are there corrections to effective force?

p:E+§><B+h...
op

* History: in condensate matter physics:
Could be neglected!
D. Xiao, M.C. Chang, Q. Niu, Rev. Mod. Phys. 82, 1959 (2010)

e QFT: Chiral anomaly!

Son, Yamamoto, PRL, (2012); PRD (2013)

Stephanoy, Yin, PRL (2012);
J.W. Chen, SP, Q. Wang, X.N. Wang, PRL (2013);

Quantum kinetic theory and its applications in HIC, {#isE(FhHlX), B+EEAQCDIHIIIE, CCNU, 2022
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Chiral kinetic equation

VGO f +VGx -V, f +VGp-V,f = C[f].

» Particle’s effective velocity:

Vax=22 1 n(% B + /E x (0,
op op

 Effective force:

VGp =E SIE)XB AW(E - B)L,

* Berry curvature

&
VG=1+mB-Q, =pp

Quantum kinetic theory and its applications in HIC, i#isE(Fh§]X), S5+ EEAQCDIHIIEE, CCNU, 2022 56



Chiral kinetic theory (massless fermions)

Hamiltonian formulism, effective theory
Son, Yamamoto, PRL, (2012); PRD (2013)
* Path integration

Stephanoy, Yin, PRL (2012);

Chen, Son, Stephanov, Yee, Yin, PRL, (2014);

J.W. Chen, J.Y. Pang, SP, Q. Wang, PRD (2014)
* Wigner function ( Quantum field theory )
* hydrodynamics, equilibrium
J.W. Chen, SP, Q. Wang, X.N. Wang, PRL (2013);
* out-of-equilibrium, quantum field theory

Y. Hidaka, SP, D.L. Yang, PRD(RC) (2017)
® Other studies
A.P. Huang, S.Z. Su, Y. Jiang, J.F. Liao, P.F. Zhuang, PRD (2018)
* World-line formulism
N. Muller, R, Venugopalan PRD 2017
Also see recent review:

Gao, Liang, Wang, Int.J.Mod.Phys A 36 (2021), 2130001
Hidaka, SP, D.L. Yang, Q. Wang, arXiv:2201.07644
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3. Berry phase, Berry monopole and chiral anomaly

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 58



Definition of Berry phase (l)

* We consider a Hamiltonian H(t) whose time dependence is
through a set of parameters R(t),

H = HR(®)).
 We consider an adiabatic evolution of the system: R(t) moves

so slowly along a path C that the instantaneous orthonormal
basis can be defined at any time t,

H(R(t)) [n(R(?))) = en(R(?)) [n(R(2))) ,
* The wave function has the form,

() = DO In(R(1)

e~ h(t) — exp [—i f(;' dt’sn(R(t’))] Dynamical phase factor

Yn :[0 dt’dlzgl) (n(R(t"))| BiR n(R(t))) = /cdR-an(R), New phase ?

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 59



Definition of Berry phase (ll)

* For a normal path (with time from 0 to t),
= [ @S5 R g * n(R()) = [dR-a,(R)

a,(R) =1 (n(R(t"))| 8—R In(R(t"))) . Berry connection

such a phase can be gauged away (i.e. Not physical)

n(R)) = e [n(R)) 1 = m +ER(0) — ER(2))

 However, if we choose a closed path, the phase cannot be

removed.
de a,(R Berry phase

%:/ds Q,.(R), 2,(R)=Vgr xa,(R),
S

Berry curvature
Berry, Proc. Roy. Soc. Lond. A 392 (1984) 45-57
D. Xiao, M.-C. Chang, Q. Niu, Rev. Mod. Phys. 82 (2010) 1959-2007

Y. Hidaka, SP, Q.Wang, D.L. Yang, arXiv:2201.07644, Chapter 6
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Gauge field VS. Berry phase

Gauge theory

Berry “things”

local at x space

at p space

gauge field A

Berry connection ch>

magnetic field

ﬁszZ

Berry curvature
_> _)
, =V, xa;

Aharonov—Bohm phase

[,d7 A= [[,dS - B

Berry phase

fvdﬁ'@):ffsdsz;'ﬂz;

Dirac monopole
(magnetic charge)

[ d*zV - B = const.

Berry monople

[ d*pV, - Q, = const.

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022
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I”

Path integrals for a “classical” Weyl fermion (l)

* The Hamiltonian for the right-handed fermions reads
H = o |p:.—eA(x)]+ ep(x),
pc = p + eA(x):canonical momentum, p: the mechanical one.

* The transition matrix element in the path integral is

n tf
Kg = (x¢le” ™t |x;) = / [Dx][Dp.] P exp [ / dt(p. - % — H)] ,
L
* We can to diagonalize H
UgHUp —— Pl + eg(x) 0 e~ cos g —e ' gin g
0 —|p| + e¢(x) Up = (X+,Xx=) = i 0
Sin 2 COS 2

= o03€6(pc — €A) + ep(x),

o - px+(p) = =|p|x=(p), XLX:I: — 1, Here, +,-denotes the particle
and anti-particle, respectively.
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I”

Path integrals for a “classical” Weyl fermion (ll)

* The amplitude becomes

Kg = /[Dx][Dpc]U(xf,pf)Pexp {zr,/t fdt [p-x+eA(x) x
_036(p) _ 6¢(X) - A(p) ' p]} UT (xi7 pf))
1 ey cot g ey — 1€g

AR —piva o =
P 2|p| €y + 1€g €y tan g

* We can read out the effective action for the right-handed
particle (adiabatic approximation),

91 =/dt[p-x+eA(x)-x¢e(p>—e¢(x)—ai(p)-pl,

at(p) = A11/22(P) Berry connection

Here, +, - denotes the particle and anti-particle, respectively.

Stephanov, Yin, PRL 2012; Chen, Son, Stephanov Yee, Yin, PRL 2014
Chen, Pang, SP, Wang, PRD 2014;
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EOM for classical Weyl fermion

* Using the Euler-Lagrangian equations, we get

VGx = P+ExQ,+B{@ NQp),

E+pxB+Qp(E-B),

B)

p=p/lpl, VG=1+Q, B

o B
P 2|p|3 ? Berry curvature
V. 1 27753(1)), It is a monopole!
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Classical kinetic theory for Weyl fermions

* In a non-interacting system of fermions without collisions

df (t, z,p)
dt

[x/éat +VGx -V +VGp - vp] f(t,x,p) = 0.

=0

* Integral over momentum, we get Chiral anomaly
1 11 '
Op+V-J=_—(E-B)f(p= O)A=.—2(E-B):,
i 2T 4 :
d —— O S - . . -
p = f (27}))3 \/éf(t, X, p), Number density for right handed fermions
J = / (gjrl))i” \/a)'cf(t, X,Pp), Right handed fermions current
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Symplectic form

* |If we rewrite the effective action in a compact form,
S= [dtlp-%+eA() - x—ap- b Hx,p) = [ dt [-wié" ~ (6]
¢ =(xp) wa=(-p—A,ap)
* We can “define” the metric in the phase space
—€ijk{ —0jk

Wap = OLwp— Opwge = Anti-symmetric!
5j Ez'jkBk

which is anti-symmetric and is very different with the normal
symmetric metric. It is called symplectic form.

Duval, Horvath, Horvathy, Martina, Stichel, Phys. Lett. B 742 (2015) 322-326
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Poisson brackets in symplectic form

* Hamilton equation is then written by modified Poisson
brackets

i a b ¢a
_{H3§ }w {§ § }waé.b

i R €k Bk
{Pi,Pj}e T 0B’
0 X;, X; and p;, p; do not commute with
{x,;, xj}w — CijklCk ’ each other!
{P' x‘} _ di; + 2 B;
1y Jw 1 o Qp . B,
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CKT from Poisson bracket

* Next, let us consider the Heisenberg equation for density

operator,
Onp(x) = i|H, np(x)].

in the symplectic form (modified Poisson brackets)

[A;, Ay] = / d€\/det weqw® (6‘41 e 5‘41)) Ban (£).

(6) " 6n(€)  dn(€)" on(¢
| 5 e
8tp(x) — Z[H, p(X)] =—-V- J —}-IHB E Chiral anomaly

dPp [dep Ay, Oy,
J(x) = / L [Bp (ﬂp : %) epB — €pflp X 8—x] + E x o(x),
Son, Yamamoto, PRL 2012; PRD 2013
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Other approaches: effective theories

* High-density effective theory pn = pot + ¥,
d4
0@ = [ GO = @) = T @) + ol
d4l il +: slow mode
$20(@) = Pe(v)¥(z) = ]“ i ) - ast mod

* By using EoM, one can express the fast modes in terms of
slow modes, and then derive the effective theory in large
(right-handed) chemical notential limit

© — - _ _ T
D v Il)), 2 Lepr = Zﬁ(n), rn) — Z¢+UD(H)¢+W
D(l) —_ (0 . _L) I L
2p Son, Yamamoto, PRD 2013
D® _ _4L(a D)@ D) (o - DY), Revisited by Lin, Shukla, JHEP 2019
p?

Also see the on-shell effective field theory

0 _Ri .
pﬂ = vH + lﬂ’ Manuel, Torres-Rincon, PRD 2014; PRD 2018, PRD 2020
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4. Non-trivial Lorentz symmetry
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Subgroup of Lorentz symmetry

* Massive particles: Rest frame

p' = (m,0,0,0)

Subgroup: SO(3)
* Massless particles: No rest frame

M 81
P = (‘pz|70707p2) \\
Subgroup: ISO(2) 7 !
ljl
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Side-jump ()

Orbital angular momentum and spin are conserved separately

A
momentum spin
spin
o— > E _o
momentum
A 4

Chen, Son, Stephanov, Yee, Yin, PRL, (2014)
Quantum kinetic theory and its applications in HIC, iliSC(FRLX), S5+ EEAXQCDHIINE, CCNU, 2022 72



Side-jump (Il)

Orbital angular momentum seems to be conserved separately.

Spin is NOT conserved!
momentum

spin

spin

o— > < —

momentum

B: boost

—)

Quantum kinetic theory and its applications in HIC, iliSC(FRLX), S5+ EEAXQCDHIINE, CCNU, 2022
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Side-jump (lll)

x has a shift!!!
“Side-jump” :

x = x+ Bt +0x,

p = p-+Be+0p,
spin
) A
o—» >/\¢ 4——0 - hﬁ;p,
momentum |p|A
op = h'BprB
2|p|
B: boost

—)

Chen, Son, Stephanov, PRL, (2015);
Y. Hidaka, SP, D.L. Yang, PRD (2016)
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Non-trivial Lorentz symmetry

°* Quantum field theory

j# = Doty — AL

° Lorentz transformation

I __ 1% W AV
o = ANx¥, pt" = Abp”,

'@, p,t) = f@,p,t") + hN*(0; + F,.0,) f,

Infinitesimal X = h'B . p)
Lorentz 2|p|
7

Transform p = hﬁ p
2|p|

X B

Chen, Son, Stephanov, PRL, (2015);
Y. Hidaka, SP, D.L. Yang, PRD (2016)
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Part 1

Chiral magnetic effect, Berry phase and kinetic theory

1. Chiral magnetic effect and chiral separation effect
(1a) Strong magnetic fields in HIC and CME
(1b) Other topics related to the CME
2. Kinetic theory and chiral kinetic theory
(2a) Standard kinetic theory
(2b) Chiral kinetic theory: a quick look
Berry phase, Berry monopole and chiral anomaly

4. Non-trivial Lorentz symmetry for chiral system
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Thank you for your time!

R I P4 IE !

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022 77



