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QCD Phase Diagram and the Equation of State of 
Strong-Interaction Matter

  Frithjof Karsch 
 Bielefeld University

   QCD phase diagram –  constraining the location of a critical endpoint           

   Equation of state in the BES energy range

   Fluctuations and correlations of conserved charges
 

with a lot of input
from 'HotQCD,

in particular,
David Clarke
Jishnu Goswami
Anirban Lahiri
Mugdha Sarkar
Sipaz Sharma
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  Exploring the phase diagram of strong-interaction matterExploring the phase diagram of strong-interaction matter  

Where is the 
critical point?



  

3                                      F. Karsch,  RHIC-BES seminar,  October 2022 F. Karsch,  RHIC-BES seminar,  October 2022 

1/T =N
1/3

V =N

a

a

a

Simulating strongly interacting matter on aSimulating strongly interacting matter on a
discrete space-time grid discrete space-time grid (lattice QCD)(lattice QCD)

the lattice:
lattice spacing:

partition function:

Mike Creutz

Monte Carlo simulationMonte Carlo simulation
                          19791979

N

N
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Phases of strong-interaction matterPhases of strong-interaction matter
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determination of        puts an upper limit on                  

A. Halasz, A.D. Jackson, R.E. Shrock, M.A. Stephanov,
J.J.M. Verbaarschot, Phys. Rev. D58 (1998) 096007

M. Stephanov, Phys. Rev. D73 (2006) 094508

Random Matrix 
Model

NJL

QCD  motivated
M. Buballa, S. Carignano, Phys. Lett. B791 (2019) 361

          existence of a 1st order region 
          for                increasingly unlikely

F. Cuteri et al, arXiv:2107.12739
Sipaz Sharma et al, 
                       arXiv:2111.12599
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Phases of strong-interaction matterPhases of strong-interaction matter
determination of        puts an upper limit on                  

A. Halasz, A.D. Jackson, R.E. Shrock, M.A. Stephanov,
J.J.M. Verbaarschot, Phys. Rev. D58 (1998) 096007

M. Stephanov, Phys. Rev. D73 (2006) 094508

Random Matrix 
Model

NJL

QCD  motivated
M. Buballa, S. Carignano, Phys. Lett. B791 (2019) 361

Y. Hatta, T. Ikeda, Phys. Rev. D67 (2003) 014028
Landau-Ginzburg  potential:



  

6                                      F. Karsch,  RHIC-BES seminar,  October 2022 F. Karsch,  RHIC-BES seminar,  October 2022 

singular

 close to the chiral limit thermodynamics in the vicinity of the 
 QCD transition(s) is controlled by a  universal scaling function

regular

Critical behavior in QCD Critical behavior in QCD 

Pseudo-critical temperatures Pseudo-critical temperatures 
 magnetic             mixed                    thermal     

divergence:divergence:                   strong   strong                                            moderate moderate                         none                        none

O(4) critical 
exponents

response functionsresponse functions
22ndnd order cumulants order cumulants
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Fluctuation observables in QCD Fluctuation observables in QCD 

– chiral condensate:

– chiral susceptibility:

– mixed chiral susceptibility:

– conserved charge fluctuations:

magnetic

mixed

thermal

– chiral order parameter:
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magnetic

mixed

thermal

MagneticMagnetic, , mixedmixed and   and  thermalthermal
                            susceptibilities susceptibilities 

+ 0.5 MeV systematic uncertainty
                  on T-scale setting

– Tpc is not a unique value
           – depends on observable 
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The Chiral The Chiral PHASE TRANSITION PHASE TRANSITION in (2+1)-flavor QCDin (2+1)-flavor QCD

fixed, physical

“magnetic”
susceptibility

“mixed” 
susceptibility

H.T. Ding et al. (HotQCD), PRL 123 (2019) 15, arXiv:1903.04801  
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chiral limit extrapolations     

H.T Ding et al (HotQCD), 
                      arXiv:1903.04801
Anirban Lahiri et al, 
                      arXiv:2010:15593

physical 
masses

A. Bazavov et al (HotQCD), arXiv:1812.08235

physical masses

also: A. Y. Kotov et al., arXiv: 2105.09842

Pseudo-critical and critical temperatures 

from Tpeak 
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–       -dependent shift of maxima in susceptibilities

– Taylor series, e.g.

or or

                Curvature of the pseudo-critical lineCurvature of the pseudo-critical line
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–  universality relations also relate derivatives with respect to      and

FK et al., arXiv:1009.5211

                Curvature of the pseudo-critical lineCurvature of the pseudo-critical line
                            – – towards the chiral limit –towards the chiral limit –    
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derivatives of the chiral condensate             susceptibilities    
                                                             

 0.2
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=0.0147
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-0.5 d2M/d(B/T)2

- TdM/dT  

                Curvature of the pseudo-critical lineCurvature of the pseudo-critical line
                            – – towards the chiral limit –towards the chiral limit –    

curvature of crossover line only mildly dependent on  H

Mugdha Sarkar (HotQCD), Lattice 2021
                                   arXiv:2112.15398
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Phases of strong-interaction matter

A. Bazavov et al. [HotQCD],
Phys. Lett. B795 (2019),  
arXiv:1812.08235

A. Andronic et al.,
Nature 561 (2018)
321

phase diagram at
physical values of
the quark masses

S. Borsanyi, et al,
PRL 125 (2020)
arXiv:2002.02821

STAR:
arXiv:1701.07065
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Summary: Phases of strong-interaction matterSummary: Phases of strong-interaction matter
determination of        puts an upper limit on                  

H.T. Ding et al (HotQCD), arXiv:1903.04801 
A. Bazavov et al (HotQCD), arXiv:1812.08235 

HotQCD@Lattice2021 (M. Sarkar) 
arXiv:2112.15398 

constraint on the location of the CEP

the temperature range below         is 
most important for getting information 
on a possible CEP 
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Summary: Phases of strong-interaction matterSummary: Phases of strong-interaction matter
determination of        puts an upper limit on                  

H.T. Ding et al (HotQCD), arXiv:1903.04801 
A. Bazavov et al (HotQCD), arXiv:1812.08235 

HotQCD@Lattice2021 (M. Sarkar) 
arXiv:2112.15398 

the temperature range below         is 
most important for getting information 
on a possible CEP 

more likely, if 
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Taylor expansion of the QCDQCD pressure:

cumulants of net-charge fluctuations and correlations:

QCD thermodynamics at non-zero net baryon-densityQCD thermodynamics at non-zero net baryon-density
                          –                           – Taylor expansion Taylor expansion  –   –  
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Taylor expansion of the QCDQCD pressure:

QCD thermodynamics at non-zero net baryon-densityQCD thermodynamics at non-zero net baryon-density
                          –                           – Taylor expansion Taylor expansion  –   –  

  isospin symmetric matter

I)

II)

conditions met in heavy ion collisions differ 
little from (II), e.g.
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Taylor expansion of the QCDQCD pressure:

QCD thermodynamics at non-zero net baryon-densityQCD thermodynamics at non-zero net baryon-density
                          –                           – Taylor expansion Taylor expansion  –   –  

Constraints on 

Taylor expansion to 8th order in 
D. Bollweg et al (HotQCD), arXiv:2202.09184 and QM 2022  
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EoS:2017: 
arXiv:1701.04325

EoS 2022:
arXiv:2202.09184

all newadded  O(20)
times new confs.

added  O(10)
times new 
confs.

HotQCD data collection for (2+1)-flavor QCD-EoS
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A. Bazavov et al. (HotQCD), Phys. Rev. D 105 (2022) 074511, arXiv:2202.09184  &  arXiv:1701.04325

Up to 8Up to 8thth order Taylor expansion for pressure order Taylor expansion for pressure
                                      

D. Bollweg et al. (HotQCD), arXiv:2107.10011

rapid approach to
high-T pert. theory

large deviations
from HRG/Skellam
large deviations
from HRG/Skellam
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S. Borsanyi et al. , JHEP 10 (2018) 205, arXiv:1805.04445

Up to 8Up to 8thth order cumulants are used frequently order cumulants are used frequently
           –            – imag. chem. pot. extrapolationsimag. chem. pot. extrapolations –  – 

based on a 
constraint fit
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Equation of state of (2+1)-flavor QCD:Equation of state of (2+1)-flavor QCD:

(10-30)% contribution 
to total pressure at  B

ES-II range (collider m
ode)

B
ES-II range (collider m

ode)

EoS 2017:

A. Bazavov et al (HotQCD), arXiv:1701.04325

D. Bollweg  et al (HotQCD), arXiv:2202.09184
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EoS 2022: Taylor series to 8th order

pressure net baryon-number density

energy density
range of reliability of 8th order results
depends on T-region

...but limited by statistics

D. Bollweg et al (HotQCD), arXiv:2202.09184
HotQCD in preparation
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EoS 2022: Taylor series to 8th order

pressure net baryon-number density

energy density
The EoS (pressure & number density)
is well controlled for
or equivalently   

convergence of expansions for higher 
order derivatives slower, but same radius 
of convergence as pressure

D. Bollweg et al (HotQCD), arXiv:2202.09184
HotQCD in preparation
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EoS 2022: Taylor series to 8th order
eliminating the chemical potential  

4th order Taylor series is a good approximation in this parameter range
           closed expression for EoS

dashed lines: QMHRG2020

hatched bands: 
O(g2) pert.th.
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Pressure and energy density on
lines of constant s/nB 

– 4th order Taylor series suffices to
   describe EoS in almost the entire
   parameter range covered  by BES
   (collider mode)

HotQCD, in preparation

dashed lines: 
QMHRG2020



  

28                                      F. Karsch,  RHIC-BES seminar,  October 2022 F. Karsch,  RHIC-BES seminar,  October 2022 

Comparing Taylor series and Pade resummation

pressure:

energy density:

Taylor series

Pade approximation

(similar for nB/T3, e/T4.....)    OR …..

use
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Comparing Taylor series and Pade resummation

agreement between Taylor series and Pade approximants in a larger        range at 
higher temperature; qualitatively similar       dependence HotQCD in preparation

                  & arXiv:2202.09184
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Comparing Taylor series and Pade resummation

agreement between Taylor series and Pade approximants in a larger        range at 
higher temperature; qualitatively similar       dependence HotQCD in preparation

                  & arXiv:2202.09184
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EoS 2022: Taylor series versus Pade
pressure  6th order  and [2,4] Pade pressure  8th order  and [4,4] Pade

energy  6th order  and  Pade-deriv. energy  8th order  and  Pade-deriv.
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distance of complex poles from the 
origin is given by the Mercer-Roberts
estimator for the radius of convergence

complex poles move to real axis as 
temperature decreases

within current errors poles on the  real axis (critical point) 
are possible only for 

higher statistics will sharpen the constraint

Poles of [n,n] Pade approximants  in QCD Poles of [n,n] Pade approximants  in QCD 

HotQCD,  arXiv:2202.09184
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Taylor expansion of the QCDQCD pressure:

cumulants of net-charge fluctuations and correlations:

                                    Higher order cumulantsHigher order cumulants
 –  – Taylor expansion of QCD EoS and the HRG Taylor expansion of QCD EoS and the HRG  –   –  

cumulants at vanishing chemical potentialcumulants at vanishing chemical potential
provide information on the equation of stateprovide information on the equation of state
as well as freeze-out conditions at small as well as freeze-out conditions at small 
non-zero chemical potentialnon-zero chemical potential
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Ratio of baryon number – strangeness correlation and 
net strangeness fluctuations

PDG-HRG: uses experimentally known hadron spectrum listed by the Particle Data Group
QM-HRG: uses additional hadrons predicted to exist in Quark Model calculations
 

evidence for experimentally
not yet observed strange
baryons?

D. Bollweg et al. (HotQCD), arXiv:2107.10011

evidence for strong flavor
correlations
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Ratio of baryon number – strangeness correlation and 
net strangeness fluctuations

conserved charge      quark number fluctuations:

BS ratios probe flavor-correlations

J.-P. Blaizot, E. Iancu, A. Rebhan,
Phys. Lett. B 523 (2001) 143

O(10) stronger flavor correlations at 
than at 
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Baryon number – strangeness chemical potentials at 
freeze-out from strange baryon yields

at QCD:

PDG-HRG:

STAR multi-strange baryon yields are
consistent with freeze-out at
and a                 that reflects contributions 
from additional strange baryons  

STAR, arXiv:1906.93732

STAR, 
arXiv:1010.0142

BS ratios probe strangeness content in an HRG
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P. Braun-Munzinger, A. Kalweit, K. Redlich, J. Stachel,
Phys. Lett. B747 (2015) 292, arXiv:1412.8614

baryon number – strangeness correlation
from HIC 

testing  assumption of Skellam distribution:

from ALICE data:
the lower limit
arXiv:1412.8614

for Skellam distributions mean values 
and second order cumulants as well as
correlations are related:

getting control over B rather than Pgetting control over B rather than P
fluctuations is important!!!fluctuations is important!!!

QCD ~ 0.24
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at ALICE freeze-out temperature
== QCD crossover temperature

Ratios of second order cumulantsRatios of second order cumulants   at at
                                          – – observables at the LHC ? –   observables at the LHC ? –                 

large deviations from PDGHRG
still 25% deviations from QMHRG2020
             sensitive test of QCD 
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at ALICE freeze-out temperature

STAR at 200 GeV:

Ratios of 4Ratios of 4thth and 2 and 2ndnd order cumulants order cumulants
                  – – large deviations from Skellam – large deviations from Skellam – 

– ratios of 4th and 2nd order cumulants differ
   from non-inter. HRG for T>145 MeV

– they change by ~(20-40)% in the crossover
   region

         sensitive probes for freeze-out

Ho-San Ko @ QM22
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Conclusions  Conclusions  
What we learned so far about the CEP in QCDWhat we learned so far about the CEP in QCD
from lattice QCD calculations:from lattice QCD calculations:

I) the critical temperature is below 

II) the corresponding critical chemical potential
    is likely to be above 400 MeV

Taylor expansions need to be
resummed in order to reach CEP

B
ES-II range

B
ES-II range

– no CEP for 

– CEP not in the BES-II range
                           (in collider mode)  

– EoS (pressure & number density)
   well controlled for

        (larger range for higher T)
– reliable       - range is smaller for
   higher order cumulants, given only 
   an 8th order Taylor series for the 
   pressure 


