Quantum kinetic theory
and its applications to chiral transports and spin polarizations
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Outline

* Part 1:
Chiral magnetic effect, Berry phase and kinetic theory

* Part 2:
Wigner functions and the master equations

* Part 3:
Quantum kinetic theory in massless limit and collisions

* Part 4:
Applications to heavy ion physics
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Part 2

Wigner functions and the master equations

1. Definition of gauge invariant covariant Wigner function
(1a) Gauge invariant covariant Wigner function
(1b) Vector, chiral currents
(1c) The choice of gauge link
2. Master equation for covariant Wigner function
(2a) Closed-Time-Path formalism
(2b) From Dirac equation to master equations for chiral fermions
(2c) Master equations in general case (massive case)
3. Equal-time formulism for Wigner function
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Chiral Magnetic Effect

* Magnetic fields
* Nonzero axial chemical potential

* Number of Left handed fermions # Number
& . ,l of Right handed fermions

momentum

Kharzeev, Fukushima, Warrigna, (08,09), etc. ...
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Chiral vorticial effect Vs CME

-

' = —SMHU5;, SB = 55 M5,

g = EpBM + EWh, P m 2m

o I L gt e L 2 L =

]5 — €5BB —|— 65&] 3 9 _l 6 |+ ) (,U, -+ :u’5)7 635 — ﬁlﬁ
- ul

Son, Surowka, PRL 2009;... QFT: Vilenkin, PRD 22 (1980) 3080

* If we replace the Lorentz force by the Coriolis force,
Stephanov, Yin, PRL 2012

B — 2mw ~ 2|plw — 2uw

CVE can be ” derived” from CME expect T2/6.
* Why have we gotten T2/6?

* Holographic models: it is the gravitational anomaly
* Curved space QED: No...

: 2 :
* Will the T /6 Non-renormalizable?
No. D.F. Hou, H. Liu, H.C. Ren, PRD 2012; S. Golkar, D.T. Son, JHEP 2015
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Chiral kinetic equation

VGO f + VG -Vof +VGp-V,f = C[f].
» Particle’s effective velocity:

Vax=2 1 n(% 0 B + /E x (0,
op op

 Effective force:

VGp =E SIE)XB AW(E - B)L,

* Berry curvature

&
VG=1+mB-Q, =pp
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Classical kinetic theory for Weyl fermions

* In a non-interacting system of fermions without collisions

df (t, z,p)
dt

[\@@ +VGx - Vi +VGp - vp] f(t,%,p) = 0.

(Vo -9, =2n5%(p), }

=0

* Integral over momentum, we get Chiral anomaly
1 11 '
Op+V-J=_—(E-B)f(p= O)A=.—2(E-B):,
i 2T 4 :
d —— O S - . . -
p = f (27}))3 \/éf(t, X, p), Number density for right handed fermions
J = / (gjrl))i” \/a)'cf(t, X,Pp), Right handed fermions current
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Non-trivial Lorentz symmetry

°* Quantum field theory

j* = Doty — AL

* Lorentz transformation

I __ 1% W AV
o = ANx¥, pt" = Abp”,

{ (2, p,t) = f(o',p,t) + ANH(O5 + F,.05) [, }

Infinitesimal
Lorentz
Transform

Quantum kinetic theory and its applications in HIC, ;32 (FRHlK), SE+BEAQCDiI#IIE, CCNU, 2022

(

.

ox = h'BXp,
2|p|

op = hﬁXp
2|p|

X B

\

>

Chen, Son, Stephanov, PRL, (2015);
Y. Hidaka, SP, D.L. Yang, PRD (2016)



1. Definition of gauge invariant covariant Wigner function
(1a) Gauge invariant covariant Wigner function
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How to define “position” and “momentum”?

* In a "classical” many body system, we use distribution function
f(x,p).

* In Quantum mechanics, we know,

|x, p,] = ih.

* If we still want to use the distribution function f(t,x,p) for a
quantum many body system, how can we measure the x and p
at the same time t?

( For simplicity, we use the natural unith = ¢ = kg = 1.)
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“position” and “momentum”

» Assuming we have two points, x| and x, with p = 0,1, 2, 3.
(For simplicity, we neglect the upper index u here)

 We introduce another two variables,

X = xl;xz, andy = x; — x5
83’; — 0:131 = 8:1;2
1
8y & 5(8331 a9132) P = _Zay

Wigner-Weyl transformation

O(x1, ) = * (1) (22) = Oz, p) = / dye 1y (24 L) (2 - Y
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Definition of Wigner function in Quantum Mechanics

W(x,p) =fd3yexp (%p-y) <x— %‘ﬁ‘x+ %>

where p is the density matrix in QM.

[ oW = lwP |
Wigner function plays a
3 o o role as the “probability”
/d xW(x,p) = |¢(p) in phase space (x,p).
/d3x/d3pW(x,p) =Trp=1

Note that, Wigner function itself could be negative sometimes.
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Covariant Wigner function in quantum field theory

e (Covariant) Wigner operator

A 4 . —
Waﬁ:/(;Zﬂtglle_zﬁywlg(a?l)[](a?l,$2)¢a($2)

with gauge link

U(x1,22) = exp [—iQ /xl dz - A(z)]
* Wigner function: -
W(z,p) = (: W(z,p) :)

W operator in thermal ensemble average and normal ordering
of the operators.

Vasak, Gyulassy, Elze, Ann. Phys. (N.Y.) 173, 462 (1987);
Elze, Heinz,Phys.Rep.183,81(1989).
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1. Definition of gauge invariant covariant Wigner function
(1b) Vector, chiral currents
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Decomposition of Wigner function

* For massive spinors, Wigner function is a 4x4 matrix.

1
W =F+iPy° + Va7 o A“v‘r’% -+ 58“”0“,,,

F =Tr W(x,p) ~ (1)) Opv = [V, Y] /2
PET W) W)
: V“ — Ty 7“W(x p) <@7u¢> : Vector current
AL = Ty Wap) ~ (o) ! {aial vector current]

W1 = OW”)/O All the coefficients, F, P, V, A, S are real!

Vi ) D i) )]

Quantum kinetic theory and its applications in HIC, ;iSE(FRELXK), SE+HEEAQCDIHIIE, CCNU, 2022 15



Vector and chiral currents

d4 z+y/2
V¢ =Tr y*W(z,p) = / (27:; e~ PV (:1: + ) vH exp —7}/ . dz-A(z) | ¢ (a: — g)
z—y
d4 . . x+y/2
A* = Tr v#7°W (z,p) = G 3)/ iPYa)) (ac + 2) Y 4°U exp —z/ . dz-A(z)| ¢ (ac - %)
z—y

* Our definition means the vector and chiral currents are regularized.
If we integrate over momentum,
z+y/2
. y
—z/m dz - A(z) w(x—i)

—y/2
which is the chiral current in position space in Peskin’s textbook QFT
Sec. 19, ote/2

7*° = symm lim {@b(:c + 5)vHy exp[ / dz - A(z)]¢(:z: — g)} (19.22)
e—0
x—e/2

That regularization and gauge link are the key to get chiral anomaly!

2

= [apr@p) ~ lim G (o+ %) yr°U exp
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An example: 1+1 dim chiral anomaly in operator level

Coming from gauge link

* In 1+1 dim, we can have

~ i - Qe V() — Lk iy ¥
Yz + §)Y(z — §) = -Q—Ztr['Y 2“]?‘] s = R
" ‘ = - (= log(y - 2)°)
Regularization also plays a crucial role. _ —i9%(y— 2
2 (y—2)*

auj“S = symm lim {———tr[fy Ca yHy ] (——z’ee”Fm,)}.

e—0 27
€ , eHe”
= — symm lim {2 5 }EuaFua
27r e—0 €
€ v . . .
= 5—5“ F. chiral anomaly in 1+1 dim
7r
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1. Definition of gauge invariant covariant Wigner function
(1c) The choice of gauge link
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The choice of gauge link
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A compact form for Wigner function (l)

* For a function A(a+x) with a small x. we can expand it as
(n)
A((I-I-CE) — A(a) -I-A,(CL).’L'-I- %AH( ) + . 1d A.’Bn — 6:1:.8A(a)

‘n! dzn

e Similarly, we have

B (e 2) (5= ) > Byt

1

(_
19 x e (a) = By(a)exp |y (0 - 9)| val®

l\JIH

* Without gauge link, the Wigner function can be formally
written as

Wﬁﬁ/((ziw) "y (24 5) o (o _Z)Z/(%;

~ P (@]6D (0 — P a)

(z) exp [iy - (p — )] Ya(z)

1

= 5 (a# — %“) Momentum

Pl

Elze, Gyulassy, Vasak, Nucl.Phys.B 276 (1980), 706
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A compact form for Wigner function (Il)

* With the straight line type gauge link, we find

oo = | éi&e—% (e o[- [ as-a@] o (s 5)

e~V (z) exp [—%y (D - ﬁ)] Ya()

~¢5 )5<4>(p”—ﬁ“)¢a(x) D, =8, +iA,

Kinetic momentum canonical momentum
The straight line type gauge link corresponds the momentum in

W(x,p) is the kinetic one.
Elze, Gyulassy, Vasak, Nucl.Phys.B 276 (1980), 706
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2. Master equation for covariant Wigner function
(2a) Closed-Time-Path formalism
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References for Closed-Time-Path formalism

Review:
K.-c. Chou, Z.-b. Su, B.-l. Hao, L. Yu,

Phys. Rept. 118 (1985)
BXA. »EK. Bak. F
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B MR BRI TR
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—%x

KA R —FR

* 2000, HRH

PHYSICS REPORTS (Review Section of Physics Letters) 118, nos. | & 2 (1985) 1-131. North-Holland, Amsterdam

EQUILIBRIUM AND NONEQUILIBRIUM FORMALISMS MADE UNIFIED

Kuang-chao CHOU, Zhao-bin SU,* Bai-lin HAO and Lu YU
Institute of Theoretical Physics, Academia Sinica, P.O. Box 2735, Beijing, China
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Schrodinger, Heisenberg’s and interaction picture

e Schrodinger picture:
States are time dependent, operators do not depend on t.
* Heisenberg’s picture:
States do not depend on t, operators are time dependent.
O(t) = e HE—t0) () H (t—to)

* Interaction picture: H = Hoy + Hip
O[(t) - eiHo(t—to)é(to)e—iHo(t—to)
O(t) _ ez’H(t—to)e—iHo(t—to)OI(t)eiHo(t—to)e—iH(t—to)

= UT(¢,40)01(t)U(t, to)

U(t, tO) — eiHo(t—to)e—iH(t—to)

Quantum kinetic theory and its applications in HIC, ;#isE(FFX), SB+EEAQCDiIHIIE, CCNU, 2022
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Interaction picture for perturbative QFT

e Let us consider the scalar field. Note that, scalar field is
operator.

é(t,x) = U (t,t0) 1 (t,x)U (2, to)
* By solving the eq.
10U (t,t0) = Hi())U(¢, o)
One can get

U(t,to) = T {exp [—z’ / ' H, [¢I(t')]]} T+ time ordering

to

Ut t2)U(t2, ts) = U(t1, ta);
Ulty,t3) [Ulta, t3)]" = U(ts, t2).
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Green function in zero temperature

* The two point function in zero temperature is defined as

G(z1,z2) = (QT'P(z1)p(z2)[2)
T is time ordering and | Q> is the ground state of H.

* Usually, we express the scalar fields and ground state by
them in free cases.

¢(t7 X) — UT (ta t0)¢I (ta X)U(ta tO)
D x  lm e HT|0)x lim  U(ty,—T)|0)

T —o0o(1—1i€) T —o0(1—1€)

G(z1,22) =  lim <0|UT(—T, T)‘[T¢I($1)¢I($2)U(_T, 7)1 10)

T —o0(1l—1ie€)

In zero temperature case, U (t,ty) = U™1(t, ty) is the quantum fluctuations.
Note that U |0 > only gives a trivial phase factor. As a consequence, we do not
need to consider the disconnected Feynman diagrams.
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Green correlation function at finite temperature ()

* In non-equilibrium quantum field theory, the two-point
correlation function is defined through the density operator
at an equilibrium state (at time t),

G(z1,22) = (To(x1)P(22)) = Tr;)(t)

Tr[p(t)T¢(z1)p(x2)]

& (x): field operator in Heisenberg’s picture ) R

p(t): density operator at the initial time t p(t) = exp[B(H — #N)]‘ .
T : (standard) time ordering S

 We can use the similar interaction picture for G(x1,x2). But,
note that, we also need to express the density matrix p(t) in

interaction picture.

J. Schwinger, J.Math. Phys.2(1961) 407
Keldysh, J. Exptl. Theoret. Phys. 47, (1964) 1515-1527
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Green correlation function at finite temperature (ll)

* We assume that the interaction H, start from t,.

1
Trp(to)

G(z1,72) = Tr{p(to)U (to,t)T[U (t,t1)p1(x1)U (t1,t2)d1(x2)U (2, 1)U (2, t0)}

Lo 4 )

_

* Note that the U(t,,t) and U(t,t;) are not no longer trivial
phase factors. It is difficult to handle them.
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Schwinger-Keldysh contour

1
Trp(to)

G (1, T2) = Tr {p(to)T[¢1(x1)P1(x2)UcTp(to)]}

* Schwinger-Keldysh contour

to Positive time branch

et >

® >

to Negative time Branch

Ucrp(to) = Tp :exp (—i /CTP dtHI(t))]

= Tp |exp (—7;/: dt+HI(t+)+z'/t:O dt_Hz(t—))]

J. Schwinger, J.Math. Phys.2(1961) 407
Keldysh, J. Exptl. Theoret. Phys. 47, (1964) 1515-1527
Calzetta, Hu, PRD, 37 (1988), 10

Jordan, PRD, 33 (1986), 15
Quantum kinetic theory and its applications in HIC, ;iSE(FRELXK), SE+HEEAQCDIHIIE, CCNU, 2022
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Two point Green functions

G($17$2) =

GY (x4, x5):

G (z1,22) G~ (x1,x2) G~ (z1,z2) Gf(icl,ﬂ?z)

( Gt (z1,22) GT(21,72) ) ( G (z1,22) £G<(x1,2) )

i=+,- : first time argument x? lives on the time branch i +: positive time branch;
j=+,- : second time argument x) lives on the time branchj  -: negative time branch

* For spin-1/2 fermions, the definitions of the various two-
point correlation functions are

GEglz1,22) = (Twbalz1)ip(e2)), G +G" =6 -G~
GEi(z1,22) = (Tuwal21)¥s(z2)), —iGR = GF+G<=-GF+6G>,
GSpenzr) = (BplalValzr)), O = O-@F =G0,
GZplanza) = (bal@m)ip(za)),  §iammed
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2. Master equation for covariant Wigner function

(2b) From Dirac equation to master equations for chiral
fermions

Quantum kinetic theory and its applications in HIC, ;#isE(FFX), SB+EEAQCDiIHIIE, CCNU, 2022 31



Dirac equation for chiral fermions

* Let us start from the Lagrangian for massless fermions in a
background electromagnetic field,

L =iy - Dy = xio - Dxr + x},i - Dxu,

lb - (XL, XR)T L, R: left or right handed Pauli spinors

c* = (1,r7), o* = (1,-0), and D, = RO, + iA,

* We concentrate on right handed fermions and suppress the
subscript R

e
?:O'-DXRZO, _XRZU'D =0,

Blaizot, lancu, Phys. Rept. 359 (2002) 355-528

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022
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Equation for S¢

 We define S and S< for right-handed fermions

Sa(@n,e2) = (Xal@)x(@2)), 5= 5<]

Sap(T1,T2) = <X;§(~T2)Xa($1)>,

'Z:O"DXR =0, ia'Dm18($17$2) = 0,
— —

—XEZ'O' . DT = 0, —S(:Bl,a?z)’iO' : D;r:2 —

Quantum kinetic theory and its applications in HIC, ;iSE(FRELXK), SE+HEEAQCDIHIIE, CCNU, 2022
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Gauge invariant S

* We can define the gauge invariant two-point function by
including gauge links,

e 1
S(may) =U (117,.’121) S($13m2)U (1"2733) ) Ir = E(ml + -'132)7
U(zi,z9) = Pexp [—z’}l—i/ml dz.A(z)] , Yy =1 — T2,

If electromagnetic fields are classical background ones, U(x,,
X,) is just a phase factor

§(a:1,3:2) = S(z1,22)U(z2,21) = U(xa,x1)S (21, Z2).

S(z1,22) = U(z2,21)S(21,22) = U(21,22)S (21, T2)

Quantum kinetic theory and its applications in HIC, ;iSE(FRELXK), SE+HEEAQCDIHIIE, CCNU, 2022
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Equation for gauge invariant S (l)

io - Dy, S(z1,22) io - [h0z, + ieA(z1)]S(z1, x2)

= ia-DmlU(ml,mg)g(xl,xQ)

10 - [D:EIU (.’1’51,332)] g(&?l,wz) + U (-’171,-'172) tho - amlg(mlam2)’

1
Dy, U (@rs) = U (@, 20)i(of = o5) [ dssFouls(s)
0

1
= —U(zy,xz2)1y" / ds sF,,[2(s)], See next page for
0 Details.

2(s) =z + (s —1/2)y with 2(0) = z2 and z(1) = z;.

* Also see Eq. (3.16) of Elze, Gyulassy, Vasak, Nucl. Phys. B276 (1986) 706
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Get rid of axll](xl, xZ)
/:1 dz-A(z):yu/(;l dsA, (x+(s—%)y) 3;::)2%)(2_’)(

(1078 [ [[ st 5+ 6~ )

dsAu(a(6) + 50" [ st () +u” [ dsOLAL(a()

8;”/1: dz - A(z)

0

/01 dsA,(z(s)) +y" /01 dss[0,AL(2(s))]

/OldsA,u fldss[Fm,( (s)) + 8, AL(2(5))]

/O CdsA(z f  dss(Fo(2())] + /O 1 dss%Aﬂ(z(s))
v [ dsslBu ()] + A

V03 Au(a(5)) = (5 — )Y AL(E) = = A, (a(5))
d o=
EAH(’Z(S)) = 5 —02A, =y*0ZA,
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Equation for gauge invariant S (ll)

1 0 0 : ~
e . AR . et V ~
ot {Zzha + th + vy /0 ds sF,,,,[z(s)]} S(z,y) = 0.

* We can expand F,, in powers of y,

/oldsSFW[z(sn - Z_%%/od(‘ %)n(y'a””)np“”(x)

- [(-1)"+3+2n] (1 -
5 4(n +2)! (iy'am) Flu(z).

n=0
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Wigner transformation to gauge invariant S

* Wigner transformation and its inverse transformation

= i -
S(z,p) = [d“yeXP (,—ip-y) S(z,y),

S(z,y) = / (265:,1.;)4 exp (—%p-y) S(z,p).

For simplicity, we define  S(z,p) = S<(z,p) = S(z,p).

* Then, we get

4 ™ - . o
o - (%Zﬁv + H) S(m,p) — 0_ VIJ« e au = ]O(A)Fﬂﬂ(x)apﬂ
i :
> 1, = p,— §hjl(A)Fuv($)8pa

~ / A= (1/2)h8$'8p
jo(z) =sinz/z and j1(2) = (sinz — z cos z)/22

Quantum kinetic theory and its applications in HIC, ;iSE(FRELXK), SE+HEEAQCDIHIIE, CCNU, 2022 38



Constant EM fields limits

§ : n 0) _ Az v 0} FE
n=0 2n
1 1

00 Ve = (il (—nam .8 ) F,,(2)d",
n ) 2n + 1)! \ 2 . g

m = Yo ( _
n=0 ( ) HIJ' = —1)” e 158 . 8 2 1 F T 8”.
(2n) ( @r+1)I\27° 7 v (2)0

* In constant background fields, we find

1
ot (iithLO) +pp,) Strnl - — 0O
L.
(—2thfLO) +pu> Stz ples — 0
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Decomposition of S

Since S(x,p) is a 2x2 matrix, we can use the 1 and Pauli matrix

to decompose it,

ot = (1,0), o

f

r 2
Sr(zp) = T2, | T (0#5") = 20
SL(xﬂp) - au/p,_a
\. /

(17 _U)a

\.

1 N
S =5 (ffu.SJ.fz),>
1 _
/p_ = ETI (JMSL)a
J

+ represent right/left-handed

components of Wigner functions

which are connected to the V and A in Wigner functions

{ Vu:/JWLf,u—’ ‘An:/;_fu_‘

}
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Master eq. for massless Wigner function

By using identities )

otg? = nt¥ — —ie"“’)‘pa,\ﬁp,
2

FV L1 pv 1 HVAP . =

oo = n"+ 526 OO p,

and insert the decomposition of S into the egs.

ot (%ihV&O) +pp,) S(z,p) = 0O,
1.
(—§Zhvl(f)) +p#) S(a:,p)a“ =0
We can get the master equation for massless Wigner function
I _7:(xz,p) = 0,
vﬂjj(:%p) = 0,
2s (HH/SV _ HV/SM) — _ﬁeuupavp/;,

s = t is the chirality index for right-handed (+) and left-handed (-) fermions
Quantum kinetic theory and its applications in HIC, {#isE(FRFlK), B+EEAXQCDIHIIIE, CCNU, 2022
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Summary for Master eq.

" 7:(xz,p) = 0,
vkt Zi(x,p) = 0,
2s (1" gy -1V #¥) = —he"P’V, 27,

s = t is the chirality index for right-handed (+) and left-handed (-) fermions

* Assumption:
* Constant homogenous EM fields O FH =0
* No-interactions between particles
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2. Master equation for covariant Wigner function
(2c) Master equations in general case (massive case)
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General cases

* |f we start from a 4x4 Wigner function, by implementing the
Dirac equations, we can get, in a classical EM fields,

(v-K—m)W =0

K“:H“+%iV“ Ve = O —jo(A)Fu(z)d,

I .
L, = pu—5hi(A)Fu ()3,

* Next, we need to insert the decomposition of W into the
main equations

1
U= ra il i i e

Vasak, Gyulassy, Elze, Ann. Phys. (N.Y.) 173, 462 (1987);
Elze, Heinz,Phys.Rep.183,81(1989).
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Master equations in massive case (l)

* Inserting the decomposition of W into the main equations,
yields

K-V —-—mF=0,
1K - A+mP =0,
K,F—-1K"S,,, —mV, =0,

1
KH =T1I" + EN“

1
1K, P+ §euypaK”Sp° —mA, =0,

?:(K“VV — KVVM) — EMVPO-KPAJ + mSMV = (.
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Master equations in massive case (Il)

* Since the coefficients V,A,F,P,S are real, we can get

Real part of main eq. gives

Imaginary part of main
eq. gives

<

~ II-V=mF,
V-A=2mP,
]-_-[,U,f - ?:KVS'UIV —_— mvﬂ,
1

-V,.P + ieu,,paHVSp" = 2mA,,

1
§(VMVV — VVVM) + euupaHpAJ - mSMV'

r V-V =0
- A=0,

1
S VuF — 'S, =0,

1
1

. (IL,v, — 1, V,)

'\

S

'\

.)
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Master egs. in massless limit (l)

* In massless limit, V, A are decoupled with others.

V.V=o
II- A =0,
1.y =0,
V.A=0,
1
(Y, = TLV,) = - €upo VP A7 =0,
M P x |2(V Vy = VuV) + €unpo IIPA” = 0.

1
S VuF — 1S, =0,

1
I, P+ eM,,pUV”Sp" = 0,
H“}' —1K"S,, =0,

1
-V,P + e”,,pJHVSp" = 0.

Quantum kinetic theory and its applications in HIC, ;iSE(FRELXK), SE+HEEAQCDIHIIE, CCNU, 2022 a7



Master egs. in massless limit (Il)

* Eqgs. for V and A are similar

4 V-V=0

- A=0,

M-y =0,

< V-A=0,
1

(H/.LVV o Hl/vy,) _ §e‘u,1jpo'vp./40- — O.
1

(H/,LAV T HVA/,L) o §€ngVpV" =0

\-

Quantum kinetic theory and its applications in HIC, i#iSE(FhFlX), S5+ EEAQCDIHIIEE, CCNU, 2022
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Master equations for chiral fermions

* Naturally, we introduce the Wigner function for right and left

handed fermions,

_ +: right handed

Hu=VutsAu s==

-: left handed
~ N
n* z;(xz,p) = 0,
< Vvt 7 (@,p) = 0, >
28 (H“/sy o Hu/s#) = _ﬁeuvpovpj;,
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3. Equal-time formulism for Wigner function
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Equal-time Wigner function

e Equal-time Wigner function

l. Bialynicki-Birula, P. Gornicki and J. Rafelski, Phys. Rev. D44, 1825 (1991).
C. Best, P. Gornicki and W. Greiner, Ann. Phys. (N.Y.) 225, 169(1993)
Zhuang, Heinz, Phys. Rev. D 57 (1998) 6525

Ochs, Heinz, Annals Phys. 266 (1998) 351

* Application to Schwinger pair production:

Hebenstreit, Alkofer, Gies, Phys.Rev.D82:105026,2010
Sheng, Fang, Wang, Rischke, Phys.Rev.D 99 (2019) 5, 056004

* Application to QKT:
Chen, Wang, Zhuang, arXiv:2101.07596.
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Definition of equal time Wigner function

* Equal time Wigner function is integration of covariant
Wigner function over p°,

Waﬁ(taxa p) - /deWa[g(SE,p)

_ / (;ng ip-y <¢5 (t X + )2, exp [zQ /}H:/’:z ds-A(t,S)] (12 (t,x— %)>

* Then, the two spinors are set to be at equal time.

4
Wa5=/(gﬂzlle_ip'y@ﬁ(:cl)U(xl,xg)wa(:cz)
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Equal time formalism Vs covariant formalism

* Covariant Wigner function:
* Lorentz covariance
* Might be hard to be simulated directly.

* Equal time Wigner function:
* Easy to set up as an initial problem
* No Lorentz covariance
* e.g. Schwinger pair production

Zhuang, Heinz, Phys. Rev. D 57 (1998) 6525
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Dirac equations and gauge fixing

* Next, we will derive the master eq. for equal time Wigner
function.

* We start from the Dirac equation,
(iy - D —m+ p°)p = 0,
P[—iry - (<6_ —ieA) —m + /J/YO] = 0.
i(0; + ieA)Y = [—iy Yy - (8 —ieA) + my° — uly,
—i(By — ieAr)p = Pliv - (9 +ieA)y° +my° — p.

* For simplicity, we choose the gauge fixing condition

At = 0. E=F°=08A"-8°4' = —-9,A,
B = —%eij’“ij = —e9*§IA* = V x A.
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Equations for equal time Wigner function (l)

* For simplicity, we set EM fields are homogenous in space.
DiWeop = [c% + eE(t) - VP]Waﬁ

- [ |wpeie [ a5 (ox v (x-3)
= —im [W, ’yo] of

d3y ' ' X1
- E exp [zy p+ ze/ ds - A(t, s)]

x (01 (8 +ieA) ) gva + Bslr%y - (Bx — ieA)b]a )

* Integration by part and after a long calculation, we get,

1
[0: + eB(t) - Vp]W = 7 (Vo + B x V) [W,7°9] —ip - {W, 77} + im [W,7°].
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Equation for equal time Wigner function (ll)

 We summary the master egs. here,

DW = 2D, - [W,1%] —iTL- {W,°} +im [W,2°]

Dt — 8t -+ BE(t) : Vp,
II = p.

* Similarly, we decompose the Wigner function as
1
W =F +iPy° + VP, + A*y%y, + 58“”0,“,,

T = (S].O 820 830)
of (823 831 812).

Quantum kinetic theory and its applications in HIC, ;iSE(FRELXK), SE+HEEAQCDIHIIE, CCNU, 2022

56



Master equation for equal time Wigner function

D,F=2I1-T,
D,P = —2I1-S + 2mA°,
DV’ =-D, -V,
D,V =-D_,V’+2II x A —2mT,
DA’ =-D,- A —2mP,
D:A =-D_, A" +2II x V,
D,T=D, xS — 2IIF + 2mV,
D,S =D, x T + 2IIP.

Quantum kinetic theory and its applications in HIC, ;#isE(FFX), SB+EEAQCDiIHIIE, CCNU, 2022
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Klein Gordon
equation

Dirac
equation

Field equation for
spin -1 massive
particles

Maxwell’s
equation

Yang-Mills
equations

Wigner
function

semi-classical

expansion

Summary

Field Equations Chiral

vortical
Chiral effect

anomaly

Chiral kinetic
theory

Quantum

Kadanoff Baym
equation

Dyson Schwinger
equation

kinetic
theory

Quantum kinetic
theory for
massive particles

Chiral
magnetic
effect

Anomalous
(chiral)
hydrodynamics

Berry phase

Other chiral
transport

Spin
hydrodynamics

Vector
meson spin
alignment
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Thank you for your time!

WK I PP A IE !
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Backup
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Barnet effects and Einstein-de Hass effects

Barnett effect:

RN 'R Rotation = Magnetization
:j I{\ \,}\ Barnett, Magnetization by rotation,
s Phys Rev. (1915) 6:239-70.

Einstein-de Haas effect: “Ny il
Magnetization — Rotation [\\‘d\, 0 ! } 1}1 f
Einstein, de Haas, Experimental proof of the \, \Tl ‘;J — | 1111 1 17
existence of Ampere’s molecular currents. f// /} ‘ t1 T; ! "
Verh Dtsch Phys Ges. (1915) 17:152. /e ‘
Figures: copy from paper doi: 10.3389/fphy.2015.00054 j
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Connection to “spin physics” (QCD)

‘ * Proton spin problem:
(slides from Hatta’s talk)

“, 0

. - 1
;\\\\\\\%2///////,,,/ 5 — 5 AZ + AG + Lq + Lg

;.
\unnn\‘I!’
34 1

/ S
///// " /’///// S

Miyg

\“n“

0«" \

Quarks’ Gluons’ Orbital angular
helicity helicity Momentum (OAM)

FEMEFESEMESSFT=RE2ERTFIEFAEIN, 2021.08.16, iHE(PFIX), Spin hydrodynamics
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Total angular momentum conservation

* Nother’s theorem :

Ao M= AR XY = (6 4 éx”, A o A¥(x) = ALAY (M),
Y(x) = ¢'(x) = A (A,

—) (I +J1) =0

e Nother current

i:,l:tg : Jﬁ”" =3 (gﬁa)AA”"“ = —F4(x"0” — x*0")AY — FHAY + FY AH
A

Fermionic Auy 0L v _ T A v v ey
J = Ayt = KoY — xVoH —ixH
part oo a(0ay) W =gyl g )
e How to denne the orbital and Spin parts?

FEYBZESHENESSET=BLERIFIBFEAREIY, 2021.08.16, HEL(HFIX), Spin hydrodynamics 63



Table of two different forms

e Canonical (Jaffe-Manohar) decomposition

J = —%nysyw +E x A —in(x XV +E(xXxV)A

N—— — _~
e AG q g
L L
1 can can
LAY
T = Jivro 'y — o (ivED.. — m non-symmetric
Y ,can piy" 0"y — g7 Y iy Da W Not gauge invariant

e Belinfante (Ji) decomposition

1 _ . Connected by
J = —Ew)/yytﬁ -y (x XD +x X (E X B) pseudo gauge
—_——— ~~ ~ ~~ ~ transformation
LY J3
Ias Ji I

Symmetric

- | -
W e u v L avap
T(//,Bel =yiym Dy + 48 Oa(rysyp¥) Gauge invariant
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GLW decomposition

* Another Pseudo gauge transformation

UV __ ruv 1 A,pv U,vA V,uA
Icon = TGLW + Eaﬂ ((Dcan + (I)can + (I)can )

Auv _ QAuv Apuv AUV _ qi.Av QV,Au
Scan - SGLW o (Dcan Pean = SGLW SGLW

A, A A
0, SEEY(x) = Ty — Thy = =0, S5 (x) + 0,804 ().

w o_ppuv 1 V,AU U,AV
Tge = ToLw ~ 2% (SGLW + SGLW)

Textbook written by de Groot, van Leeuven, and van Weert

Review: W. Florkowski, R. Ryblewski and Avdhesh Kumar, Prog. Part. Nucl.
Phys. 108 (2019) 103709

* Microscopic kinetic theory: GLW is the classical one.

1 1
Té‘l‘:w(x) = ;tr4/d4k k* KYW(x, k) = —~ / d*k k" kK" F(x, k).

FEYMEFESEMESSETERE2ERTFEZAEIN, 2021.08.16, iHE(PFIX), Spin hydrodynamics
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Polarization induced by thermal vorticity

Thermal vorticity

L e
06— STAR preliminary Au+Au 200GeV

04; * 20-50% wth . 1 [8 (uo-) a (up)]
s A and A combined = — _— J— A
<Puy> i_ _— _..} _______ P 2 p T ? T
~ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 1 % ,,,,,,,, Distribution
opLimPlane  4——— outot-plane function: f, t
0 05 1 ¢ B \Ill [ 15,]

1 f dz)\p)\fo(l — fo)w;};

p _ pvpo

Au+Au \s, = 200 GeV
10%-60%

00051
VEAN
-0.00051 *A * $ y

STAR Preliminary

(cos(0,")

Freezeout surface

3
¢—l112 [rad]

Karpenko, F. Becattini, Eur. Phys. J. C 77 (2017) 213
R.-H. Fang, L.-G. Pang, Q. Wang, X.-N. Wang, Phys. Rev. C94, 024904 (2016)
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Polarization and axial current

* Recalling the original equations

dy - p T (p, X
SH(p) = f pJs5 (p, X) |
ZmAde -N(p,X)
* For massless fermions, the left and right handed currents read

T2, X) = 2msign(u-p) {7 + A530) ) — H(u- )

- h
25| 0w+ /\zf"”“ﬂFawfé(pZ)} 2,

Sty = € *paus/(2u- p),

A=+

; pr  (u-p) o 1
+: right E, = E, +T0, A 0,1 — p°|0<our> + gAaV(a - u) + u, Duyg).
-: left

A(O) — 1/(e(u'p_,u)\)/T _|_ 1)7

Y. Hidaka, SP, and D.L. Yang, Phys. Rev. D97, 016004 (2018)
FEYMEFESEMESSETERE2ERTFEZAEIN, 2021.08.16, iHE(PFIX), Spin hydrodynamics 67
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