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YM and GR

Backgrounds < he

YM and GR

Interactions in nature

Gravity <+—  Strong, Weak, EM
l

General relativity <+—  Gauge theory
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les of GR and YM

Backgrounds M

Compaing Feynman rules of GR and YM

GR: Infinite number of vertices; Color singlets

YM: Three-point and four-point vertices; Color decomposition

formulas
Mym = Y Te(ToT%@ .. T%0)A1,0)
0cS,1
Myy = Z ifA13 (8L jfe1a0@)®  jfen-33:(-1)an A(1 g n)
0€S,_2
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Backgrounds

GR as double copy of YM

GR as double-copy of YM:
o Kawai-Lewellen-Tye (1986)

e Bern-Carrasco-Johansson (2008)

e Cachazo-He-Yuan (2013)
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Backgrounds

Kawai-Lewellen-Tye double copy

KLT relation:
Closed string tree amplitudes ~ (Open string tree amplitudes)?
Y !
GR tree amplitudes ~

(YM tree amplitudes)?

KLT in field theory:

( Bern, De Freitas,Wong (1999); Bjerrum-Bohr,Damgaard,Feng,Sondergaard (2010) )

M A 5 A M, - GR color-dressed YM
ne Z )Slplo]An(o) A, YM #° scalar
A, . YM YM
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Backgrounds

BCJ form of YM amplitudes:

G: diagrams with cubic vertices
Dé: propagators cg: color factors

ng: BCJ numerators satisfying

BCJ form of GR amplitudes
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Backgrounds

Prob!

Cachazo-He-Yuan double copy

M = /d,uI/_IR
GR I, =Pi'(V), Zgr=Pf'(V)
Color-ordered YM I = m Ir = Pt'(V)
Color-ordered BS L=t Ig= Lt ——
Z12223""*Znl Zoy0pZopoy " Zopoy

_ perm(ij) ij
(PF/[W] = 2D pfwi))
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Backgrounds of GR and YM

Cachazo-He-Yuan double copy

WV is a 2n x 2n skew-symmetric matrix:
A —CT
(e %)

The n X n submatrices A, B and C are

Sab 25&"5b 263~kb
Zab Zab Zab
_ 2¢ake
0 0 Zc;éa Zac
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Backgrounds of GR and YM
Kinematic decomposition
Eins Is rec
Prob!

Kinematic decomposition

KLT MGR — Z n17o-,nAYM(1,0', n)

BCJ

CHY €S, 2

Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove (2010); Bern and Dennen (2011);
Du Feng Fu (2012); Cachazo, He, Yuan (2013)

ni,g,n — BCJ numerator in DDM basis
(Del Duca, Dixon, Maltoni (1999))
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Backgrounds GR and YM

Einstein-Yang-Mills recursive expansion
Problems

EYM single-trace and multi-trace
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Backgrounds

Einstein-Yang-Mills recursive expansion
Problems

EYM recursive expansion: an approach to local numerators

EYM recursive expansion for single-trace amplitudes
(Stieberger and T. R. Taylor(2016),Nandan, Plefka, Schlotterer, Wen (2016),de la Cruz, Kniss,Weinzierl
(2016),Schlotterer (2016),Du, Feng, Fu, Huang (2017); Chiodaroli,Gunaydin,Johansson (2017); Teng, Feng (2017))

A(1,2,,rHH): Z Eha.Fpl"'F/)i'\/f)i
H\{hs}—h|h

XA(17{27'~-ar_ 1}|—U{Pi»'--;/’17ha},r”h)

e H\ {h,} — h|h: splittings of elements in H\ {h,}; Permutations p are
summed over

e h,: fiducial graviton; Y, = > ki; F' =k

Jje{1,...,r—1}stj=<h

Lel — kiel!
e ALl B: permutations with keeping the relative orders in each set
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Backgrounds of GR and YM

Einstein-Yang-Mills recursive expansion
Problems

Recursive expansion of multi-trace amplitudes

EYM recursive expansion of multi-trace amplitudes (pu, Feng, Teng, (17))

Gravitons—Gluon traces

Single-trace EYM Multi-trace EYM

Type-I: Fiducial graviton —

Type-II: Fiducial graviton —
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Backgrounds
Kinematic decomposition
Einstein-Y recursiv
Problems

Several problems

How to derive local numerators at on-shell level?

How to derive local numerators at off-shell (Feynman
diagram) level?

What we can learn from the expansions?

e New on-shell/off-shell relations
e Amplitudes in 4d and interplay with CHY, Hodges formulas

— Graphic expansion induced by EYM expansion
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Lines and chains

Graphic expansions of Amplitudes

Graphic expansions

e Expanding amplitudes recursively: GR—EYM —YM
=-Graphic expansions=- local numerators

e Properties of graphs = Properties of amplitudes
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Graphic expansions of Amplitudes

Lines and chains

Line styles
€a " €p €q Ky ko -k

a b a b a b a b
(a) (b) (¢) (d)
Chains
Ga'Fil---El'ﬁb Eanllezk‘b
——1+—1—o —t—+—1>e o--0--0---0-0
l’ilig ilTl az’]7’2 Lzb aZ/]LIZ I?b
(e) (f) (g)
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Lines and chains
Single-trace EYM
Multi-trace EYM
YM and GR

Graphic expansions of Amplitudes

Single-trace EYM

eReference order:

R= {hp(l), ey hp(s)}

trees planted at roots

. oot wlthe master e Root set:
gravitions | :: :chain R — {17.””_ 1}
'L}_[J'L o e Permutations:
gluon trace | o - - - —_4_—_—'3;] Shuffling the branches
the first " the last e Ci5,n: Summing all
particle particle graphs contributing o

EYM
ASingIeTrace Z CionA 1 a,n)
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ce
Multi-trace EYM
YM and GR

Graphic expansions of Amplitudes

Multi-trace EYM

trace2
graviton —» gluontrace —3» o -o--0----9

B,a,a,b  (—=1)V8 a,awi BT b

tracel

EYM YM
AMultiTrace = Z CionA™M(1,0,n)
o
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Graphic expansions of Amplitudes

YM and GR

YM and GR

:14271o:

o€{1,4,{8,6} w{2,{5 {3} w{9}} w {7}},10}
Z .o nA 10 n) AM — Z m.e.nA(1,...,n|1,0,n)

oc€S,_» ocS, >

#t—%&l (Yi-Jian Du)



Graphic expansions of Amplitudes v

YM and GR

Summing over permutations v.s. summing over graphs

M = E m e nA(l,0,n)
oS,
——

summing over permutations

M = > cr > A(1,0”, n)
F o”
~—~ ~—~
summing over graphs permutations

| corresponding to a graph
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Graphic expansions of Berends-Giele currents decomposition formula for B-G currents

Graphic expansions of Berends-Giele currents

Off-shell level: Berends-Giele currents

e A recursive approach to summing Feynman diagrams

e Solution to classical equation of motion
(Lee, Mafra,Schlotterer 2015;E. Bridges, Mafra 2019)

e B-G recursion for YM and BS
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B-G currents for YM
B-G ts for BS
Graphic expansions of Berends-Giele currents A osition formula for B-G currents

B-G currents for YM

Berends-Giele (1987) currents for YM
JP(1,...,n—1)

- ! [ Z VP (L, ey i) (i + 1,y n — 1)

S _
Lon=11,520 1

+ > VTP i) (i + 1) G+ 1 — 1)
1<i<j<n—1

Starting point: JV(a) = ¢,
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B-G currents for YM
B-G currents for BS
Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

B-G currents for BS

B-G currents for BS (Mafra, 2016)

(ZS(L ey N — 1‘0’1, ...,O',,,l)

n—2
1 . .
= . ; Z {¢(1,...,I|01, ..,O’,‘)(Zﬁ(l-‘rl,...,n—1|0,’+1, .,0,,,1)
n=1 "

(s ori|on iy s Tn 1) B(i + 1,y n = 1o, s an_,-)}

Starting point ¢(ala) =1, ¢(a|b) (a # b)
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Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

From on-shell to off-shell

AM = N e aAPS(L, . nl10,n)
ocS,_»
37
JF = Z Nf’avn¢Bs(1,...,nll,a,n)
ocS,_»

In a proper choice of gauge, the second line holds.
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B-G curre
B-G curre 3
Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

A decomposition formula for B-G currents

BG current in Feynman gauge

JP(1,2,..,n—1) = JP(1,2,..,n—1)

/

Feynm;; gauge BCJ gauge
+KP(1,2,.,n— 1)+ LP(1,2,...,n—1)

Vanish in the on-shell limit
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B- V
B- BS
Graphic expansions of Berends-Giele currents A ecomposltlon formula for B-G currents

K, L terms

Terms vanishing in the on-shell limit

K?(1,2,..,n—1) = — lkln IZJ )-J(i+1,.,n—1)
Lp(1327...7n— 1) - Z (_1)I+1J'D(51,81717K(al,b1)7
{aj,bi}C{1,...,n—1}

Sb1+1,32*17 K(az,bz)v ey K(a/,br)v 5b1+1,"*1>

e [K(1,2,...,n—1)+ L(1,2,...,n—1)] =0
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Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

JNP term

Effective current:

JP(1,2,...,n=1)= > NiL0)$(1.2,...,n—1]1,0)
oceP(2,n—1)

e N2(1,0): numerators with 1 off-shell line, constructed by graphs

e On-shell limit: €, - Na(1,0) = na(1,0,n)
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Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

Generalized Strength tensor Fre

Generalized strength tensor: F*7(A) = 2k% J?(A) — 2kh J(A)

Floy = D NE©@9(1L on—1lo)

ocP(1,n—1)

+ Z { (1,i) (1+1n 1) J(Fj'+1,n71)](yl7i)}

1<i<n-1

° Ng(l,o): numerators with 2 off-shell lines, constructed by graphs
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B-G curre
B-G curre
Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

Three types of off-shell numerators

Vg T
=

|
3 |
-5

Type- j 7]

iy N 3 ¥y g

W[ bbby, Ful oral

the last

the fust
element

element

o ={02,...,00-1} € P(2,n—=1), 0, = {02,...,0i-1}, Or = {0}, ..., Tp-1}

NZ(].,O‘) = [NA(l,O'L) . Nc(O‘R) — NA(]_,O‘L)NB(G'R) . 2/(17,'_1]/)
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Graphic expansions of Berends-Giele currents osition formula for B-G currents

Sketching the proof: Decomposing vertices

YM vertices in Feynman gauge

Vi = " (ka — ke)’ +n""(ks — ke )" + 1™ (ke — ka)"

V[{uxrp _ 2,’7#;)771/)\ _ nuunpA _ ’I’]‘U‘)\’I’]Vp
Effective 3-point vertex
VEYP = [(2kBn¥? — v 2kE) — P2k
VIVP = VP PRIk ek Y (ka + kg)P

B @—8—8
VISR . v o w

£t r
A B CA B CA B C
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nts for B.
Graphic expansions of Berends-Giele currents osition formula for B-G currents

B-G recursion

B-G recursion:

J,..n—1) = ! { > v b e)

S1..ne
Leon=1lycicn1

+ Z VfUTpthl)J,£2)J.,(_3)
1<i<j<n—1

e lower-point J — J+K+L eVz= \73+(V3— \73)

¢ I~ R U 2h) e

o],(f) — Np; F(’g — N¢, J eOthers terms — K, L terms
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Graphic expansions of Berends-Giele currents A decomposition formula for B-G currents

Symmetric BCJ numerators

Symmetrization of the numerators
(Fu, Du, Feng 2014)
Numerators indepednent of reference order:

— 1
Np(17017"'70”—2) = m Z ngp’%l}yp(lao'h--'7Un—2)

" yeP(2,n—1)
Numerators with Lie symmetry:

1
n—1

nym(al, an, ..., an_l) = I\_lp([[[al, ag], 33], vy a,,_l])

— Jacobi identity and antisymmetry are automatically satisfied
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Applications and summary

Interplay with Hodges formula and CHY in 4d

Graphic expansion of EYM — refined graphs (Du, Hou, 2019, 2020) —
Double-trace EYM in 4d, 2 negative gluons (Tian,Gong, Xie, Du,2021)

******************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

A(gi’gj)(xlv- . 7Xf|y17' .- 7y5HH)

_ <gl'7gj>4 |: Z Z( ke - kd)< )
CRSAITR] P PP DR T
degay
(& y) (e ) [y, x]
X
ol e e )
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Applications and summary

Interplay with Hodges formula and CHY in 4d

e The Hodges determinant for gravity (Hodges, 2012), single trace
EYM (Hodges 2012), double-trace MHV with only gluons (Cachazo,
He, Yuan, 2013), can also be reproduced. The graphs are closely
related to spanning forests in 4d (Feng, He, 2012)

e The double-trace formula can be derived by substituting the
MHYV solution into CHY formula (Xie, Du, to appear)

e When n, < nace — 1 or n;r < Nirace — 1 is satisfied, EYM

amplitude with an arbitrary number of negative-helicity particles
has to vanish (Xie, Du, to appear)
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Inducing new relations




Applications and summary

Inducing new relations

e Graph-based relations for BG currents in BS:
(Du, Wu, 2022)

SOMY Y S| Y seln]

acTa c€Ts a€Tala BETB]p ~YEXLB|c<a

= > > [seuilB)éorla) — o(ori-ila)(ori1lB)]

a€Talx BETB|b

o J= > N¢ — Graph-based relations for BG currents YM
(Du, Wu, 2022)

e On shell graph-based BCJ relation (Hou, Du, 2018)
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Applications and summary

Summary and further discussions

Summary
e Graphic expansion for on-shell amplitudes
e Graphic expansion for B-G currents
e Applications in 4d, inducing relations
Further discussions
e The interplay with 1-loop CHY (Zhou 2022)

e The relation with the free Lie algebraic approach (e.g. H. Frost,
C. R. Mafra, and L. Mason, 2020) gluon trace — Lie brackets
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