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import sympy as sym

# Stepl: define the variable
x = sym. symbols ("x”)

f = x % sym. exp(— x¥%2)

dfdx = sym. diff(f, x)



dfdx

2 2
—2z%e T 4 e 7
dfdx. subs(x, 0)

1

BRATIRR 9D HUTRPE
EEFHHNSERS, BEENRARFIKTE.
2000 EREE, Lot = An(1 1), h =z
HIBERIN, b = 4z(1 — z).

Im = Il = 5

for i in range(2, 5):
In = 4 % 1In * (1 - 1n)
sym. pretty print (1n)

4-x-(1 - x)
16-x-(1 - x)-(-4-x-(1 = x) + 1)
64-x-(1 = x)-(-4x-(1 - x) + 1)-(-16x(1 = x)-(4x-(1 - x) +1) +1)

In = 11 = x

for i in range(2, 5):
In= 4% In* (1 - 1ln)
dldx = sym. diff(ln, x)
sym. pretty print (dldx)

4 - 8-x
16-x-(1 - x)-(8x — 4) — 16-x-(-4-x-(1 - x) + 1) + 16-(1 - x)-(-4-x-(1 - x) +
1)

64-x-(1 - x)-(8x - 4)-(-16x-(1 - x)-(-4-x-(1 = x) +1) + 1) + 64x-(1 - x)-(

—4-x-(1 - x) +1)-(-16-x-(1 - x)-(8x — 4) + 16-x-(-4-x-(1 - x) + 1) - 16-(1 -
x)-(=4x-(1 - x) +1)) - 64x(-4x(1 - x) +1)-(-16x(1 = x)-(-4-x-(1 - x)
+1) + 1) +64-(1 = x)-(=4x(1 = x) + 1)-(-16x(1 = x)-(4x-(1 = x) +1) +
1)
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import numpy as np

import matplotlib. pyplot as plt
import mplhep as hep

hep. styles. use ("ATLAS”)



def finite difference(func, x, dx=0.01):
return (func (x+dx) - func(x)) / dx

def f(x):
return x * np. exp (- xk%*2)

dfdx = finite difference(f, x=0)
dfdx # @t = 1, Aoz —HRE

0.9999000049998332
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260: f(z) = Ve Ez = 1.0 08994,

def check error(dx=0.1, x0=1.0):
num = finite difference (np. sqrt, x0,
# 1T 5A R 2Z 9 kST 2 8 R 22
ana = 0.5 # fEMNTE
return np. abs(ana - num)

dx = np. logspace(—16, -1, 10)
# dx AM 107 {-16} F] 10" {-1} WEELLF4

err = check error (dx)

plt. loglog(dx, err, 'ro—")
plt. xlabel (“dx”)
plt. ylabel (“error”)
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2. Automatic Differentiation in Machine Learning: a Survey
3. Reverse-mode automatic differentiation from scratch
4. Tensorflow FHBENES

BaoEdETEN ST — L EAEARRENR S, I0EECHN, BsiMBEFRRESH
R f(x), HESHERIHND f'(X).

BalfaT iZNAT,

o AT%E8560=0—edL/00

o WERy = f(z) »z=f(y)

o FIHESHR Tni1 = o0 — f(@n)/f (Tn)
o Stiff DL df/dt = s

Batfis BrRIaERED,
MREHE R' — R =AY, RIRMEERL.
MNRFEE R" — R' =EMME, NEREXES.
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Hthd B2, GEMNERTS i —F., FRNR, 2 = -1, ik d® = 0.
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TEEHIREA,

BRI PXHBEREEE (R d* = 0)



(x+2d)+(y+9yd) =z +y+ (2 +9)d (1)

(x+2d) - (y+yd) =z —y+ (¢ —y)d (2)

(z+ 2d) * (y+ yd) = zy + (zy + 2y)d (3)
1 1 &

zred @ 2t @70 @)

By R BEUE
P(z) = ap + a1z + asz® + - + a,a" (5)

1 x BIRAEXIBEL, « — = + od 55,

P(z + 2d) = ag + a1(z + 2d) + az(x + &d)* + - + an(z + 2d)" (6)
—ag + a1z + asx® + - + apz™ + a1d + 2a9zid + - + napz™ tid (7)
= P(z) + P'(z)2d (8)

o ¢ EfFEIER, U3 x KEM, =1 NIHMBHIE P’ (z) 79 P(x) BIHS.
o NRHENPEEREILAN cos, sin, log, exp FEBAZWURFT, NAFEXAUHTEE
#=BaIEREMDXIE.

B B RS R TR,

sin(z + zd) = sin(z) + cos(z)&d (9)
cos(z + &d) = cos(x) — sin(z)zd (10)
et — % 4 eTid (11)

log(z + #d) = log(z) + %d z#0 (12)
\/x—ka'cd:\/i%—%d z#0 (13)
(z + &d)? = 22 + 2zid (14)

EEAFEHIIGESTI B IND s
240 B ESERRS

21 =1 + Y1 (15)
29 = a2 + 1Y2 (16)

[REIES AL 7 SLARIINREGRR:, (BRERSHE, 1§ 21, » EXHNEH, JUEETE

® 2Z1+ 29
® 21— 22
® 21 %29

* 21/2
SHEN +, -, *, / HEMTER.
ETRE— I XHEEEE, tE B TRIEREN B RS .

class DNumber:
U HBIM S RSB, o, - %, /, BRFESM T ELR
def _init_ (self, x, dx):



self.val = x
self. dval = dx

def  repr (self):
P fFH print (DNumber (1, 2)) HrHm®: 1 + 2 d7°
return f’ {self.val} + {self.dval} d’

def add_ (self, other):

"’ overload a + b’

if isinstance (other, float) or isinstance (other, int):
val = self.val + other
dval = self. dval

if isinstance(other, DNumber) :
val = self. val+tother. val
dval = self. dval + other. dval

return DNumber (val, dval)

def  sub_ (self, other):

*?’overload a — b’

if isinstance (other, float) or isinstance (other, int):
val = self.val - other
dval = self. dval

if isinstance (other, DNumber) :
val = self. val-other. val
dval = self. dval — other. dval

return DNumber (val, dval)

def _iadd_ (self, other):
>’ overload a += b’
self. val = self.val + other. val
self. dval = self. dval + other. dval
return self

def mul (self, other):

*77 overload x * y or const * x

(x + dx d)*x(y + dy d) = x*y + (xdy + ydx) d°’

if isinstance (other, float) or isinstance (other, int):
val = other * self. val

dval = other * self. dval

if isinstance (other, DNumber) :
val = self.val * other. val
dval = self. val * other. dval + other. val * self. dval

return DNumber (val, dval)

def rmul (self, other):
return self. mul (other)

def _ pow__ (self, n):
if isinstance(n, float) or isinstance(n, int):
val = self. val**n
dval = n * self. val**(n-1) * self. dval
elif isinstance(n, DNumber)
raise (Exception("Pow(DNumber, DNumber) is not implemented yet”))
return DNumber (val, dval)

# 2
x = DNumber (0.1, 1)
X ¥ X



0.010000000000000002 + 0.2 d

XKk 3

0.0010000000000000002 + 0.030000000000000006 d

np. cos (x)

# numpy [ cos MEABEAERTE DNumber L
# FEEHDOE X cos R

AttributeError Traceback (most recent call last)
AttributeError: ’DNumber object has no attribute ’cos’

The above exception was the direct cause of the following exception:

TypeError Traceback (most recent call last)
Input In [207], in O
-——-> 1 np. cos (x)

TypeError: loop of ufunc does not support argument O of type DNumber which has no ¢
allable cos method

import math

def cos (x:DNumber) :
7’ the cos value of DNumber
return DNumber (math. cos (x. val), —math. sin(x. val)*x. dval)

LEEIS)

def sin(x:DNumber) :
>?’ the sin value of DNumber’
return DNumber (math. sin(x. val), math. cos(x. val)*x. dval)

LN}

def sqrt(x:DNumber) :
return DNumber (math. sqrt(x. val), 0.5/math. sqrt(x. val)*x. dval)

def exp(x:DNumber) :
exp_x = math. exp(x. val)

return DNumber (exp x, exp x * x.dval)

def log(x:DNumber) :
return DNumber (math. log(x. val), x.dval / x.val)

print ("x=", x)
cos (x)

x= 0.1 +1d
0.9950041652780258 + —0.09983341664682815 d
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EMTE—IR f(z,v).

WMRERE f 2 R” — R ist, BEHHE f WEMNANTENRSE, NWERImBEzEs
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f(z,y) =32y + =

of

oz

=6y +1

Exy) =010, f(zy) =40, % — 7.0,

of _ 4.2
a—y—3.’L’

Exy) =0, 0E, f(z,y) = 4.0, g—g — 3.0,

def f(x, y):
return 3 % x*¥%2 % y + x

x = DNumber (1, 1)
y = DNumber (1, 0)
f(x, v)

4 +7d

x = DNumber (1, 0)
y = DNumber (1, 1)
f(x, y)

4 +3d

RIE Bl o BB SR N A E EFHASHRE

Z#h: —MEKIEEIRN TIRKERENS, FETERKEFEEN h, BEA/NA v,
REHSAE. RiE

z(t) = vtcos b (17)
y(t) = h + vtsind — % o’ (18)

¥ y(t) = 0 BIAY t AN (1), BRI Timae 5 0 BIKR,

1
ZTmaz(0) = EU cos @ (v sin@ + 1/v%sin 0 + 2gh)

BEEALARIIRGSTF v=14 m/s, h=1.8 m, = 6 BX 0.75 BITAVRENEEFRT, Tmaz K.

BT RERRRBIHMOMERE LT, S 0 (£18 Tmee &KX,

def xmax(theta, v=14, h=1.8, g=9.8):
return v / g * cos(theta) * (v * sin(theta) + sqrt(v¥v¥sin(theta)**2 + 2 * g 4

theta = DNumber (0.8, 1.0)



xmax (theta)

21.72425470037264 + —0.44049923585322404 d

Ir = 0.01

theta = DNumber (0.8, 1.0)

for i in range(8):
theta = theta + lr * xmax(theta). dval
print (theta)

.7581471901981273 + 1.0 d
LT47677117139374 + 1.0 d
. 7449979364087943
. 7443072794272741
. 7441288808948382
. 7440827759869065
. 7440708591255571
. 7440677788339284
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f(6) = vcos® 6 — \/2gh+v2 sin? @sinf = 0

def f(theta, v=14, h=1.8, g=9.8):
return v * cos(theta)*%2 — sqrt(v¥*2 * sin(theta)*%2 + 2%gkh) * sin(theta)

theta = DNumber (0.8, 1)

for i in range(5):
fx = f(theta)
theta = theta - fx.val / fx. dval
print (theta)

0.7440594805535422 + 1 d
0.744066705081479 + 1 d
0.7440667050778138 + 1 d
0.7440667050778138 + 1 d
0.7440667050778138 + 1 d

Bl EAIRTS (reverse mode)

B S EEIEARFRE back propagation, BiBMS N HiZEE A EEERRIRILEER
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from IPython.display import Image



# Automatic Differentiation in Machine Learning: a survey (Table 3)
Tmage (“autodiff_reverse.png”)

Table 3: Reverse mode AD example, with y = f(xy,29) = In(xy) +x 29 — sin(z,) evaluated
at (ry,x2) = (2,5). After the forward evaluation of the primals on the left, the
adjoint operations on the right are evaluated in reverse (cf. Figure 1). Note that
both ‘-'ji_'—'l and ;5% are computed in the same reverse pass, starting from the adjoint

- - Ii)
1!5:‘1;:55::]_

Forward Primal Trace Reverse Adjoint (Derivative) Trace
Pi==1 =2 A T = U1 = 5.5
Vg = T3z =B T2 = Ta = 1.T16
vy =Ilnv_, =In2 P1=9.1 -I-!_PI%.",— =31+t fuv_1 =55
va =v_y Xvg =2x5 o =00+Bag2 =g+ v2xvy =1716
T_y1=1a -T-*-?{:_L: =14 X vp =5
vy =sinvg =sinb by = ﬁa%g- — iy X costg = —0.284
vy =vi4wm  =0.693+10 e =a3 %1 =1
" = f_|g+:' =0y x1 =l
vs =wvq—uvz = 10.693 + 0.959 Ty = 1‘5%5; =15 ¥ (—1) =1
iy = _5%’: = 75 % 1 =
Yy =u = 11.652 Us =4 =4
TR, MNDORRIEENE, vo Xy IREBMI, ATl
Oy Oy Ovy Oy vy _ Ovy _ Ovs
= + =v9— +v3—
Ovg Ova Ovg Ovg Ovg Ovg Ovg
FEALYEERF, XSRS L RS2,
_ Ovs _ _ Ov
Ug =v3—— and vg=70y+v9——
8@0 800

ALUER, EREERM—R, #ERT vy 21 Ml 22 RPEERNRSE.
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5l F3kEH: Reverse-mode automatic differentiation from scratch, in Python

from collections import defaultdict

class Variable:
def init (self, value, local gradients=[]):
self. value = value
self. local gradients = local gradients

def add (self, other):
return add(self, other)

def mul (self, other):
return mul (self, other)

def  sub_ (self, other):
return sub(self, other)



def _ truediv__ (self, other):
return mul (self, inv(other))

def add(a, b):
value = a.value + b. value
local gradients = ((a, 1),
(b, 1))

return Variable(value, local gradients)

def sub(a, b):
value = a.value — b. value
local gradients = ((a, 1),
(b, -1))

return Variable(value, local gradients)

def mul(a, b):
value = a.value * b. value
local gradients = ((a, b.value),
(b, a.value))
return Variable(value, local gradients)

def inv(a):
value = 1 / a.value
local gradients = ((a, —1 / a.value**2),)
return Variable(value, local gradients)

def get gradients(variable):
U E variable MEMNA W AR - S
:variable: Z4H7Y AT
radjoint: FEREAE &=, AT A adjoint = 17
gradients = defaultdict(lambda: 0)
# M defaultdict M) key AR, SHI=AE—A key FIRVIMHEN 0
def compute gradients(variable, adjoint):
# MEMEAN TR, DRFARERNRIHEE®A
for child variable, local gradient in variable. local gradients:
child adjoint = adjoint * local gradient
gradients[child variable] += child adjoint
#3003 A 0 T A

compute_gradients(child variable, child adjoint)

compute_gradients(variable, adjoint=1)
return gradients

Variable (2)
Variable (5)

x1
x2

y = x1 % x2 - x1

gradients = get_gradients(y)
gradients[x1]

4

gradients[x2]

2

ININEZEREY, Ebal sin, cos, log, exp, IXHFHLAI LATE ZRIRIGIFH y 33 21 1 22 B9S
%&I

y = f(z1,22) = logx1 + z1x2 — sinxa



def cos(a):
value = np. cos(a. value)
local gradients = ((a, —np. sin(a. value)),)
return Variable(value, local gradients)

def sin(a):
value = np. sin(a. value)
local gradients = ((a, np. cos(a.value)),)

return Variable(value, local gradients)

def log(a):
value = np. log(a. value)
local gradients = ((a, 1 / a.value),)
return Variable(value, local gradients)

def exp(a):
value = np. exp(a. value)
local gradients = ((a, value),)

return Variable(value, local gradients)

def sqgrt(a):
value = np. sqrt(a. value)
local gradients = ((a, 0.5 / value ),)
return Variable(value, local gradients)

x1 = Variable(2)
x2 = Variable (5)
yl = log(xl) + x1 * x2 - sin(x2)

gradients = get gradients(yl)
print ("dy/dx1 at (x1=2, x2=5)= ", gradients[x1])

print (“dy/dx2 at (x1=2, x2=5)= ", gradients[x2])

dy/dx1 at (x1=2, x2=5)= 5.5
dy/dx2 at (x1=2, x2=5)= 1.7163378145367738

x1, x2 = sym. symbols(”"x1, x27)

f = sym. log(xl) + x1 * x2 — sym. sin(x2)

dfdxl = sym. diff(f, x1)

dfdx2 = sym. diff(f, x2)

print (“Analytical solution: df/dxl1=", dfdxl. subs(xl, 2).subs(x2, 5))

Analytical solution: df/dxl= 11/2

print (“Analytical solution: df/dx1=", dfdx2. subs(xl, 2).subs(x2, 5))

Analytical solution: df/dxl= 2 - cos(5)

2 — np. cos(5.0)

1.7163378145367738
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B —R Bahio BRI LA BI R T3EA## tensorflow or Pytorch 4gF2.



tean, 7 LEAVEM, MRS ZIERR Pytorch HEE HIMANX RS

# zero the parameter gradients
optimizer.zero_grad()

# forward + backward + optimize
outputs = net(inputs)

loss = criterion(outputs, labels)
loss.backward()

optimizer.step()



