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⾼能对撞机上的⾼精度理论预⾔
Zhao Li 
IHEP-CAS



量⼦场论的成功

•粒⼦的衰变和散射过程告诉我们粒⼦数并不⼀定守恒。 
•这类问题⽆法⽤⾮相对论量⼦⼒学处理。 
•⼈们换了另⼀种思路：从场出发。 
•万物皆场，粒⼦态是场在真空上的激发



量⼦场论的成功



量⼦电动⼒学  
(Quantum ElectroDynamics, QED)
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费⽶⼦动能项 光⼦动能项 相互作⽤项

U(1)规范对称性          电荷守恒

aexp = 1159.65218091⇥ 10�6
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⽬前最为成功的物理量：电⼦反常磁矩

ath = 1159.652216⇥ 10�6
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Julian SchwingerRichard Feynman

1965 Nobel Prize in Physics

for their fundamental work in quantum 
electrodynamics, with deep-ploughing consequences 

for the physics of elementary particles



标准模型很成功！



Some Numbers @ LHC

对撞能量：14TeV=2.2×10-6J, v=0.999999991c

造价: 4332 兆瑞⼠法郎

周⻓：27km
平均深度：地下100⽶

⾼真空：10-13标准⼤⽓压

9593块各型磁铁

超低温：超导磁铁1.9K 
（CMB 2.71K, CNB 1.95K） 团间距离：7.5⽶（25纳秒）

每团质⼦数：1.2×1011

⽉球潮汐⼒影响：1毫⽶

偶极磁铁1232块：15⽶⻓，35吨，超导线圈 
（1.9K，电流强度11850安培），8.33特斯拉

每束团数：2808

每秒10亿次粒⼦对撞



记录数据量~50PB=5千万GB每年！

The Detectors





Solution to SM QFT Lagrangian

Perturbative Algo 

Fixed order, Resummation …

Non-Perturbative Algo 

Lattice QCD, PDF, FF… 

scattering cross sections 
decay width



Drell-Yan过程中QCD效应
Catani, Ferrera, Grazzini, JHEP 1005 (2010) 006



Z+photon产⽣
Grazzini et al, Phys.Lett. B731 (2014) 204-207



双光⼦产⽣
Catani et al, Phys.Rev.Lett. 108 (2012) 072001 



Higgs玻⾊⼦直接产⽣中QCD效应
 Bonvini, et al, JHEP 1608 (2016) 105 



Higgs Pair



The wishlist(s)

Precise Theory on Signals (Backgrounds?) now and future?



Model Signature
∫
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q̃q̃, q̃→qχ̃
0
1

0 e, µ 2-6 jets Emiss
T 139 m(χ̃

0
1)<400 GeV ATLAS-CONF-2019-0401.9q̃ [10× Degen.]

mono-jet 1-3 jets Emiss
T 36.1 m(q̃)-m(χ̃

0
1)=5 GeV 1711.033010.71q̃ [1×, 8× Degen.] 0.43q̃ [1×, 8× Degen.]

g̃g̃, g̃→qq̄χ̃
0
1

0 e, µ 2-6 jets Emiss
T 139 m(χ̃

0
1)=0 GeV ATLAS-CONF-2019-0402.35g̃

m(χ̃
0
1)=1000 GeV ATLAS-CONF-2019-0401.15-1.95g̃̃g Forbidden

g̃g̃, g̃→qq̄("")χ̃
0
1

3 e, µ 4 jets 36.1 m(χ̃
0
1)<800 GeV 1706.037311.85g̃

ee, µµ 2 jets Emiss
T 36.1 m(g̃)-m(χ̃

0
1 )=50 GeV 1805.113811.2g̃

g̃g̃, g̃→qqWZχ̃
0
1

0 e, µ 7-11 jets Emiss
T 36.1 m(χ̃

0
1) <400 GeV 1708.027941.8g̃

SS e, µ 6 jets 139 m(g̃)-m(χ̃
0
1)=200 GeV 1909.084571.15g̃

g̃g̃, g̃→tt̄χ̃
0
1

0-1 e, µ 3 b Emiss
T 79.8 m(χ̃

0
1)<200 GeV ATLAS-CONF-2018-0412.25g̃

SS e, µ 6 jets 139 m(g̃)-m(χ̃
0
1)=300 GeV ATLAS-CONF-2019-0151.25g̃

b̃1b̃1, b̃1→bχ̃
0
1/tχ̃

±
1

Multiple 36.1 m(χ̃
0
1)=300 GeV, BR(bχ̃

0
1)=1 1708.09266, 1711.033010.9b̃1b̃1 Forbidden

Multiple 36.1 m(χ̃
0
1)=300 GeV, BR(bχ̃

0
1)=BR(tχ̃

±
1 )=0.5 1708.092660.58-0.82b̃1b̃1 Forbidden

Multiple 139 m(χ̃
0
1)=200 GeV, m(χ̃

±
1 )=300 GeV, BR(tχ̃

±
1 )=1 ATLAS-CONF-2019-0150.74b̃1b̃1 Forbidden

b̃1b̃1, b̃1→bχ̃
0
2 → bhχ̃

0
1

0 e, µ 6 b Emiss
T 139 ∆m(χ̃

0
2 , χ̃

0
1)=130 GeV, m(χ̃

0
1)=100 GeV 1908.031220.23-1.35b̃1b̃1 Forbidden

∆m(χ̃
0
2 , χ̃

0
1)=130 GeV, m(χ̃

0
1)=0 GeV 1908.031220.23-0.48b̃1b̃1

t̃1 t̃1, t̃1→Wbχ̃
0
1 or tχ̃

0
1

0-2 e, µ 0-2 jets/1-2 b Emiss
T 36.1 m(χ̃

0
1)=1 GeV 1506.08616, 1709.04183, 1711.115201.0t̃1

t̃1 t̃1, t̃1→Wbχ̃
0
1

1 e, µ 3 jets/1 b Emiss
T 139 m(χ̃

0
1)=400 GeV ATLAS-CONF-2019-0170.44-0.59t̃1

t̃1 t̃1, t̃1→τ̃1bν, τ̃1→τG̃ 1 τ + 1 e,µ,τ 2 jets/1 b Emiss
T 36.1 m(τ̃1)=800 GeV 1803.101781.16t̃1

t̃1 t̃1, t̃1→cχ̃
0
1 / c̃c̃, c̃→cχ̃

0
1

0 e, µ 2 c Emiss
T 36.1 m(χ̃

0
1)=0 GeV 1805.016490.85c̃

m(t̃1,c̃)-m(χ̃
0
1 )=50 GeV 1805.016490.46t̃1

0 e, µ mono-jet Emiss
T 36.1 m(t̃1,c̃)-m(χ̃

0
1)=5 GeV 1711.033010.43t̃1

t̃2 t̃2, t̃2→t̃1 + h 1-2 e, µ 4 b Emiss
T 36.1 m(χ̃

0
1)=0 GeV, m(t̃1)-m(χ̃

0
1)= 180 GeV 1706.039860.32-0.88t̃2

t̃2 t̃2, t̃2→t̃1 + Z 3 e, µ 1 b Emiss
T 139 m(χ̃

0
1)=360 GeV, m(t̃1)-m(χ̃

0
1)= 40 GeV ATLAS-CONF-2019-0160.86t̃2t̃2 Forbidden

χ̃±
1
χ̃0

2 via WZ 2-3 e, µ Emiss
T 36.1 m(χ̃

0
1)=0 1403.5294, 1806.022930.6χ̃±

1 /χ̃
0

2
ee, µµ ≥ 1 Emiss

T 139 m(χ̃
±
1 )-m(χ̃

0
1 )=5 GeV ATLAS-CONF-2019-0140.205χ̃±

1 /χ̃
0

2

χ̃±
1
χ̃∓

1 via WW 2 e, µ Emiss
T 139 m(χ̃

0
1)=0 1908.082150.42χ̃±

1

χ̃±
1
χ̃0

2 via Wh 0-1 e, µ 2 b/2 γ Emiss
T 139 m(χ̃

0
1)=70 GeV ATLAS-CONF-2019-019, 1909.092260.74χ̃±

1 /χ̃
0

2
χ̃±

1 /χ̃
0

2 Forbidden

χ̃±
1
χ̃∓

1 via "̃L/ν̃ 2 e, µ Emiss
T 139 m("̃,ν̃)=0.5(m(χ̃

±
1 )+m(χ̃

0
1)) ATLAS-CONF-2019-0081.0χ̃±

1

τ̃τ̃, τ̃→τχ̃
0
1 2 τ Emiss

T 139 m(χ̃
0
1)=0 ATLAS-CONF-2019-0180.12-0.39τ̃ [τ̃L, τ̃R,L] 0.16-0.3τ̃ [τ̃L, τ̃R,L]

"̃L,R "̃L,R, "̃→"χ̃
0
1

2 e, µ 0 jets Emiss
T 139 m(χ̃

0
1)=0 ATLAS-CONF-2019-0080.7#̃

2 e, µ ≥ 1 Emiss
T 139 m("̃)-m(χ̃

0
1)=10 GeV ATLAS-CONF-2019-0140.256#̃

H̃H̃, H̃→hG̃/ZG̃ 0 e, µ ≥ 3 b Emiss
T 36.1 BR(χ̃

0
1 → hG̃)=1 1806.040300.29-0.88H̃ 0.13-0.23H̃

4 e, µ 0 jets Emiss
T 36.1 BR(χ̃

0
1 → ZG̃)=1 1804.036020.3H̃

Direct χ̃
+

1
χ̃−

1 prod., long-lived χ̃
±
1 Disapp. trk 1 jet Emiss

T 36.1 Pure Wino 1712.021180.46χ̃±
1

Pure Higgsino ATL-PHYS-PUB-2017-0190.15χ̃±
1

Stable g̃ R-hadron Multiple 36.1 1902.01636,1808.040952.0g̃

Metastable g̃ R-hadron, g̃→qqχ̃
0
1

Multiple 36.1 m(χ̃
0
1)=100 GeV 1710.04901,1808.040952.4g̃ [τ( g̃) =10 ns, 0.2 ns] 2.05g̃ [τ( g̃) =10 ns, 0.2 ns]

LFV pp→ν̃τ + X, ν̃τ→eµ/eτ/µτ eµ,eτ,µτ 3.2 λ′311=0.11, λ132/133/233=0.07 1607.080791.9ν̃τ

χ̃±
1
χ̃∓

1 /χ̃
0
2 → WW/Z""""νν 4 e, µ 0 jets Emiss

T 36.1 m(χ̃
0
1)=100 GeV 1804.036021.33χ̃±

1 /χ̃
0

2 [λi33 ! 0, λ12k ! 0] 0.82χ̃±
1 /χ̃

0

2 [λi33 ! 0, λ12k ! 0]

g̃g̃, g̃→qqχ̃
0
1, χ̃

0
1 → qqq 4-5 large-R jets 36.1 Large λ′′

112 1804.035681.9g̃ [m(χ̃
0

1)=200 GeV, 1100 GeV] 1.3g̃ [m(χ̃
0

1)=200 GeV, 1100 GeV]
Multiple 36.1 m(χ̃

0
1)=200 GeV, bino-like ATLAS-CONF-2018-0032.0g̃ [λ′′

112
=2e-4, 2e-5] 1.05g̃ [λ′′

112
=2e-4, 2e-5]

t̃t̃, t̃→tχ̃
0
1, χ̃

0
1 → tbs Multiple 36.1 m(χ̃

0
1)=200 GeV, bino-like ATLAS-CONF-2018-0031.05g̃ [λ′′

323
=2e-4, 1e-2] 0.55g̃ [λ′′

323
=2e-4, 1e-2]

t̃1 t̃1, t̃1→bs 2 jets + 2 b 36.7 1710.071710.61t̃1 [qq, bs] 0.42t̃1 [qq, bs]

t̃1 t̃1, t̃1→q" 2 e, µ 2 b 36.1 BR(t̃1→be/bµ)>20% 1710.055440.4-1.45t̃1

1 µ DV 136 BR(t̃1→qµ)=100%, cosθt=1 ATLAS-CONF-2019-0061.6t̃1 [1e-10< λ′
23k
<1e-8, 3e-10< λ′

23k
<3e-9] 1.0t̃1 [1e-10< λ′

23k
<1e-8, 3e-10< λ′

23k
<3e-9]

Mass scale [TeV]10−1 1

ATLAS SUSY Searches* - 95% CL Lower Limits
October 2019

ATLAS Preliminary
√

s = 13 TeV

*Only a selection of the available mass limits on new states or
phenomena is shown. Many of the limits are based on
simplified models, c.f. refs. for the assumptions made.SM Backgrounds





Higgs的质量

 GeVHm
118 120 122 124 126 128 130 132

 Run 1γγ→ HATLAS 

 Run 1γγ→ HCMS   

 4l Run 1→ HATLAS 

 4l Run 1→ HCMS 

 Run 1γγATLAS-CMS 

ATLAS-CMS 4l Run 1

ATLAS-CMS Comb. Run 1

 Run 2γγ→ HATLAS 

 4l Run 2→ HATLAS 

 4l Run 2→ HCMS   

 0.27) GeV± 0.43 ± 0.51 (±126.02 

 0.15) GeV± 0.31 ± 0.34 (±124.70 

 0.04) GeV± 0.52 ± 0.52 (±124.51 

 0.17) GeV± 0.42 ± 0.45 (±125.59 

 0.14) GeV± 0.25 ± 0.29 (±125.07 

 0.15) GeV± 0.37 ± 0.40 (±125.15 

 0.15) GeV± 0.21 ± 0.24 (±125.09 

 0.36) GeV± 0.21 ± 0.42 (±125.11 

 0.05) GeV± 0.37 ± 0.37 (±124.88 

 0.08) GeV± 0.20 ± 0.21 (±125.26 

Total Stat. Syst.

Tot. Stat. Syst.
ATLAS and CMS
7 TeV, 8 TeV and 13 TeV



Higgs的直接耦合

Higgs与费⽶⼦和有质量规范玻⾊⼦有树图⽔平的直接耦合，且正⽐于质量。











pp Collision
• The proton-proton collision.

Underlying events

Hard scattering

Parton Showering

Hadronization

Decay

Electromagnetic radiation 

Proton Proton



（强⼦）散射过程的因⼦化

• 部分⼦分布函数


• 部分⼦硬散射截⾯/振幅


• 喷柱函数（碎裂函数）



部分⼦分布函数（Parton 
Distribution Function）



强⼦散射 部分⼦散射PDF

fi/H(x, µF )

部分⼦分布函数（Parton Distribution Function）



LHC: CTEQ, MSTW/MMHT, NNPDF PDF from Lattice



� =
X

a,b

Z
dx1dx2fa/h1

(x1)fb/h2
(x2)�̂ab!X(x1, x2).

实验 微扰论计算
Universal  

通过global fitting反解



� =
X

a,b

Z
dx1dx2fa/h1

(x1)fb/h2
(x2)�̂ab!X(x1, x2).



PDF 不确定度



有效x的估计

x1 ⇡ x2

x ⇡
p
ŝp
S

⇡
P

i mip
S

ŝ = x2S

 
 

Q2 = (p1 + p2)2 = 2p1 ⋅ p2
= 2x1x2P1 ⋅ P2 = x1x2 (P1 + P2)2

= x1x2S









top pair @ Tevatron 1.96TeV
x ⇡ 0.2

top pair @ LHC 8 TeV

x ⇡ 0.04

qq̄ : fq/pfq̄/p̄ = fq/pfq/p

qq̄ : fq/pfq̄/p

gg : fg/pfg/p

gg : fg/pfg/p̄ = fg/pfg/p

Dominant!

Dominant!



散射截⾯的PDF不确定度

NNPDF Collaboration, R. D. Ball et al., 
Eur. Phys. J. C 82 no. 5, (2022) 428



Possible Reason from a toy model
arXiv:2211.xxxxx, Mengshi Yan*, Tie-Jiun Hou, Zhao Li, Kritimaan Mohan, and C.–P. Yuan



喷柱 Jet



喷柱 Jet



喷柱形成的动⼒学：QCD 辐射



喷柱形成的动⼒学：强⼦化



喷柱形成的动⼒学：underlying events



Pile-Up



• 其中的quark传播⼦的分⺟部分： 



• 两种发散：


1. 软发散 


2. 共线发散 

1
(q + k)2

=
1

2q ⋅ k
=

1
2q0k0(1 − cos θ)

k0 → 0

θ → 0

为什么软（soft）和共线（collinear）主导？



1. 红外安全：软胶⼦不应当改变喷柱构建的结果。 




2. 共线安全：劈裂过程不应当改变喷柱构建的结果。 

Jet algorithm 需要避免的



喷柱构建⽅法在不同层⾯上应有相同的结果/⾏为。

理想的Jet algorithm



• Cone-Type Algorithms  
★ Midpoint Cone (Tev), Iterative Cone (CMS), SISCone (LHC) 
★ Typically not Infrared- & Collinear-Safe (exception: SISCone)  
★ Typically complex, involving several (non-phyiscal) parameters  
★ Favored at hadron colliders (computational performance) 
★ Strongly disfavored by theorists 


• Sequential Clustering Algorithms  
★ kT, Cambridge/Aachen, Anti-kT 
★ Infrared- & Collinear-Safe by construction  
★ Clean & Simple Algorithms 
★ Strongly favored by theorists  
★ Now widely used at the LHC 

两类主流algorithm



Iterative cone algorithm

Cone algorithm is IR unsafe



SISCone Algorithm 



Sequential Clustering Algs 
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Fig. 3. The measured jet shapes, with effects due to the calorimetric 
measurement removed, compared to NLO predictions with two 
renormalization scales for 2.5 5 101 2 3.0 for the jet ET range 
(a) 45-70 GeV and (b) 70- 105 GeV. 

tered into one jet, using the D0 definition of 7 and 
4, if they are within a distance of 1.0 of each other in 
v - 4 space. The energies of these jets are defined as 
the sum of the energies of the partons in the jets and 
the jet directions are the vector sums of the momenta 
of the partons. The jet shape predictions were calcu- 
lated in the same ET and r] ranges as the data, using 
the CTEQ2M [ 141 parton distribution function (pdf) 
and three values of the renormalization scale, ,X =ET, 
ET/~, and ET/~. They were also calculated using the 
MRSD-’ [ 151 pdf and were found to be insensitive 
to this change. At the lower two jet ET ranges, the 
theoretical predictions are narrower than the data for 
all values of ,u and are narrower for all values except 
,u = ET/~ for the higher two ET ranges. Both the data 
and the theoretical predictions narrow with increasing 
jet ET but the measured jets narrow more quickly than 
the predictions. 

Fig. 3 shows the measured jet shapes in the forward 
region for two jet ET ranges and the values of p( r) are 
listed in Table 2. The measured jets are observed to 
narrow with increasing jet ET. Comparing Figs. 2 and 
3, it is observed that jets of the same ET are narrower 
in the forward region than in the central region. Com- 
parisons to the JETRAD predictions in the forward 
region are shown using two values of the renormaliza- 
tion scale. The theoretically predicted jet shapes are 
narrower than the data in both ET ranges and do not 
narrow with increasing jet ET. As observed in the data, 
the theoretically predicted jet shapes are narrower in 
the forward region than in the central for jets of the 
same ET, but they do not narrow as much as the data. 

Comparison of HERWIG simulations of jet shapes 

Table 2 
The measured jet shapes at the particle level for jets located at 2.5 
< 171 < 3.0. Listed in the table is the value of p as a function 
of the radial distance from the jet axis r for the two forward ET 
regions. 

Subcone 
radius 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1 .o 

p(r) 

45-70 GeV 
(ET) = 52 GeV 

.49f .028 

.67f ,026 

.76f ,018 

.82f ,014 

.86f ,012 

.9Ok ,010 

.93& .007 

.96k .005 

.98f .003 
1.0 60.0 

70-105 GeV 
(ET) = 77 GeV 

.59f ,039 

.75f ,035 

.82f ,031 

.86f ,030 
,885 .025 
.91 i .022 
.94~k ,018 
.96i ,008 
.98f ,006 

1.0 Ito. 

- 1 
5 

09 

08 

07  
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05 

04 

03 

02 

_ JETRAD g=E,/2 

JETRAD-2 @=E,/Z 

45 Ge” < E, < 70 GeV 

0 0 25 0.5 075 1 
r 

Fig. 4. The measured jet shapes at the particle level for jets with 
45 < ET < 70 compared to NLO predictions for different parton 
clustering algorithms for (a) 171 5 0.2 and (b) 2.5 < 171 5 3.0. 

before fragmentation (parton level) and after (parti- 
cle level) shows that the effects of fragmentation pro- 
cesses are important and tend to broaden the jets in 
both the central and forward regions. 

Although the experimental cone algorithm is well 
defined, it cannot be simulated exactly in the theo- 
retical parton level prediction. We have investigated 
the effect on the jet shape when using different par- 
ton clustering algorithms in the predictions as shown 
in Fig. 4. 

The JBTRAD clustering algorithm was described 
previously. The JETRAD-2 algorithm clusters two 
partons into a single jet if they are each within a 
distance of 1.0 of their vector sum, creating jets with 
the same radius as in the experimental measurement. 

D0 Collaboration/Physics Letters B 357(1995) 500-508



🌰 典型的夸克喷柱与胶⼦喷柱的差异
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Jet energy profile JE can be obtained by inserting 
the step function in the jet function:to the jet axis. For example the NLO JE is expressed as

JE(1)
q (m2

J , PT , ν2, R, µ2) =
(2π)3

2
√

2(P 0
J )2Nc

∑

σ,λ

∫
d3p

(2π)32ωp

d3k

(2π)32ωk
[p0Θ(R − θp) + k0Θ(R − θk)]

×Tr
{
$ ξ〈0|q(0)W (q̄)†

ξ (∞, 0)|p, σ; k, λ〉〈k, λ; p, σ|W (q̄)
ξ (∞, 0)q̄(0)|0〉

}

×δ(m2
J − (p + k)2)δ(n̂ − n̂$p+$k)δ(P 0

J − p0 − k0),

JE(1)
g (m2

J , PT , ν2, R, µ2) =
(2π)3

2(P 0
J )3Nc

∑

σ,λ

∫
d3p

(2π)32ωp

d3k

(2π)32ωk
[p0Θ(R − θp) + k0Θ(R − θk)]

×〈0|ξσF σν(0)W (g)†
ξ (∞, 0)|p, σ; k, λ〉〈k, λ; p, σ|W (g)

ξ (∞, 0)F ρ
ν (0)ξρ|0〉

×δ(m2
J − (p + k)2)δ(n̂ − n̂$p+$k)δ(P 0

J − p0 − k0). (67)

This is the reason why the r dependence of JE is absent at LO, because θ = 0 at this order. The corrections of the
virtual gluons emitted from the special vertex are factorized into the same hard function G(1) and soft function K(1)

v .
The above statements apply to both the light-quark and gluon jets. besides, we shall not specify the dependence on
the factorizations scale µ, which can be removed by an appropriate choice of the scale.

We first study the energy profile of the quark jet JE
q . For the real soft gluon emitted from the special vertex, we

split the sum of the step functions into

∑

i

k0
i Θ(r − θi) =

′∑

i

k0
i Θ(r − θi) + l0Θ(r − θ), (68)

where
∑′ means a summation over final-state particles with the differentiated gluon being excluded. The first term

leads to

K(1)
r ⊗ JE

q = g2CF

∫
d4l

(2π)4
n̂ · PJ

(n · l + iε)(PJ · l − iε)
2πδ(l2)JE

q (m2
J − 2PJ · l, PT , ν2, R, r). (69)

Because of the emission of the real soft gluon from the special vertex, the jet axis of the rest of particles, described
by JE

q on the right-hand side of the above expression, has inclined by an angle l0 sin θ/PT with respect to the jet
momentum PJ . Certainly, the jet axis of the rest of particles can not incline to outside of the smaller jet cone r. Then
the momentum conservation imposes a constraint on the kinematics of the differentiated real soft gluon:

l0 sin θ

PT
≤ r. (70)

Applying the Mellin transformation, we have
∫ 1

0
dx(1 − x)N−1K(1)

r ⊗ JE
q = K̄(1)

r (N)J̄E
q (N, PT , ν2, R, r), (71)

with the definition

K̄(1)
r (N) = g2CF

∫ 1

0
dz(1 − z)N−1

×
∫

d4l

(2π)3
2PJ · ln2

(n · l + iε)2(2PJ · l + a2)
δ(l2)δ

(
z − 2|l|

PT
(1 − cos θ)

)
Θ

(
r − |l| sin θ

PT

)
. (72)

The second term in Eq. (68) leads to

K(1)
e ⊗ Jq = g2CF

∫
d4l

(2π)4
n̂ · PJ l0Θ(r − θ)

(n · l + iε)(PJ · l − iε)
2πδ(l2)Jq(m2

J − 2PJ · l, PT , ν2, R). (73)

The Mellin transformation of the above convolution gives
∫ 1

0
dx(1 − x)N−1K(1)

e ⊗ Jq = K̄(1)
e (N)J̄q(N, PT , ν2, R), (74)

to the jet axis. For example the NLO JE is expressed as

JE(1)
q (m2

J , PT , ν2, R, µ2) =
(2π)3

2
√

2(P 0
J )2Nc

∑

σ,λ

∫
d3p

(2π)32ωp

d3k

(2π)32ωk
[p0Θ(R − θp) + k0Θ(R − θk)]

×Tr
{
$ ξ〈0|q(0)W (q̄)†

ξ (∞, 0)|p, σ; k, λ〉〈k, λ; p, σ|W (q̄)
ξ (∞, 0)q̄(0)|0〉

}

×δ(m2
J − (p + k)2)δ(n̂ − n̂$p+$k)δ(P 0

J − p0 − k0),

JE(1)
g (m2

J , PT , ν2, R, µ2) =
(2π)3

2(P 0
J )3Nc

∑

σ,λ

∫
d3p

(2π)32ωp

d3k

(2π)32ωk
[p0Θ(R − θp) + k0Θ(R − θk)]

×〈0|ξσF σν(0)W (g)†
ξ (∞, 0)|p, σ; k, λ〉〈k, λ; p, σ|W (g)

ξ (∞, 0)F ρ
ν (0)ξρ|0〉

×δ(m2
J − (p + k)2)δ(n̂ − n̂$p+$k)δ(P 0

J − p0 − k0). (67)

This is the reason why the r dependence of JE is absent at LO, because θ = 0 at this order. The corrections of the
virtual gluons emitted from the special vertex are factorized into the same hard function G(1) and soft function K(1)

v .
The above statements apply to both the light-quark and gluon jets. besides, we shall not specify the dependence on
the factorizations scale µ, which can be removed by an appropriate choice of the scale.

We first study the energy profile of the quark jet JE
q . For the real soft gluon emitted from the special vertex, we

split the sum of the step functions into

∑

i

k0
i Θ(r − θi) =

′∑

i

k0
i Θ(r − θi) + l0Θ(r − θ), (68)

where
∑′ means a summation over final-state particles with the differentiated gluon being excluded. The first term

leads to

K(1)
r ⊗ JE

q = g2CF

∫
d4l

(2π)4
n̂ · PJ

(n · l + iε)(PJ · l − iε)
2πδ(l2)JE

q (m2
J − 2PJ · l, PT , ν2, R, r). (69)

Because of the emission of the real soft gluon from the special vertex, the jet axis of the rest of particles, described
by JE

q on the right-hand side of the above expression, has inclined by an angle l0 sin θ/PT with respect to the jet
momentum PJ . Certainly, the jet axis of the rest of particles can not incline to outside of the smaller jet cone r. Then
the momentum conservation imposes a constraint on the kinematics of the differentiated real soft gluon:

l0 sin θ

PT
≤ r. (70)

Applying the Mellin transformation, we have
∫ 1

0
dx(1 − x)N−1K(1)

r ⊗ JE
q = K̄(1)

r (N)J̄E
q (N, PT , ν2, R, r), (71)

with the definition

K̄(1)
r (N) = g2CF

∫ 1

0
dz(1 − z)N−1

×
∫

d4l

(2π)3
2PJ · ln2

(n · l + iε)2(2PJ · l + a2)
δ(l2)δ

(
z − 2|l|

PT
(1 − cos θ)

)
Θ

(
r − |l| sin θ

PT

)
. (72)

The second term in Eq. (68) leads to

K(1)
e ⊗ Jq = g2CF

∫
d4l

(2π)4
n̂ · PJ l0Θ(r − θ)

(n · l + iε)(PJ · l − iε)
2πδ(l2)Jq(m2

J − 2PJ · l, PT , ν2, R). (73)

The Mellin transformation of the above convolution gives
∫ 1

0
dx(1 − x)N−1K(1)

e ⊗ Jq = K̄(1)
e (N)J̄q(N, PT , ν2, R), (74)

At NLO, J̄q
E ⇡

↵sCF

P 0
J ⇡


�1

4
ln2 R2

r2
� 3

4
ln

R2

r2

�
.

which is an integrable singularity.
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Resummed results become consistent
Phys.Rev.Lett. 107 (2011) 152001

r
0.1 0.2 0.3 0.4 0.5 0.6 0.7

(r
)

Ψ

0
0.2
0.4
0.6
0.8

1
1.2

 < 45 GeVT37 GeV < P

r
0.1 0.2 0.3 0.4 0.5 0.6 0.7

(r
)

Ψ

0
0.2
0.4
0.6
0.8

1
1.2

 < 148 GeVT128 GeV < P

r
0.1 0.2 0.3 0.4 0.5 0.6 0.7

(r
)

Ψ

0
0.2
0.4
0.6
0.8

1
1.2

 < 380 GeVT340 GeV < P
CDF data  

PRD71(2005)112002

128GeV < P jet
T < 148GeV

340GeV < P jet
T < 380GeV

37GeV < P jet
T < 45GeV



 from Jet Energy Profileαs

Ψ ∝ αsPTR

理论计算 Ψ(r, αs)

实验测量 Ψ(r)
抽取 αs



 from Jet Energy Profileαs

• 未来Tera Z factory 可以提供约  个 Z 玻⾊⼦，通过  可以将

JEP的统计误差控制在 ，系统误差拒信可以控制在  以下。 

• 这意味着  的测量精度可以提⾼⾄少⼀个量级。 

• 但是⼤部分喷柱相关的观测量中，理论误差仍然 >1%，其中主要来源于⾮微扰
部分的误差。

1012 Z → qq̄ → jj
10−6 10−3

αs



 from Jet Energy Profileαs

• 我们曾经的 JEP 理论预⾔中（NLO-NLL），⾮微扰部分的贡献极⼩，理论误差
主要来源于微扰部分的标度依赖性 ~5%。 

• 标度依赖性可以通过更⾼阶效应的修正降低。——有望将  精度降低到  

• 需要⼤量⼈⼒物⼒

αs 10−3
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Boosted heavy particles

gluino squark
gaugino KK



喷柱内部结构⾮常重要



J. Gallicchio, M.D. Schwartz, PRL 107 (2011) 172001
🌰 Girth



🌰 Planar Flow

(hidden smearing effect)

L. G. Almeida, S. J. Lee, G. Perez, G. Sterman, I. Sung, J. Virzi, PRD79 (2009) 074017



🌰 Color Pull
J. Gallicchio, M.D. Schwartz, PRL105(2010) 022001



L. G. Almeida, S. J. Lee, G. Perez, G. Sterman, I. Sung, PRD82 (2010) 054034
Template overlap



J. Thaler, K. V. Tilburg, JHEP 1103 (2011) 015
N-subjettiness



部分⼦硬散射截⾯



High Order QCD/EW Effect
Virtual Correction Real Correction



Virtual correction amplitudes

• Feynman振幅张量约化


• Feynman标量积分约化


• Feynman主积分计算



Difficulties in multi-loop amplitude

1. Reduce into scalar loop integrals ( could be 
O(10^4) or more ) i.e. tensor reduction 

2. Reduce to master integrals ( much less, maybe 
O(10^2) ), mostly IBP reduction, newly series 
representation 

3. Evaluation of master integrals ( numerical or 
analytical ) e.g. sector decomposition, Mellin-
Barnes, series representation, etc.



振幅张量约化



Difficulties in tensor reduction

Numerator may contain ISP

q · "
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ū 6 k 6 qv
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

or

Unlike SP between loop momentum and external momentum q · k
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

( can be expressed as linear combination of denominators )

q · k =
1

2

�
[(q + k)2]� [q2 �m2]� k2 �m2

 
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Projection Method

Amplitude:

Phys.Rev.D90(2014)no.11,114024



General Tensor for H->ggg @ 2-loop

Gehrmann et. al. JHEP 02 (2012) 056 



Gauge invariant basis

Gehrmann et. al. JHEP 02 (2012) 056 



• Loop momenta have been decoupled from 
Dirac structures, polarization vectors etc. 

• Numerator contains scalar products of loop 
momenta and external momenta at most. 

• Loop integrals can be contracted into 
coefficients of form factors



Anastasiou et al, Nucl.Phys.B 580 (2000) 577-601

Tarasov’s Method



Tarasov’s Method

Anastasiou et al, Nucl.Phys.B 580 (2000) 577-601



Anastasiou et al, Nucl.Phys.B 580 (2000) 577-601

Tarasov’s Method



Anastasiou et al, Nucl.Phys.B 580 (2000) 577-601

Tarasov’s Method

Finally obtain the combination of scalar integrals with higher power of 
propagators and higher dimensions.



Resolve dimension shift (in Tarasov’s Method)

Nucl.Phys.B502(1997)455-482



IBP (integration by parts)



Feynman 积分
S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087 

FIRE, Kira, …



Numerical approaches for multi-
scale multi-loop

• Mellin-Barnes Representation 
Many tools, faster, difficult on many scales. 

• Sector Decomposition 
More general, slower, okay for many scales.

• Auxiliary Mass Flow 
Latest algorithm, most efficient for now



Mellin-Barnes Representation

AMBRE, MBcreate, …



Sector Decomposition

G.Heinrich, Int.J.Mod.Phys.A23:1457-1486,2008 FIESTA, pySecDec, …















Decomposition strategies

• Hironaka’s polyhedra game  
Bogner and Weinzerl, Comput.Phys.Commun. 178 
(2008) 596; A. V. Smirnov and V. A. Smirnov, JHEP 
05 (2009) 004;  

• Geometric method 
Kaneko and Ueda, Comput.Phys.Commun. 181 
(2010) 1352



Iteration of certain strategy will show explicitly 
dimensional regulators, where poles can be extracted.



Contour Deformation



Improve via quasi-Monte-Carlo

Z. Li et al., Chin.Phys. C40 (2016) no.3, 033103 



Implementation on GPU

Z. Li et al., Chin.Phys. C40 (2016) no.3, 033103 



Auxiliary Mass Flow
Phys.Lett.B 779 (2018) 353-357

AMFlow



Real Corrections



NLO calculation

IR Divergence



Where is IR singularity?



NNLO effect



Phase space slicing



PSS Efficiency Problem:



Dipole subtraction



FKS subtraction



Somogyi’s subtraction



Antenna subtraction



Czakon’s subtraction at NNLO





Feynman Diagram Generation



• Start from seed diagrams.


• Insert legs connecting to each propagators and vertices iteratively.


• Also obtain the symmetry factor. 

Generation via FeynArts





• Using QGRAF but interfaced with UFO format.


• Generate amplitude for each generated Feynman diagram.


• Prepare the visual diagram in the tikz-feynman style.


• Public @ github

FeAmGen.jl



Resummation effect









Parton Model 
(in hadron collisions)

W +

e+

eν

























CSS formalism



•  uncert. (NLO, NNLO, … ) 

•  uncert. (NLL, NNLL, … in DGLAP) 

• PDF uncert.  

• non-pert. uncert. 

• resummation uncert. ( soft scale & hard scale )  

• scheme uncert., higher twist, hadronization effect, 
detector effect, etc.

μR

μF

Theory Uncertainties



Future colliders



Future colliders
• Higher energy / higher luminosity 


• Z factory / Higgs factory: CEPC, ILC, FCC-ee, CLIC


• muon colliders?


• SPPC, FCC-hh


• Extremely accurate experiment data? 


• QCD/EW NNLO/NNNLO/Resummation theory? Numerical approaches may 
be the only choice. What if theory cannot satisfy precision needs?



Thank you!


