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The big picture

Fundamentally, we believe that nuclear decay is random and spontaneous 

However, we also expect QCD axion DM will lead to an oscillating  -angle 

As   modifies nuclear physics, this can lead to non-random decay behaviour
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What is nuclear decay?
• “Nuclear decay is the process by which an unstable atom loses 

energy by emitting radiation, generally changing the number of 
protons and neutrons in the nucleus” 

• We can only predict how often this will happen on average 

• This is well established science, why should we question this?

Percentage of

sample remaining

Half-lives

�N(t) ∼ N0 exp(−t/t1/2)



“Time-dependent nuclear decay parameters: New evidence for new forces?”, Space Sci.Rev. 145 (2009) 285-335 
“Anomalies in Radioactive Decay Rates: A Bibliography of Measurements and Theory”, arxiv: 2111.03149

• Should we believe this?
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Fig. 2 Plot of U(t) for the raw PTB 226Ra data (using T1/2 = 1600 y) along with 1/R2. As noted in the
text, the correlation coefficient between the PTB data and 1/R2 is r = 0.62 for N = 1974 points. The formal
probability that the indicated correlation could have arisen from uncorrelated data sets is 5 × 10−210. See
caption to Fig. 1 for additional details

As in the case of the BNL data, it is again reasonable to ask whether these data correlate
with 1/R2. The Pearson correlation coefficient r for the data in Fig. 2 is r = 0.62 for N =
1974 data points corresponding to a formal probability of 5 × 10−210 that the two data sets
were in fact uncorrelated. There is also a suggestion of a phase shift between 1/R2 and the
PTB data, as in the BNL data.

Given that the BNL and PTB experiments overlapped for ∼2 years, we can also calculate
the correlation coefficient between the BNL and PTB data. For the weeks during which the
BNL and PTB data sets had concurrent measurements, averages for each week’s measure-
ments (the 32Si/36Cl ratios for BNL and the currents for PTB) were taken in each data set in
order to maintain consistency, and the resulting correlation is exhibited in Figs. 3 and 4. The
Pearson correlation coefficient for the raw BNL and PTB data is r = 0.66 for N = 39 points,
which corresponds to a formal probability of 6×10−6 that this correlation could have arisen
from two uncorrelated data sets.

Notwithstanding the possible implications of the correlations between the BNL and PTB
data, some words of caution are appropriate relating to our use of the 226Ra data. When the
ratio is taken between the counts of 154Eu and 226Ra, a periodic signal is no longer evident
(see Fig. 3 in Siegert et al. 1998 ), in contrast to what is seen in the BNL data. Referring to
the previous discussion, the absence of a periodic signal in the 154Eu/226Ra ratio could be
attributed to a similar response of the individual 154Eu and 226Ra count-rates to a variation
in the measuring apparatus. We note that, unlike the PTB europium data, the 226Ra data
we have analyzed are raw data, having no corrections other than background subtraction. It
would thus appear that the periodic signal present in the 226Ra data is either a manifestation



Reasons to be skeptical: 1

• The data analysis here is quite subtle 

• Is it possible these anomalies are due to incorrect statistics?



Reasons to be skeptical: 2

• Can we explain these anomalies without rewriting the laws of physics? 

• Did seasonal variations in temperature influence the experiment? 

• Is there any possible explanation in terms of fundamental physics?
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• For QCD axions, with initial condition �  we typically have
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• Many aspects of nuclear physics depend on � , for example:


� � , � 


• By modifying nuclear binding energies, �  changes decay rates 

θa,i

the limit of the anthropic boundary for DM-like axions with ma = 10�24 eV. This is visible
in Fig. 5, and from the fa scaling of Eq. (63). We find fa  4 ⇥ 1017 GeV: ULA DM is
natural for comfortably sub-Planckian values of the decay constant.

4.3.2 The QCD Axion

QCD non-perturbative e↵ects switch on at T ⇠ ⇤QCD ⇠ 200 MeV, precisely when the QCD
axion with intermediate fa begins oscillations. The temperature dependence of the axion
mass in QCD is given by:

m2

a
(T )f2

a
= �top.(T ) , (64)

where �top.(T ) is the QCD topological susceptibility, which must be calculated. The original
calculation is due to Ref. [41] and is reviewed in e.g. Ref. [134], while a modern calculation
in the ‘interacting instanton liquid model’ (IILM) is given in Ref. [113]. A simple power-law
dependence of the axion mass on temperature applies at high temperatures, T > 1 GeV:
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This should be matched to the zero temperature value, Eq. (5), at low T . ⇤QCD.
The standard [41] value for the power-law from the dilute instanton gas model (DIGM)

is n = 7+nf/3+· · · ⇡ 8 (where nf is the number of fermions active at a given temperature).
The fits of Ref. [113] from the IILM give n = 6.68 and ↵a = 1.68 ⇥ 10�7 (which also agrees
with Ref. [135]). The temperature dependence can also be computed non-perturbatively
on the lattice in the pure Yang-Mills limit (e.g. Refs. [136, 137, 138, 139]), and at low
temperatures from chiral perturbation theory (for a recent calculation, see Ref. [140] and
references therein). The lattice calculations of Ref. [136] find n = 5.64 (compare to the
pure Yang-Mills, nf = 0, DIGM). Ref. [140] consider a range between n = 2 and n = 8
from lattice and instanton calculations respectively.

The temperature of the Universe in the radiation dominated era is determined by the
Friedmann equation in the form

3H2M2

pl
=

⇡2

30
g?T

4 . (66)

Taking the standard n = 8 result, using that g? = 61.75 for tempertaures just above the
QCD phase transition, and defining 3H(Tosc) = ma, the QCD axion with fa < 2⇥1015 GeV
begins oscillating when T > 1 GeV [134]. From this point on, axion energy density scales
as a�3 independently of the behaviour of ma(T ). The relic density can thus be reliably
computed from the high-temperature power-law behaviour of ma(T ), scaled as a�3 from
Tosc. The relic density is fixed by the initial misalignment angle and fa. For fa < 2 ⇥
1015 GeV it is given by [134]
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For fa & 2 ⇥ 1017 GeV oscillations begin when T < ⇤QCD, such that the mass has reached
its zero-temperature value. In this case the relic density is
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Note that there is not an overlapping region of validity for Eqs. (67) and (68). For
2 ⇥ 1015 GeV . fa . 2 ⇥ 1017 GeV oscillations begin during the QCD epoch, the dilute
instanton gas approximation breaks down and the relic density calculation is more compli-
cated (see e.g. Refs. [134, 113, 141]). However, it is argued in Ref. [134] that Eq. (67) is a
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Recall: the misalignment mechanism     

,



Tritium decay

• For simple nuclei this is calculable, let’s consider tritium decay:


� ,  �  years, �  keV 
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• Where does � -dependence enter?

3H → 3He + e− + ν̄e t1/2 ≃ 12.3 Q = 18.6

J. Phys. G: Nucl. Part. Phys. 38 (2011) 075202 A Faessler et al

Now we sum up the lepton polarizations, average over the projection of angular momenta,
m′, of the final nucleus and average over the projection of angular momenta, m, of the initial
nucleus. Evaluating the corresponding traces for the squared T-matrix, we have

∑
|⟨f |T (1)|i⟩|2 = 2

(
Gβ√

2

)2

F0(Z + 1, Ee)(BF (3H) + BGT (3H)) (12)
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2
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BGT (3H) = g2
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MGT (m,m′) · M ∗
GT (m,m′).

(13)

We neglected terms proportional to the space components of the lepton momenta as they
vanish after integration over angles in the calculation of the total β-decay rate.

The Fermi and Gamow–Teller beta strengths in equation (13) can be represented in terms
of reduced nuclear matrix elements:

BF (3H) = 1
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With our normalization of the lepton wavefunctions (8) and (9), the differential decay
rate is

d$β =
∑

|⟨f |T (1)|i⟩|22πδ(Eν + Ee + Ef − Ei)
dpe

(2π)3

dpν

(2π)3
. (16)

Inserting equation (12) for the squared T-matrix element and integrating over the phase space,
we find the total β-decay rate for the reaction (7)

$β(3H) = 1
2π3

me

(
Gβm2

e

)2
(BF (3H) + BGT (3H))I β(3H) (17)

with the phase space integral

I β(3H) = 1
m5

e

∫ Ei− Ef

me

F0(Z + 1, Ee)peEe(Ei − Ef − Ee)
2 dEe. (18)

The dependence of I β(3H) on small neutrino mass is ignored. For tritium numerical integration
in (18) gives

I β(3H) = 2.88 × 10− 6. (19)

The nuclear matrix elements for tritium are known in the literature. We take for these matrix
elements the values |MF |2 = 1, |MGT |2 = 3 derived in [31]. Then we find

T
β

1/2(
3H) = ln 2

$β(3H)
= 12.32y, (20)

which is very close to the measured value of the tritium β-decay half-life. Vice versa, using
equations (17)–(19), one can extract a value of |MF |2 + g2

A |MGT |2 in a model-independent
way from the experimental value T

β
1/2(

3H) ≈ 12.33 y. In this way we obtain

|MF |2 + g2
A |MGT |2 ≈ 5.645. (21)

We will use this model-independent estimate in the discussion of relic neutrino capture by
tritium.
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Inserting equation (12) for the squared T-matrix element and integrating over the phase space,
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The dependence of I β(3H) on small neutrino mass is ignored. For tritium numerical integration
in (18) gives
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The nuclear matrix elements for tritium are known in the literature. We take for these matrix
elements the values |MF |2 = 1, |MGT |2 = 3 derived in [31]. Then we find
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which is very close to the measured value of the tritium β-decay half-life. Vice versa, using
equations (17)–(19), one can extract a value of |MF |2 + g2

A |MGT |2 in a model-independent
way from the experimental value T

β
1/2(

3H) ≈ 12.33 y. In this way we obtain
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A |MGT |2 ≈ 5.645. (21)

We will use this model-independent estimate in the discussion of relic neutrino capture by
tritium.
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•   changes the decay rate by modifying  /  binding energies 

• Fortunately for 3 and 4 nucleon systems this is already calculated 
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FIG. 8: Left panel: The SU(4)-averaged binding energy of the three- and four-nucleon systems, B̄3(✓) (blue) and B̄4(✓) (red),
versus the SU(4)-averaged binding energy of the two-nucleon system, B̄2(✓). Right Panel: B̄3(✓) (blue band) and B̄4(✓) (red
band) versus ✓, taking isospin breaking e↵ects into account, for parameter set I (solid lines), and parameter set II (dashed
lines).

V. BIG BANG NUCLEOSYNTHESIS

In the early universe the temperature, T , is high enough to keep neutrons and protons in thermal equilibrium through
the weak interactions

n+ e
+
$ p+ ⌫̄e ,

n+ ⌫e $ p+ e
�

,

n $ p+ e
� + ⌫̄e . (5.1)

The weak interaction rates scale as T
5 and can be compared with the expansion rate of the Universe, given by the

Hubble parameter, H / T
2 in a radiation dominated Universe. As the temperature drops, the weak rates freeze-

out, i.e. they fall out of equilibrium when they drop below the Hubble rate. In standard BBN, this occurs at a
temperature, Tf ' 0.84 MeV. In equilibrium, the ratio of the number densities of neutrons to protons follow the
Boltzmann distribution

n

p
⌘

nn

np
' exp


�
�mN

T

�
. (5.2)

At freeze-out, this ratio is about 1/4.7. The neutron-to-proton ratio is particularly important, as it is the primary
factor determining the 4He abundance. The 4He mass fraction, Y , can be written as

Y = 2Xn ⌘
2(n/p)

1 + (n/p)
, (5.3)

and its observed value is Y = 0.2449± 0.0040 [79]. Further, Xn is the neutron fraction. A change in ✓, will therefore
invariable a↵ect the 4He abundance, primarily through the change in �mN . While the change in ✓ and �mN does
induce a change in Tf , this is minor (< 10% in Tf ) and we neglect it here.

The helium abundance, however, is not determined by (n/p) at freeze-out, but rather by the ratio at the time BBN
begins. At the onset of BBN, deuterons are produced in the forward reaction

n+ p $ d+ � . (5.4)

However, initially (even though T < Bd), deuterium is photo-disintegrated by the backward reaction at temperatures
Td & 0.1 MeV. This delay, often called the deuterium bottleneck, is caused by the large excess of photons-to-baryons
(or the smallness of ⌘B), and allows time for some fraction of the free neutrons to decay. A rough estimate of the
temperature at which deuterium starts to form is

Td ⇠ �
Bd(✓)

ln ⌘B
(5.5)

� -dependence of light nuclei and nucleosynthesis, 2006.12321 θ

Binding  
energy



Tritium decay

• So, let’s add a perturbation �  to �   :


� 


• From the previous slide, we know how �  depends on � , and so


� 


• So, now all we need is some tritium…

δE(θ) Ei − Ef

δΓβ

Γβ
= 1 −

5δE(θ)(E2
f − 2Ef(Ei + me) + E2

i + 2Eime + 3m2
e )

(Ef − Ei + me)(3me(Ei − Ef ) + (Ef − Ei)2 + 6m2
e )

+ 𝒪(δE2)

δE θ

δE ≃ μeV ( ρDM

0.4GeV/cm3 ) ( 1016GeV
fa )

2

( 10−22eV
ma )

2

cos(ωt)

(Using Primakoff-Rosen 
approximation for �  )F0



Tritium decay data

Date

�I(t)

Data is from the European Union’s Joint Research Centre, 

at the Directorate for Nuclear Safety and Security in Belgium


I(t) ≡
N(t) − ⟨N⟩

⟨N⟩



• Let’s compare the real data to Monte Carlo simulations: 

1. Generate N datasets with randomly generated   

2. For each dataset, convert to frequency space 

3. Construct the CDF at each frequency 

4. Find the 95 % CL limit 

5. Compare to the real power at that frequency 

• For example:

I(t)



Original data,  Monte Carlo data

Date

�I(t)



Original data,  Monte Carlo data
Frequency (1/year)

Power

Lomb-Scargle periodogram



Monte Carlo data

Power

• Repeating this process   times allows us to estimate the 
probability distribution function (PDF) of power at each frequency

N

Occurence

Frequency = 0.25/year
Period = 4 years



Power

Cumulative 
probability

0.95

95 % CL limit 
on the power 

at this frequency

• This PDF integrates to give a cumulative probability distribution 
(CDF):

Frequency = 0.25/year
Period = 4 years



• Repeating this at each frequency:

Power

Frequency (1/year)
• We can see that the real data points (blue) are all below the 95 % 

CL limit (orange), and hence well-modelled by random noise

Original data,   
Monte Carlo limit

No evidence of non-random behaviour!
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B. Frequentist approach using marginal likelihood

A frequentist constraint can be obtained via hypothesis testing and using the Type-I error (or false alarm rate), ↵,
and Type-II error (or false detection rate), 1� � (see Ref. [15] or more recent editions). Type-I error is the rejection
rate of the null hypothesis when it is true while the Type-II error is the acceptance (or non-rejection) of the null
hypothesis when an alternative (signal) hypothesis is true. We illustrate a critical (exclusion) region and threshold
that matches these two errors in Fig. 1.

FIG. 1: Illustrative figure of a hypothesis test for background vs. signal plus background. The figure represents
PDFs of the test statistic Q for various values of the signal parameter. The green curve represents the background
only hypothesis and the blue curves signal values s > 0. The Type-I error, ↵, and detection threshold, red line, are

set by the chosen confidence level, CL = 1� ↵, which is represented by the green area of the background only
hypothesis pb(Q). The blue area represents the Type-II error, 1� �, and meets the condition 1� � = ↵ satisfied at
the exclusion threshold, which is s for this figure. Signals stronger than the threshold s0 > s represent models within

the exclusion region, dashed-blue lines.

Our background only hypothesis is the likelihood, Eq. (4), with As = 0 giving a detection threshold at a confidence
level CL = 1� ↵

1� ↵ =

Z Adt

0
L
�
A
��As = 0

�
dA =

Z Adt

0
2Ae�A2

dA =) Adt =
p

ln (1/↵). (26)

The goal is to ensure that false exclusion of the true signal value, 1 � �, does not occur more often than the
Type-I error, 1 � �  ↵, for any signal strength above a certain threshold. The threshold signal strength, Ath

s , at
1 � � = ↵ determines the constraint at a confidence CL (or . ↵ for discontinuous distributions). So, for the signal
plus background case

1� � =

Z Adt

0
L
�
A
��As = Ath

s

�
dA, (27)

which yields a limit at the 95% CL (↵ = 0.05) in terms of � of

�det
95% = 5.6

�p
N⇠�DM

. (28)

This limit agrees with the Bayesian approach within 5% using the Berger-Bernardo prior and within 1% using the
uniform prior.

To treat the stochastic case we repeat the above calculation using the marginal likelihood, Eq. (11). There is
some debate behind treating the likelihood as a PDF in this fashion [12], but it is occasionally done in frequentist
approaches [16] and produces reasonable results in our case.

Repeating the previous derivation replacing L with Lm yields the constraint

�stoch
95% = 15.1

�p
N⇠�DM

. (29)

Background only PDF 
compatible with data Background + Signal PDF 

threshold

Background + Signal PDF 
excluded by data

• Repeating this with an injected axion signal:

• Varying the axion coupling allows us to find the threshold values



Can we talk about these effects so far away from the QCD axion band? 
See Luca Di Luzio’s talk from yesterday
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• We have examined reports of non-random behaviour in nuclear 
decay 

• In 12 years of tritium decay data we find no evidence of this 
phenomenon 

• We used the data to place constraints on axion DM 

• Is nuclear decay random? Yes, probably…

More details in a paper soon to appear online!

Discussion and conclusions
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More details in a paper soon to appear online!
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Thanks for listening!


