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DATA FROM PARTIAL WAVE ANALYSIS

@ The 7N scattering — one of the most fundamental and important processes in nuclear and
hadron physics
o Decades of researches

o Various experiments and phenomena
(Lar 27 convention, W= /s, Sy = 1 — 1?)[saiD: Wi 0g]
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THEORETICAL DISCUSSIONS

@ Problems to study
o Low energy properties:
7 N o-term, subthreshold expansions
[C. Ditsche et. al. 2012 JHEP][Y. H. Chen et. al. 2013 PRD][Hoferichter et. al. 2016 Phys.Rept.]
o Intermediate resonances: A(1232), N*(1440), N*(1535) - - -

o Methods

o Perturbative calculation
O(p?’) [J-M. Alarcén et. al. 2012 RPD]; O(p4) [Y. H. Chen et. al. 2013 PRD]
e Couple channel Lippmann-Schwinger Equation
[O. Krehl et. al. 2000 PRC]
e Dispersion technique
[A. Gasparyan and M.F.M. Lutz 2010 NPA]
e Roy-Steiner equation
[C. Ditsche et. al. 2012 JHEP][Hoferichter et. al. 2016 Phys.Rept.]
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S11 AND Pj; CHANNELS

o S11 channel (Lgs 25 convention): N*(1535)
[N. Kaiser et. al. 1995 PLB][J. Nieves et. al. 2000 PRD]

o lies above the P- wave first resonance N*(1440)
o large couple channel effects with 7 N and n N

@ Pi1 channel: N*(1440) (Ropper resonance), various puzzles
o low mass, large decay width, coupling to o N channel... [O. Krehl et. al. 2000 PRC]
e two-pole structure? [R. A. Armdt et. al. 1985 PRD]
e second sheet complex branch cut in P11 channel?

[S. Ceci et. al. 2011 PRC]

@ A method is needed to examine the relevant channels carefully and to exhume more physics

behind

o low energy
e model independent
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PKU REPRESENTATION

@ Production representation, or PKU representation: elastic two-body scattering amplitude

S=1]Six Seu

e S;: pole terms, Scut = e2iP()f(s) . |eft-hand cuts and right hand inelastic cut — background.

f(s) = S [ discf(s") s s discf(s’)

27 Jy (s" —s)s"  2mi Jps (s — s)s’

@ f(0) = 0 [Z. Y. Zhou and H. Q. Zheng 2006 NPA]
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PKU REPRESENTATION

o f(s) perturbatively calculated, poles as parameters (input or fit)

o Corresponding to the Ning Hu representation in QM
[N. Hu 1948 PR] [T. Regge 1958 Nuovo Cimento]

o Advantages

rigorous and universal

separated S — additive phase shift

sensitive to (not too) distant poles

]
]
]
o definite sign of the phase shifts — figuring out hidden contributions

@ Applications

o the 7 elastic scattering — existence of the o particle (fo(500))
[Z. G. Xiao and H. Q. Zheng 2001 NPA]

o the 7K elastic scattering — « resonance (K™ (800))
[H. Q. Zheng et. al. 2004 NPA]

e resonance sum rules (narrow width approximation)
[Guo Z.H. et al., JHEP 2007 NPA]
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BRANCH CUT STRUCTURE OF PARTIAL WAVE 7NN ELASTIC SCATTERING
AMPLITUDE

[S. W. MacDowell 1959 PR][J. Kennedy and T. D. Spearman 1961 PR]

(M? = m2)2/M? M+ 2m? &

(M —m)? (M +m)?
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PHASE SHIFT COMPONENTS

o PKU representation — conventionally additive phase shift
@ Phase shift contributions

bound states — negative phase shift

virtual states (usually hidden ) — positive phase shift

resonances — positive phase shift

left hand cut — (empirically) negative phase shift (proved in quantum mechanical potential
scatterings)

[T. Regge 1958 Nuovo Cimento]
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BACKGROUND PHASE SHIFTS

Estimated both at O(p?) and O(p®) level. (Tree level plotted). Loy 27 convention, W = 4/, data: green
triangles [SAID: wi 08]
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BACKGROUND PHASE SHIFTS

Loy o5 convention, W = /s, data: green triangles [saiD: wi 0g]
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DISCREPANCIES IN 577 AND Pj; CHANNELS

Large missing positive contributions

Pn:
o Analytical continuation: S =1/9".
Second sheet poles — first sheet zeros.
o Expansion: '~ a/(s— M3) + b+ -
o Arbitrary non-zero b — the virtual state
o Perturbation calculation — virtual state at 976 MeV; fit — 980 MeV

0.8 09 1.0
W(GeV)
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FINDING Sll HIDDEN POLE
O(p?)[YF Wang et al., 2018 EPJC];
O(p3)[YF Wang et al., 2019 CPC]

o Hidden pole — a “crazy resonance” below threshold 0.895(81)(2) — 0.164(23)(4)7 GeV.

s. (GeV?2) | Pole position (MeV) | x?/d.o.f
~0.08 814(3) — 141(8) 1.46
~1.00 882(2) — i190(4) 1.31
~9.00 960(2) — 1192(2) 1.14
~25.0 976(2) — 1187(1) 1.14

Table 2: The Si; hidden pole fit with different choices of s..

Phase shift (Degree)

——5.=-0.08 GeV*
- -~ 5=-1.00 GeV*

4 Data
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N*(890) pole in N/D method

Li QZ et al., 2022, Chin. Phys. C
T(s) = N(s)/D(s) - 1)
where :
@ D(s) only contains right hand cut,leading: Tmpg[D(s)] = —p(s)N(s) ;
o N(s) contains left cuts and pole,and: Imy[N(s)] = Imz[T(s)]D(s) .

According to dispersion relation:

_smse [ ONE)
D(s) =1 - /R(s,_s)(s,_s())d , o
NG = Nso) + 22 [ Z Ty
Imy T as an input.
N(s) = N(s0) + B(s, s0) + 2 ;SO /}; BES’_S if)(fs)iv(;)) ds’ 3)
- N8 s Imy, T(3) 5
Bls,s) = — /L GosGoo) "
Analytic continuation:
D (s) = D(s) + 2ipN(s) , N(s) = N(s) , (4)
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A toy model calculation

Z Vi , (5)

s — 8;
D(s)=1- "2 / PENE) 4 (6)
T r (8 —8)(s — s0) '
Case | Case Il
s1 0 —mfv
~v1 (GeV?) 0.79 1.34
/Spole(GeV) | 0.810 - 0.125i | 0.788 - 0.185i

3%: Subthreshold pole locations using input Eq. (5).
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O(p?) calculation

The cuts structure of wN partial wave amplitudes:

Ims

Res

Partial wave projection of xPT amplitudes encounter a severe problem at s = 0,
T[O(®P™](s = 0) ~ Cs"1/2 )
Violating Froissart bound. General argument gives instead
T~ s @A) (8)

where aa (0) is the intercept parameter of the Regge trajectory of A(1232). An N/D calculation

is nevertheless still doable with
Vs = (1.01 — 0.199) GeV , (9)

within reasonable range of LECs of O(p?) lagrangian.
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A ‘realistic’ model calculation

a+ bs

disc T(s) = disc T (s) + disc T°(s) + disc| 7

I (10)

Res

[&: The l.h.c. by t-channel p exchange; u-channel N exchange.

Vs = (0.90 — 0.204)GeV . (11)
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SU(3) K matrix approach

[Chen C et al., 2022 CPC]
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Figure 5: The N*(890) and N*(1535) poles in sheet (-,+). The corresponding thresholds are
marked with thick lines in the upper edge of the box.
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SU(3) K matrix approach
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Figure 7: £*(1360) and X*(1620) poles in sheet (--,4).
An SU(3) version of effective lagrangian is written from which a K matrix is extracted. It is found

that the negative parity baryon cannot be generated by inputting an 'elementary’ filed in the
effective lagrangian.
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~v(v*)N — wN process

[Ma Y et al., 2021 CPC]

Table 3: Results of g, g, and g2. Pole position, moduli and phase are in GeV, 1072 x GeV? and
degrees, in order. g2 arc the same for p target and n target duc to the isospin symmetry.

997 2
it T it 1T i
Target  Pole Position Moduli Phasc Moduli Phase  Moduli Phasc
0882 —0.190i  (L212+0.014) 79213 120340302 —789+114 197403 326=10
P 0.960 — 0.192¢ (1467 £0.016) —7L3L£09 1.459£0.279 —7124£35 21.4£02 336%£08
N 0.882 —0.190; (06416 + 0.0265) 1147 202540731 814469
0.960 —0.192; (1111 £0.050) T03£3 2342 £0.605 980E15

than that of the N*(1535) residue. The [g2| of N*(890) is 0.2GeV?, and the one of N*(1535),
which is obtained by the value in Ref. [45], is 0.08GeV2. The g2 of these two resonances may
account for part of the reason why N*(890) photoproduction residue is large, and using above
results g, of these two resonances can be obtained. The |g, | of N*(890) is 0.032GeV meanwhile
the one of N*(1535) is 0.024GeV and one can see the magnitudes are almost the same. One
should notice that the results of n target are quiet unstable. The fact that data points are few
and they have large error bars may account for the main reason.
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Dyson's theorem
ENHMBGFLFHES A p, o, NHIHH © M FHESFA L K. S EBETH R TR

— - [ s S R Ge- DY) (12)

e ,
7=~ [t T 01 RES (- )Mk (13)
B o REATFH, » RBETH. EERAORE, I RARTLARESEMER, TR

—"MTUR??EEH%’&SZ%’HEIFEX# tHMRIRK R . BRI ERIAX IR HEREM R I Fourier I
#, HEEXMEFROK. BIOTTEGEHBEXNRAIEERN 5 FH) Fourier Tifk:

) = [ dtacm QI3 A= Dlinp+ (14)

Het j= (O + M)o(a), j= (O +m?)y(). MIMBEHEKE F(¢°) B—NE « XEXEAFHES
HHY Fourier T, EERTUTHETENAE:

+ K +k
B dw>0, B (749> mi,
o
po + ko p+k
— —®©>0, 8 (7—q)2>m§; (15)

2wy, mo SRR j, fEENRENTESRE.
TR



Dyson's theorem
Dyson B TAEF. J. Dyson, PR (1958)] 3% B T IXHEHREH EN TSV ENRTR:
/d‘*l/ dx?e(g0 — 0)91(q — D% — x2I6(L x2) - (16)

FEESP o(Lx?) BERERN, mR 20+ 2 mEmEgRE L, A

X = Max{0;m1 —\/((p+ K)/2+ D) m2 —\/((p+ K)/2 = 1)} . (17)

WIREREH, Fr() 5 F(¢°) BUTHXR:

oy _ [ gy P
Pt =~ [ ddy (18)
% (16) AR oo
Pr() = —5= [ 1 [ SO (19)
BRERA (12) %, 83
_ 1 ddx*o(l x*, p, k) (20)

(K —p)/2=02=x*
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Lehmann ellipse

5INES ) ,
W= (pa =, = O Mo M) (21)

7E (20) KA FIARAIRRETR | THEESH
2m (z, cos a, I/V)
T(W, cos6) d , 22
cos /ZO(W) gg/ (22)

e —cos 6 —a)

Hef

(Z)('Tv cos a, W)

1
- /dzo/zcll/dx2/d5
4dmgsi2

2 _ 2 _ 2
oo a2 T X = (o + (m? — M2)/2W)?,
2¢s121sin

X¢(lo,12,cosasinﬁ,x2, w) . (23)

#NE (SCU) THE SINGULARITY STRUCTURE OF 7= N SCATTERING 2022 4£9 A29 A 26 /46




Lehmann Ellipse

B EEITERIEH
(m3 — M?)(m — m?)]/?

oW =1+ ‘1512(3_ (m1 — m2)?)

(24)

)

Heh o B5 © BANSENSHEE, BUSBLI (10)0) £ 0. TXF mo MEXELM
WA 1 = M, my = m + M. f£ (22) R, BF cos ULHAES T L, BATTLLZEIEE
(Eh TR FEOMMEITAAET SROBTELS. SHIROTR R0 B
ER o, By

cos® = zcosa £ i/ 22 — Isina . (25)
TFRENSIER: MNTFETHIEINSGEE W, BRI T(s, 1) B—NKTF cosf BIFRITEE
HERRERE— cos0 THEERME, HES (foci) A £1, F4KH (semi-major axis) A zo(W).
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Lehmann ellipse

Xt FEEHRIBER, WEE—NEXHWME LFET. EHEESR (foc) A £1, FKH
(semi-major axis) A
To =213 — 1. (26)
[&: Lehmann 1§E. FKIEHE x0, MESE cosd = £1.

R o M T MR s MRS BB 2, — 0, Lehmann #HEIRE4 cosd FEH. M s — oo
i, Lehmann #HESIEZER) (-1,+1).
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Lehmann Ellipse

3T Legendre Z#iskift, WISIX iE] AHER—NERMER. BIREH f(2) = 302 ans” B
3125 |2 < R, M| Legendre FB f(2) = Y02 anPn(2) WEITHE E((R? + 1)2R) M, KA
(R? +1)/2R. 1R#E Legendre H#H) Laplace RS A,

Pp(2) = ! /W(z+ V22 —1cos¢)"do , (27)
7w Jo
F2 - -
Z anPn(z) = l/ Z an(z+ V22 —1cos¢)"dg . (28)
n=0 TJ0 T

Bl Lengendre ZEMUTHIX EH |2+ V22 — 1cos¢| < R (HFEEM ¢) RE. &
24+V2 —1=Re? z=z+ iy N

z= Rzglcose, y:%sin@, (29)
& ) ,
T Yy _
(@) *(@=mm) = (0)
XE—NEKEA (R4 1)/2R BBE, MHRE D anPu(z) EHEREKS. T ¢ TEHEK
ESGTF t= *4(1312 , t=0. IPMBERIBIE g2 — 0 BHARBA: L s — sy, qzlg — 0 B,

t=—2¢%,(1 — cosf) o gs12 — 0. {BEIEMEXTTF T(s, t) BIELS, As(s, cosd), Lehmann &iFH
MNBE—ANEREERA 222 — 1 BIWE. e 223 — 1 — q2612 — %ﬁ;t. FRENTIAER
Ag(s, cos0) BIEANEIER S ¢.
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Hyperbolic dispersion relations

(a) 2k Sk IFA F 42 SR A2 SCE FR ) P X k5
() 2R AN il Rl 3 AL R N 1 DI 5

[Hite, Steiner, 1973]

() HRUFELITREMT L, FEIX M2 BHUE T AR B | AT BRI (AR T AR BT ) 5
(d) SrBARSEXT fi BER B G AHE 0RO R T Rl 21

(s—a)(u—a)=0b
a: Influence the domain of validity of equation
1 01 1 1
A (s,t;a):;/ﬁ ds |:s’—s+s’7u_
N S e |
A (s,t,a)—ﬂ/& ds [5/7
st

; :|ImA+ s t)
s —a
1 /
s’—n} Im A~ (s, 1)
1
B (sta)7N+(.s7t)+—/ ds’[
7 Js,

1

/ g AT () 1mA+ (s t’)

/ dt,uImA(
1

=y

_")
n ]ImB*(
s s —u
1 1
B (s, t;a) N(sta)+;/ ds[

t—t

;
1
s = +

(o 4
1/ dt,r/ImB (s t')
t—
7 - ]ImB
s —=u s

s

FBEF

/dtImB (s/,1)
(SCU)

THE SING




Roy equation

Roy Equation
@ A coupled system of PWDRs.
@ Analyticity, Unitarity, and Crossing symmetry.

Starting from the twice-subtracted fixed-t dispersion relation:

2 oo 1 T / t / 2 —t 1 T / t /
T(s, 1, u) = a(t) + 580 + / e TGt u) s / dy T b)) gy
T Jam2 2 (s —s) T J oo §2 (s —s)

A system of integral equations for the w7 amplitudes:

Re t(s) +ZZ/ dsKJJ, s,s)Imtg,(s’) . (32)
r

!
KSIJ, (s, s) : Analytically calculable kinematic kernel functions.

@ The only free parameters: S -wave scattering lengths ag, ag.

An important issue is the range of validity of the Roy equations.
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Lehmann ellipse constraints
Ims T'(s',t) = 167 Z(2l+ 1)Ims Ty (s) P (2(5, 1)) (33)
!

z: CMS scattering angle cosines.

The series of Legendre polynomials converges when z within the corresponding large Lehmann
e”ipseS[Lehmann 1958].

Lehmann ellipses

@ Focal points: z = £1.

@ Boundary: Touching the nearest singularity of Img T (s', t).

Assuming that the scattering amplitude satisfies Mandelstam' s double spectral representation.

40

20

0 20 40 60 80

Re[s/m?]

[&: Domain of validity of the Roy Equation; black points denote the o (f,(500)).
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Similarly, for 7 K and wN scattering amplitudes:

20 [ J

0 20 0 60 0 20 40 60 8 100 120
Rels/m?] Rels/m?]

[&: Left:m K systems, points denote the «(K((700)); Right: :m N systems, points denote the N*(890)

Roy equation(fixed-t dispersion relation ): unfit to search for a wide resonance.

20224982 H
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Using the hyperbolic dispersion relations, One can get the Roy-Steiner equations, which looks like:

Re fi(s) = Ni(s +Z/ ds' Ky p (s, s') Im fi(s' +Z/ dt' Gy (s, t')Img(t'); ,

" (34)

Re g;(t) = Ny(t) +Z/ ds' Ky p(t,¢') Im fi(s )+Z/ dtG’JJ/tt')Img()

tin

o fi(s): s-channel PWAs;
o gy(t): t-channel PWAs;

e N, K, G: Analytically calculable kinematic kernel functions.
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RS equation analysis of 7NV scatterings

RS equation has been applied to study 7w N scatterings|Ditsche:2012,Hoferichter:2015].
o Choosing a = —23.7m2: The largest domain of validity in real axis. W € [1.08GeV, 1.38 Ge V).
@ Unable to continue to the complex plane.

Condition of continuation: a € (—2.59m2,4m?2)

50 o 5 100 150
Re[s]/m?

FIG. 2: Validity domain of the fixed-b RS representation (a = 0). The blue and green lines correspond to the
boundaries in the s’ and ¢’ integrals associated with py, respectively. The red line corresponds to the boundaries in
the s’ integral associated with pg,.

[Cao XH, Li QZ, HQZ, arXive:2207.09743].
0 Si1: \/5=91944— (162+7)i N*(920).
o P33: /s=12134+2— (50+3)i A(1232).
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FIG. 3: Phase shifts of the s-channel PWs from our solutions (solid line) and [T0] (dashed line with error bands) in
the low-cnergy region. The deviation of Py phase shift comes from the difference between values of GWU/SAID
and [I0] at the matching point (Wy, = 1.36 GeV), and they differ by about 2°.
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Virtual poles

The 7N scattering amplitudes can be decomposed as:

’ 1 ’
T(x + N; — 7' + Np) = x}(8"* T+ + ST (35)
. 13
As for the Lorentz structure,for an isospin index [ € {5, 5}.
/ 1
T =3 ()4 (s, ) + 5 (g + B (5 )1 () (36)

The u channel nucleon pole term is contained in function B(s, u):

2 2 2 2
m 2m 1
il — € BY%(s,u) , NI

— — e B¥/? . 37
F2 ou—m3 ' F? u—mf\/e (5, ) (37)

@ my, g and F denote the nucleon mass,axial vector coupling constant,and pion decay constant.

o the sign and even the value of these parameters are immune of chiral corrections.
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After partial wave projection,the pole term leads partial wave amplitudes to behave in the
neighbourhood of cg = m%, + 2m2 like :

s e 20 @#m3(m% +2m2)  cp—cpL
B s 16w F2(4m3, — m2)  s—cp

— o0,

_gPmy(my +2m3)  cr—cp

8w F2(4m3, — m2) " s—cr

S — CR, Tl/Q’J —
Asto s — cf, = (m% — m2)2/m2;:
,J
° le:/2 — F(—1)7t1/200.
° Ti/Q’J—)i(—l)‘LFl/zOO.

The parity eigenstates can be obtained by the linear combinations:

ol J ,J
L

4

Amplitudes Ti‘] are corresponding to orbital angular momentum L = JF 1/2 with
P = (_I)Jil/Q_

S4 =14 2ip(s) T}’

(s = s1)(s = sr)
2

p(s) = ,sp = (my + mx)?, s, = (my — ma)?
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1,J _ 1/2,0 _
syt =1 5/ = —oo sy
SL CcL CR SR

Following the same reasons mentioned above ,we can conclude that:
1/2,J . .
/2 must contain a zero point.

® s € (cr,sg), the S
° s€ (sg,cL), S},'_/Q’Jand 5'3_/2’J contain a zero point for J = 1/2,5/2,9/2, ..., while S

1/2,7
and 31/2"] contain a zero point for J = 3/2, 7/2,11/2, ....

T(s, t) = 167 Z (2J+ I)TJ(s)df/Zy_lm(cosG) .
J=1/2

T/ (s T/ (s

T (s, t) =8 > (2J+1)
J=1/2
s = cr, cr, are accumulation of poles on sheet Il, and form two nonisolated singularities of T(s, t)

on sheet Il.
[Li QZ, HQZ, arXive: 2108.03734] CTP to appear

Seen by numerical solutions of RS equation!
Also the virtual pole accompanying nucleon!
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Regge Trajectory
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