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Studies of evanescent operator

Buras and Weisz 1990 

Bondi, Curci, Paffuti and Rossi, 1990 

Dugan and Grinstein 1991

…

In 1990, people began the study of the fermionic evanescent operator. From the 

two-loop level, evanescent operators should be taken into account in the 

calculation of the anomalous dimensions. 

Example of evanescent operators:

An operator is said to be evanescent if it vanishes at 4 spacetime dimension via 

does not vanish in general 𝑑 = 4 − 2𝜖 spacetime dimensions. Such degrees of 

freedom should be considered in the dimensional regularization.



with

An operator is called evanescent if its tree form factors vanish. A general delta 

function can manifest this property, for example,

Form factor :

Evanescent operator in the Yang-Mills theory

We initiate the study of gluonic evanescent operators and gave a systematic 

construction of the higher-dimensional operators in the Yang-Mills theory. 

Jin, Ren, Yang, RY, 2022

In this talk, we focus on the two-loop anomalous dimensions of the dimension-10 

operators in the planar limit, which is the simplest two-loop calculation of the 

anomalous dimensions involving gluonic evanescent operators.



1. Physical and evanescent

2. C-parity.

3. Length

4. Helicity sector for physical 

operators.

The basis are classified according to:

The dimension-10 single-trace operator basis

There are length-2, -3, -4 and -5 

operators, e.g.
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A loop form factor can be expanded into a set of IBP master integrals

Calculation of bare form factors

According to generalized unitarity

In the conventional dimensional regularization (CDR) scheme, one needs to do the 

d-dimensional helicity sum

Our calculation is based on the unitarity cut method and the IBP reduction.



One-loop

Two-loop

Master and cuts

Gehrmann and Remiddi, 2001



Tensor reduction

A challenging part of our work is tensor reduction before IBP

For 2-point and 3-point form factors, the gauge invariant basis projection is 

efficient. 
Boels and Luo 2017

Boels, Jin and Luo 2018

However, the number of basis blows up for higher-point form factors.



Passarino and Veltman 1979

Kreimer 1992

Loop momentum decomposition:

PV for the , The only available tensor:

Finally, do the substitution:

For two-loop minimal form factors, the calculations are intrinsically 3-point.

A modified PV reduction

Given a tensor integral

Momenta in the denominators

Then we can do the IBP reduction via FIRE6. Smirnov and Chuharev 2019
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Z matrix and anomalous dimension

Renormalized operator

Dilatation matrix

Together with and

One gets

Eigenvalues of the dilatation matrix are the anomalous dimensions.

see e.g. Gehrmann, Jaquier, Glover, Koukoutsakis, 2012



Two renormalization schemes

Buras and Weisz 1990 

Bondi, Curci, Paffuti and Rossi, 1990

2. Finite renormalization scheme, the finite evanescent-to-physical mixing is also 

subtracted.

1. The 𝑀𝑆 scheme

Evanescent operators mix to

Physical operators: 𝑂 𝜖−(L−1) ∼ 𝑂 𝜖0

Evanescent operators: 𝑂 𝜖−L ∼ 𝑂 𝜖−1

Evanescent operators can be thought as O 𝜖 . 



The 𝑀𝑆 scheme

The bare form factor has UV and IR divergence. After renormalization, there would 

be no UV divergence. The IR divergence takes the universal form

where 𝐹𝑖
(𝑙)

is the 𝑙th term of renormalized form factors 𝑍𝑖
𝑗
𝐹𝑏,𝑗 under the 𝛼𝑠-expansion. 

Requiring that the divergences are the same on the both side of the equation gives 

linear equations of the Z matrix. 

Catani, 1998

The efficiency of the calcualtion can be enhanced by using the numerical 

reconstruction method. 



The finite renormalization scheme

This is necessary to involve a finite part in the Z matrix: 𝑍ȁ𝑑𝑖𝑣 + 𝑍ȁ𝑓𝑖𝑛.

At each loop, the divergent part can be calculated similarly as in the 𝑀𝑆 scheme. 

The finite part is proportional to the physical operators. To exclude the terms 

proportional to the evanescent operators, we calculate the bare form factor at 4-

dimensional kinematic points. At such points, the terms proportional to the 

evanescent operators vanish automatically.

A general dilatation matrix 

In this scheme
Dugan and Grinstein 1991



Structure of the Z matrix and dilatation matrix

𝑀𝑆 scheme finite scheme
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1. Physical and evanescent

2. C-parity.

3. Length

4. Helicity sector for physical 

operators.

The basis are classified according to:

The dimension-10 single-trace operator basis

There are length-2, -3, -4 and -5 

operators, e.g.



1-loop Z matrix 

(The finite scheme)

The blockwise feature:

1. C-parity

2. Length

3. Helicity sector (1-loop)

4. Type of the total derivative

The finite 𝑍𝑒𝑝



𝑥𝑖 are the roots of

The one-loop anomalous dimensions

（same in the two schemes）



The two-loop dilatation matrix 

(The finite scheme)



Finite scheme𝑀𝑆 scheme

The two-loop anomalous dimensions



The physical effect of evanescent operators

1. In the 𝑀𝑆 scheme, the evanescent operators and the physical operators 

mix together in the dilatation matrix. To get the correct physical anomalous 

dimensions, it is necessary to renormalize the evanescent operators up to the 

two-loop order.   

2. In the finite scheme, the block 𝐷𝑒𝑝 vanishes. The anomalous dimensions 

are just eigenvalues of the block 𝐷𝑝𝑝. This does means that the evanescent 

operators are totally decoupled in the calculation. The term (−2𝜖𝑍𝑝𝑒
1
𝑍𝑒𝑝

1
)

contributes to the block 𝐷𝑝𝑝
(2)

. Therefore, to get the correct two-loop physical 

anomalous dimensions, we need to renormalize the evanescent operators up 

to the one-loop order.   



The new Z matrix reads

The dilatation matrix under scheme change

The anomalous dimensions do not depend on the scheme at a fixed point.

Anomalous dimensions at the WF fixed point

Require that 𝜇
𝑑𝛼𝑠

𝑑𝜇
= 0, we get the coupling constant at the WF fixed point:

The dilatation matrix:

The anomalous dimensions:

We verity that the anomalous dimensions at the fixed point are the same in the 

two schemes.

see e.g.  Vasilev, 2004

Pietro and Stamou, 2018
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Conclusion

1. We perfume for the first time the two-loop anomalous dimensions of the 

dimension-10 operators.

2. Our calculation shows that the evanescent operators do contribute to the two-loop 

anomalous dimension in dimensional regularization. 

3. We check the scheme independence at the WF fixed point.   

4. Our strategy is expected to be applied to the two-loop renormalization for higher-

dimensional operators in general theories.



Thank you!



Renormalized form factors 𝑍𝑖
𝑗
𝐹𝑏,𝑗 under the 𝛼𝑠-expansion



guarantees a finite 𝐷(2)

For the block 𝐷𝑒𝑝
(2)

, which represent the mixing from evanescent to physical operators, 

the above relation should be one-order higher in the 𝜖-expansion.

guarantees a vanishing 𝐷𝑒𝑝
(2)

The one-loop case is obvious, since the 𝑍𝑒𝑝
1 is finite. We only keep the finite part 

of the dilatation matrix, thus 𝐷𝑒𝑝
1 vanishes.

For the two-loop case,

Vanishing of 𝐷𝑒𝑝
Dugan and Grinstein 1991


