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A century of nuclear physics: Where are we now?

Rutherford. Discovery of atomic nucleus. (1908 Nobel Prize)
"Atoms have 99.9% of their mass concentrated in a very small nucleus”

Chadwick. Discovery of neutron. (1935 Nobel Prize)
"Atomic nucleus consists of protons and neutrons”

Yukawa & Powell. Prediction and discovery of pion. (1949 & 1950 Nobel Prize)

" "Force pulling nucleons together is mediated by mesons. e.g., pions.”

Mayer & Jensen. Nuclear shell model. (1963 Nobel Prize)

"Protons & neutrons in a nucleus move in regular orbits"

A. Bohr & Mottelson & Rainwater. Collective model for nucleus. (1975 Nobel Prize)

"Nucleus can oscillate, rotate, excite and decay, either individually
or collectively”

Gell-Mann. Classification of particles. Quark model. (1969 Nobel Prize)

"Proton, neutron and other hadrons are all composite particles composed of quarks”

Gross & Plitzer & Wilczek. Asymptotic freedom. (2004 Nobel Prize)

2 "Strong force is weak for high energies. QCD is the correct theory"
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QCD: Fundamental theory of nuclear force

Theory of strong interaction:

Quantum Chromodynamics (QCD)

Quarks: 2 flavors x 3 colors

Quark confinement / Asymptotic

freedom (free quarks not seen!)

SU(3) gauge field of gluons

Spontaneously broken chiral
symmetry (Mz/Mproon ~ 0.14,
why pion so light?)

Yukawa's meson theory is a low
energy equivalent
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Lattice QCD: First principle, but expensive

Démon de Laplace: Given the fundamental laws, we can solve it for everything!
Anonymous Physicist: But every scale has its physics, more is different!
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Effective theories: Separation of scales

Jupiter

Pale Blue Dot

Mercury

We can calculate the earth’s orbit without knowing the height of the Everest
Everything on the earth are captured in a single parameter, the earth mass M

The insight: At astronomical distances, most details of the planets are irrelevant.
They are “renormalized” into a few global parameters.
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Frozen degrees of freedom & low energy constants

@ Upper panel: Specific heat of solids.
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At low temperature, most degrees of
freedom are frozen.

Lower panel: At long distances, only
the total charge g, dipole moment
P;, quadrupole moment Qj, ... are
important.
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Back to nuclear physics: Seperation of scales
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Write down an interaction (fundamentally/effectively)

C. N. Yang, non-Abelian gauge field K. G. Wilson, renormalization group
‘

"Symmetry dictates interaction” ‘A "Interaction flows with the scale”
lh

We can write a most general Lagrangian for quarks and gluons containing all possible terms
Most of them are excluded by symmetries and renormalizability

Renormalizable interactions survive when running to low-energies
Non-renormalizable interactions are suppressed when running to low-energies

_ .. P - 1 i
Zoco =Y, ‘V(’V”au—M)‘V—gAL‘I/Y”fiW—ZG#VG/w

flavors

Voo 1 o v i
+ M AAA + 5ot Ly Cpy -
Suppressed by Suppressed by

gauge symmetry  renormalizability

Given the degrees of freedom, symmetries and energy scales, we can always construct an
effective field theory with the same philosophy.

All theories are EFT. Standard model is an EFT of a quantum gravity theory (string theory?)
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The principles for an interaction designer

Weinberg’s Folk Theorem:
»if one writes down the most general possible Lagrangian, including all terms
congistent with the assumed symmetry principles, and then calculates matrix
elements with this Lagrangian to any given order of perturbation theory, the
result will simply be the most general possible S-matrix consistent with
analyticity, perturbative unitarity, cluster decomposition, and the assumed

symmetry properties.”
bEnEl Physica 96A (1979) 327

Weinberg’s 3rd law of progress in theoretical physics:
»you may uge any degrees of freedom you like to deseribe a physical system,
but if you uge the wrong ones, you will be sorry.”
in Asymptotic Realms of Physics, MIT Press, Cambridge, (983
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Universality: Simplicity emerging from Complexity

Universality: Different theories at small scales exhibit unified beheaviour at large scales
1
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Scales in chiral EFT

A

my =

!
g hard scales
L _

A\E
£

L

T

v i soft scales

Chiral EFT: Perturbative expansion
of the N-N and n-N potentials in
powers of

Mo 13
QE{T”,LT},/\NmPNMIFanGeV

QCD has an approximate chiral
symmetry
@ Explicitly broken by non-zero
quark mass (mg~3 MeV)
@ Spontaneously broken,
SU(2)xSU(2)—SU(2)
SB exact symmetry — massless
Goldstone bosons

SB approx. symm. — very light
bosons — pions (Mz ~ 140 MeV)

In nucleus, Fermi momentum
prF~200 MeV
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Chiral effective field theory

Chiral EFT: The low-energy equivalence of the QCD
Weinberg (1979,1990,1991), Gasser, Leutwyler (1984,1985)

@ Proton (uud), neutron (udd), pion (ud)

@ Spontaneously broken chiral symmetry:

SU(Q)LXSU(Q)R%SU(2)V

@ Goldstone theorem implies a light pion:
Long-range part of the nuclear force

@ Contact terms:
Short-range part of the nuclear force

@ Hard scale: Ay ~1 GeV: Chiral EFT works
for momentum Q < Ay

Neutron Proton

am y u)

Quantum
Chromodynamics

\ \,. w/

i
L0 ¢ m
Proton Neutron Virtual
©®
a.:‘;fv::?\ryfgéy J) \))) Chiral Effective-Field Theory
Problems
oo

Quarks confined
in nucleons and pions
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N-N interaction in nuclear chiral EFT

(PP V- NIPLP2) = {5’1 +By(6162)+ C1¢% + Cg?(T1 - T2) + C3¢% (01 62) + C4q> (01 62)(71 - T2)

+C5é(qX k)-(61+062)+ Co(01-9)(02-q)+ C7(01-g)(02-q)(T1-T2)

& {(61-17)(62-4)

+Cr01-62| (T1-T2) +--- ¢ 8(p1L+p2— Pl —Pb),
= 2+ M2 701 2](1 2) }(Pl P2 —p1—P2)

q=p;—p1,k=p}|—p>,012 for spins, T1, for isospins, Ci_7, ga, etc. are Low Energy

Constants fitted to N-N scattering data

Two-nucleon force Three-nucleon force Four-nucleon force
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O((Q/Ax)?) | Mo X ISEENES
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Strategy for a practical calculation

Non-perturbative — Monte Carlo Perturbative corrections

\~_

“Improved LO”
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Mysterious three-body force: An EFT view

Three-body force emerges when short-range correlations are integrated out
Peculiarities in three-body systems: Thomas collapse, Efimov physics, Borromean state, ...

Three-body forces are difficult to fix. Still not fully understood in modern nuclear theories
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Energy
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\J

Scale invariance
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clear physics tiers

Hot Topics in Nuclear Physics

Physics at
the Femtometer scale

2pradioactivity

Coupling to Lattice Effective

continuum ~ Field Theory

7"

Neutron halos

L1 ¢ " ey bt
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Shape
Coexistance Exotic Shapes

Fission dynamics
Equation of state = Vi
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pairing

@ New magic numbers

o o3 B
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Introduction: Standard model of nuclear physics

@ Shell model: mean field, shell
structure, no central force (M.
Mayer, J. Jensen, 1963 Nobel
Prize)

Radial distance

Nuclear binding potential well
.

Magic numbers or shell gaps

@ Collective motions: rotation and
vibration, particle-vibration
coupling (A. Bohr, B. Mottelson,
J. Rainwater, 1975 Nobel Prize)
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Introduction: Modern nuclear theories

Road map - Towards a comprehensive description of the nucleus

@ Ab initio methods:
. .. . Nuclear Landscape
Microscopic interactions _
Lattice QCD (A = 0, 1, 2, .)
NCSM, F-Y, GFMC (A = 3-16)
Coupled cluster, IMSRG (A = 16-100)

@ Configuration-interaction theories:
Phenomenological interactions
Shell model

@ Density functional theories:

Phenomenological interactions
mean field approximation Lattice EFT: Ab initio method for A = 3-100
Skyrme, Gogny, RMF, ...
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Why need nuclear ab initio methods

Mean field models are useful

but quantum correlations not included

W) =1/v2[|0)[1) +[1)[0)]

Predictions are model-dependent

Example: symmetry energy

Measuring a Pair of Entangled Photons

iflis then 2 must
red be blue

iflis then 2 must

\ blue be red

[ T BHF (Vidana) | T

NRvECE BHF (Z.H. Li) F

L RHFE [~ DBHF (Fuchs) i/
DD,;({N)W(Z) —————— DBHF (Sammarruca)
Gogny-HF(2) Chiral EFT-N’LO450

—— SHF(33) Chiral EFT-N'LO60
[ = VMB-APR
VMB-FP

In mean field models, motion of particle 1

is independent of other particles
P(1,2) = P(1) x P(2)

N

) 1
plp,
N.-B. Zhang and B.-A. Li, EPJA 55, 39 (2019)

Symptom 1: Lack of quantum correlations
Symptom 2: Imprecise nuclear forces
Recipe: Exactly solve many-body
Schrédinger equation with precise nuclear
force = nuclear ab initio methods
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Dimensionality curse in nuclear many-body problems

Exponential increase of resources

9090099 O00C

ORI
L,
(L
N

Matrix Dimension

x

1E+12

1E+11 4
1E+10 4
1E+9 4
1E+8 4
1E+7 o
1E+6 4
1E+5 4
1E+4 4
1E+3 4

Exascale i

Petascale 1

M-scheme matrix dimension
for Oxygen Isotopes

T T T
4 6 8 10

N,

max

PRC 101, 014318 (2020)

]

Solution 1: Reduce effective Hilbert space

2[A=5.0fm’

|
@80
A=30fm" A=20fm’ A=15im’

with SRG evolution

\ )

A=1.0fm’

Solution 2: Monte Carlo algorithms

The Monte Carlo Integral

o " + * .

00
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Benchmark for ab initio methods

Benchmark for “He with a AV8' NN interaction

Method (1) (V) E, N
FY 10239(5)  —128.33(10) —25.94(5  1.485(3)
CRCGV  102.30 -128.20 —25.90 1.482
SVM 10235 12827 —-25.92 1.486
HH 102.44 -128.34 -25.90(1) 1483
GFMC  102.3(1.0) —12825(1.0) —25.93(2)  1.490(5)
NCSM  103.35 —129.45 —25.80(20)  1.485
EIHH 100.8(9)  —126.7(9) —25.944(10)  1.486

Benchmark for medium mass nuclei with a chiral interaction

LA R B L L B R
-130 ;t - —
P2 ]

_ -l40 | .
2 £ 1
S 150 F 8 -
S o 14 ]
2 160 - 3 .
5 I © MR-IM-SRG u.&ﬁoe;
<170 | ® IT-NCSM = -

[ ¢ SCGF ]
J180F A cC = AME 2012 J

ol T I Y NN NI N B

16 18 20 22 24 26 28

Mass Number A
PRC 64, 044001 (2001); Annu. Rev. Nucl. Part. Sci. 65, 457 (2015)
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Introduction: A puzzle in nuclear forces

@ High precision nuclear forces are
constrained by the Low-energy
Nucleon-Nucleon scattering data

@ Quite different predictions for nuclear
matter and medium mass nuclei

@ Fails to reproduce the binding energies
and/or charge radii globally

@ Example: Energy vs. Density for
homogenous nuclear matter

Question: What are the essential
elements for the nuclear
binding?

Requires efficient many-body methods!
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Introduction to Lattice Effective Field Theory

Lattice EFT = Chiral EFT + Lattice + Monte Carlo

Review: Dean Lee, Prog. Part. Nucl. Phys. 63, 117 (2009),
Lihde, MeiBner, “Nuclear Lattice Effective Field Theory”, Springer (2019)

@ Discretized chiral nuclear force

@ Lattice spacing a~ 1 fm = 620 MeV @
(~chiral symmetry breaking scale) G O

@ Protons & neutrons interacting via @ G
short-range, 6-like and long-range, @
pion-exchange interactions Ja~os-26m

Lattice adapted for nucleus
@ Exact method, polynomial scaling (~ A?)
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Comparison to Lattice QCD

LQCD LEFT
degree of freedom  quarks & gluons  nucleons and pions
lattice spacing ~0.1 fm ~1 fm
dispersion relation relativistic non-relativistic
renormalizability renormalizable  effective field theory
continuum limit yes no
Coulomb difficult easy
accessibility high T / low p low T / psat
sign problem severe for u >0 moderate
Accessible by Quarks

Lattice QCD

o A('('o»’ﬂgl(\, by
Lattice EFT
\
\

T [MeV]
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Euclidean time projection

@ Get interacting g. s. from imaginary time

projection:
‘\Ug,s‘> o< ‘!mEXp(—TH)‘\UA>
with |W4) representing A free nucleons.

@ Expectation value of any operator 0

 (Walexp(—TH/2)0 exp(—TH/2) W A)
(0= fim, (Wl exp(—cH) V)

——> Euclidean time

@ 7 is discretized into time slices:

exp(—TH) ~ {: exp(letH) :] :

All possible configurations in T € [1;, 17¢] are sampled.
Complex structures like nucleon clustering emerges naturally.
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Auxiliary field transformation

Quantum correlations between nucleons are represented by fluctuations of the auxiliary
fields.

 exp [fg(/v*/v)ﬂ - \/%/ds:exp {7§+ﬁs(N+N)} :

> Euclidean time
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Imaginary time extrapolation to find ground state

Samples are generated by

Markov Chain Monte Carlo

Observables calculated as (0) = (1/N)XN,; O;

Error scales as £ ~ 0(1/VN)
Number of samples N ~ 103~10°
Total energies at large t follow
Ea(t) = Ea(c0) + cexp[—AET].
For any inserted operator O,
OA(7) = Oa(=) + ¢ exp[-AET/2],

c, ¢, AE are fitting parameters.

[ Cetner of mass gy SUG) invariant g Density g Coulomb energy
Projection transfer matrix operators operator

Hybrid Monte Carlo Algorithm

_
ﬁ—

i R
i

energy (MeV)

gi

—20FT T T T T
A * exact
[ ‘\‘ I Monte Carlo
22F .
‘\
b
-24_- \f‘ -
- ~\x\
-26F [ P ]
[
N R T T
0.00 0.05 0.10 0.15 0.20

projection time (MeV~1)
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Introduction to Monte Carlo techniques

Consider approximating a one-dimensional integral by a simple Riemann sum

I = IOL dx f = N Z 3"(]}

The x,’s are at regularly spaced intervals.

Generalization to d dimensions is more challenging. If we keep the same
number of grid points, N, then only N points per dimension and relative
error can be quite large.

L L
I = [y dzy--- [ deg f(z1,- - 2a)
- Ld_ N'Ijrf Nl,fd ( ) (()
~ N Z;n:l "'Zjdzl f@™ e 2g)
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Introduction to Monte Carlo techniques

Suppose instead we choose the points at random positions in the ¢-dimensional
space. Then relative error is purely statistical and can be as small as N 1?2

Example: Volume of 3D sphere using random darts

4% = jil jil jil drdydz 0(1 — 2% — 3% — 22)
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Introduction to Monte Carlo techniques

Select N uniformly distributed random points inside the cube. Determine the
fraction of points inside the sphere. This gives an estimate for the ratio of the
sphere volume to cube volume.

4m __ V:iplu‘r()
5 — V;:ube V.

3 cube

N
~8-L 30 {1 — (2)? = (y)? = Ezmr
1=1 Bing-Nan Lii 32/113



Introduction to Monte Carlo techniques

When calculating thermal averages in statistical mechanics or path integrals in
Euclidean-time field theory, one computes sums or integrals over many degrees
of freedom weighted by an exponential Boltzmann factor

Z AI'(C')G_HE(C}
R

o

Due to the exponential weight, nearly all of the configurations make only a
very small contribution. So a simple dartboard random sampling 1s very
inefficient.

Importance sampling

A more efficient method to calculate the average is to select configurations with
probability equal to

Bing-Nan Li 33/113



Introduction to Monte Carlo techniques

e~ BE(C)

ps(C) = S e PEC)
Cf

This technique is called importance sampling. The thermal average is simply an
average over representative configurations selected with this sampling
probability.

(M) = £ ¥, M(CV)

The next step is to devise a way to select configurations with this sampling
probability.
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Introduction to Monte Carlo techniques

We outline the ingredients of a Markov process. Consider a chain of
configurations labeled by order of selection. We call this integer-valued label
the computation step, t.

Let us denote the probability of selecting configuration 4 at computation step
Tas

P(A,7)
Suppose we have selected configuration 4 at computation step T. The

probability that we select configuration B at computation step T+ 1 is
denoted

W(A — B)

Bing-Nan Li 35/113



Introduction to Monte Carlo techniques

This transition probability is independent of T and independent of the history
of configurations selected prior to selecting 4 at computation step 1. This
defines a Markov process.

We note that

P(A,r+1)=P(A, 1)+ S W(B— A)P(B,7)
B+#A

- f} W(A — B)P(A,7)
B#£A

equilibrium probability distribution is reached
lim, .. P(C,7) — p(C)

Bing-Nan Li 36 /113



Introduction to Monte Carlo techniques

Detailed balance

We want the equilibrium probability distribution to be

—BE(C)

pp(C) = W
Cf

One way to do this is to require

for every pair of configurations 4 and B. This condition is called detailed
balance.

After many computation steps we reach the equilibrium distribution, which
satisfies

>, W(A— B)p(A)= > W(B— A)p(B)
B#A B#A
Bing-Nan Li 37 /113



Introduction to Monte Carlo techniques

Comparing with the detailed balance condition, we conclude that

p(A) = ps(A)

for all configurations A.

Metropolis algorithm

One popular method for generating the desired detailed balance condition is
the Metropolis algorithm

e PIEMB)-EA)]  B(B) > E(A)
1 E(B) < E(A)

Bing-Nan Li 38/113
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Introduction to Monte Carlo techniques

Once your Markov chain is set up properly, you can now compute
observables such as

— ZA O(A)ptargel(A)
EA Drarget (A)

{0)

by computing the average

L O4n)
(0) = Znmrn O)

for large N from your Markov chain.
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Introduction to Monte Carlo techniques

Interchange of two identical fermions produces a minus sign in the path integral

Bing-Nan Lii 40/113



Introduction to Monte Carlo techniques

very small due to sign cancellations. The level of cancellations is given by
(blgn(C)} ~ exp [— (E'[ijul'mionic _ E(l])usonic) tf]

This can be extremely severe. Analogous to calculating the number 1 by
evaluating each term in the binomial expansion

1= (2 _ 1)100() — 21(}00 — 1000 - 299911 + ...

Usually some additional constraint such as the fixed-node approximation or
constraint on worldlines is needed.

Bing-Nan Lii 41/113



Introduction to Monte Carlo techniques

Zn, 1.0 = (Vinit| |%init )

For simplicity we discuss the structure of the LO,; and LO, calculations

Zn,"]'_o == det M(S: S[,?T[)
M, (s, s1,m1) = (pi| M=V (s, 87, m7) - MO (s, 87,71) 7))

For 4 nucleons, the matrix is 4 by 4. If there 1s no pion coupling and the

TQ’FTQ = —7*

TQMTQ = M*

Bing-Nan Lii 42/113



Introduction to Monte Carlo techniques

This shows the determinant is real. Actually we can show that the
determinant is positive semi-definite. Consider an eigenvector

Mo = Ao
Let us define a new vector
¢ = 720"
Note that
Mo = Mrp¢p* = ToryMryg* = i M*¢*
=75 (M¢)* =72 (Ad)* = N1ad™ = A* ¢
Note also that the two vectors are orthogonal

36 = (ra0") 6 = ¢T 7l = ¢Trap = 0

So the complex eigenvalues come in conjugate pairs, and the real spectrum is
doubly-degenerate.
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Introduction to Monte Carlo techniques

Let
1.1 01 0.1 1
M=1|01 08 01 fn)=[1 0 0]M™| O
0.1 0.1 0.8 0

Construct a Markov process with the Metropolis algorithm to compute

£(20)/1(19)
by sampling over all terms in the matrix product
1
[1 0 0]M-M----- M| 0
0

Bing-Nan Lii 44 /113



Introduction to Monte Carlo techniques

Consider any product of matrix elements which contributes to f(20)
MyoMag -+ - My My,

Step 20  Step 19 Step 18

Let W0 (Mg, Moy, -+, Mya, May) = MyoMas - - MiaMay be the relative weight
for this 20-step path configuration. W% is the equivalent of exp[—AE(C)].

For the configuration updates, consider changing the state at step k.

Bing-Nan Lii 45/113



Introduction to Monte Carlo techniques

Step k1  Stepk  Step k-1

y

Y
original ~J /
E\/ M3,

Step k1  Stepk  Step k-1

new proposal

Ratio of relative weights is

W (new)  MasMay
W (20) (original)) T Mas My,
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Introduction to Monte Carlo techniques

Pick r, a random number between 0 and 1. If

W9 (new)
~ W29 (original)

then accept the new update. Otherwise go back to the original. As you sample
(19)

the 20-step paths you also keep track of the 19-step path weight W

If the row position at step 19 is j = 1,2,3 then

w9 ﬁ fory =1
wen ~ 0forj=2,3

You average j w s over all 20-step path configurations.
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Advanced algorithm and programming paradigm

All Ly x L3 auxiliary fields Sn,n.need
to be updated. Two algorithms:

[ Cetner of mass. gy SUW) invariant gy Density gy Coulomb energy
Projection transfer matrix operators operator

.
@ Update all fields once every

iteration: Hybrid Monte Carlo

Imaginary time————— <——————Imaginary time

@ Update a single time slice every
iteration: Shuttle Algorithm ‘ ML _J

B.L., et. al.,PLB 797, 134863 (2019)
SA 5~10 times faster than HMC

ginary

e
(PMIRRRNCRRRNND PNRRERRRRRRESA

9i

2500 L
Il w/o shuttle algorithm imaginany tim Imaginary tim
2000 [ [ shuttle algorithm 1
§ 1708 [ |shuttie algorithm + GPU
“2’.1500- a0 . - @ Can be implemented for GPU
S 1000k o ] @ Algorithm & Hardware combined
H 550 give a 40~50 times speed-up
© 500
126 " - 140 Large lattices are accessible
20

16

20

Box size L
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Chiral nuclear force on the lattice

Borasoy et al., Eur. Phys. J. A 34(2007) 185

Carlson et al., Nucl. Phys. A 424 (1984) 47
Lu et al., Phys. Lett. B 760 (2016) 309
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Kinetic energy term on the lattice

These are defined to give a quadratic kinetic energy as function of momentum

LS,

W — w1 €OS ) + wa cos2q; —wzcosdqy + - = L [1 + O(q?”z)]

2v is the order of lattice improvement for the kinetic energy

O@W@):wy=1, wi =1, wp=0, wyg=0

2 5 — 4 S | —
O(a’) W[}—ﬁ, “‘)1_3: WQ_E: w3_0
4y . 49 _ 3 _ 3 _ 1
O(a)-w(}*ﬁ: w1 =35, W2=355, W3=gy
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Partial wave analysis of N-N scattering

The radial Schrodinger equation gives

{—2%% (rzdig + a1 + V(r)} R(r) = ER(r)

2pur?

u(r) =rR(r)

24 dr?

1 d%u [E(E +1) +V(T)} u(r) = Bu(r)
2ur

Beyond the range of the interaction, the wave function has the form

R(r) o< cosdpje(kr) — sin deye(kr)

Bing-Nan Lii 51/113



N-N scattering in the center of mass frame

For scattering in the continuum:

@ Partial wave expansion:
y(r) =Y ows(r)Ps(cos0)
o Asymptotically (r > Riorce):
v, (r) — Ah7 (kr) — Bh7 (kr)
@ Phase shift: €2 = B/A

For scattering in a finite volume:

@ Luescher’s formula: rmn  interacting
2i5 _ Zoo(Li)+in’q o 27n
Zoo(l;qz)fin3/2q ’ [ /

Zoo(s,q°) = \/%7: Y ﬁ

@ Standard tool in LQCD

Beane et al., Int. J. Mod. Phys. E 17(2008) 1517

@ Not applicable in LEFT: noisy
data, need higher precision
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Cubic symmetry

Cubic symmetry group
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Breaking of SO(3) rotational symmetry

@ In the continuum, rotational SO(3)
symmetry is a strict symmetry.

@ On a lattice, due to lattice
artifacts, some orientations are
more energetically preferred.

irreducible representations of O group
(example: J = 2)

T e
Ay 0 Yoo
As 01,3 (Ya2 - Y33)/V2
E 0,2 Yoo, (Y3 + Y22)/V2
T 1,23 Y10, Y11, Vi1
Every energy level J" split into T 2 Yor (Yo3— Y22)/V2, Yor

several irreps of cubic O group
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Spherical wall method

amplitude

interacting system s
free system with same energy

or/k

@ Spherical wall method:
Place a hard wall at sufficiently large R
Energy spectrum —phase shifts and mixings
W(r) — [cos 3ji (kr) — sin 3y, (kr)]
V(Rwa) =0==tand, = %. ki = \/2uE;
W: reduced mass; E;: energy spectrum

Borasoy et al., Eur. Phys. J. A 34(2007) 185
Carlson et al., Nucl. Phys. A 424 (1984) 47

@ Easy to implement
@ Sensitive to energies, noisy;
@ Less accurate for coupled channels:

@ Only given one energy value E, to find three

unknowns: 01, 0, €
S—( €231 cos(2€) e/(311%) jsin(2¢) )
T\ eBrt®)jsin(2¢) €2% cos(2¢)
@ Have to use approximations
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12

10

Eneroy levels with hard spherical wall

Rwall = 10a
a = 1.97 fm
even parity

T T T T A o
L ] E )
R - H
L 1i 1l T2
Ay X

18

i s i

s

E MeV)

01 2
L, mod 4

3

I O SN o by
1P
1 i 1 i
0 1 2 3
L, mod 4

N-N energy levels on the lattice

Energy shift from free-particle values gives the phase shift
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N-N energy levels on the lattice

Comparison of spherical wall and periodic cube

"2

2
Toy model: vm:c{l+'—[3(r-&1)(f--52)—51-ag]}cxp( “)

R2 2R
Spherical wall, Ry, = 10a Periodic cube, L = 12a
§ =1, even parity § =1, even parity
5 T T T T 7 ! \‘ T \‘
6l-+ + x4
st # & |
]
4 il
& &
2 et b
w w A A A
‘.?l o 2+ + + - ‘-?1 °
1 1 o - 1 EC
T, & T &
Ay X of 1 A x
S gt ot
001 2 3 0 1 2 3
J;mod 4 J, mod 4

Borasoy, Epelbaum, Krebs, D.L., Meifiner,
EPJA4 34 (2007) 185
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N-N phase shifts on the lattice

Nucleon-nucleon phase shifts

LO;: S waves

8(18,) (degrees)

140

—
[ T N - - T~ T )
[— I — I — N - I - )

lso

|

|

H
1]

|
~/
/

T

1

T

PWA93 (np) ——

1

T 1
w

l |

1

B fﬁimﬁ%gg'ﬂ--@? ]

1

0 20 40 60 80 100 120 140

Pcum (MeV)

a=1.97fm

381

] T Lé)!
NLO,
PWAS3 (np)

L
40 60 80 100 120 140
Pcu MeV)
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Auxiliary field method: Improved spherical wall method

@ Angular momentum projection:
Expand wave functions on states with
good angular momentum,

P, =Xr YL, (F)Sp ir | 1)

@ Auxiliary potentials:

A BRI Twist wave functions at large R:
. ... ‘ Vaux = Voexp (*(r*RWall)2/32)
; L shift Vj to scan the continuum

° . el °
g @ For coupled channels:
1 R, R, R V. iUaux (1)
T T T T T aux — U
o I 1] —1 aux(r)
S Hermitian, but breaks time reversal
1E ]
2 —Krammer degeneracy
< -2 B . .
— Two independent solutions for one E
u:’ 3EF —— effective potential for 3
- led ch: I . . ..
N s et I @ Find phase shifts and mixings from

10 15 20 25 30 : :
r (fm) asymptotic wave functions

Lu et al., Phys. Lett. B 760 (2016) 309

o
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Auxiliary field method: Restoration of rotational symmetry

3 3
Si D,

180 —————7— 20—
lattice lattice
continuum continuum

LN

)(
B e e =

Q.
ol v v v R L
020 40 60 80 100120140 20 40 60 80 100120 140

Pe (MeV) Pey (MeV) FW/O Aux. fleld

Jw/ Aux. field

Leauot Ly ] L Letiia
30 60 90 120 30 60 90 120 30 60 90 120
T T T T 1 T T T

MR
30 60 90 120
T T

phase shifts &/ mixing angles ¢ (degrees)

3y F 3,
o P) [ &P-F) o A6y
oo dgolei i Lol i e okt
30 60 90 120 30 60 90 120 30 60 90 120 30 60 90 120 30 60 90 120 0 30 60 90 120
20 T T T T 30 T T T T 6 T T 10 T T T T 15 T T T T
3 3, E -
G, &(F,) B lattice,V, =0
) ﬁ - :_i/'d i : | :
2L
10F E -10 3 q I lattice, V, = -20 MeV
- H o
o £(0-G) 4 0 0 H) —— continuum
-2

Lo Lol P
0 30 60 90 120 0 30 60 90 120 0 30 60 90 120
Pey (MeV)

@ Phase shifts and mixing angles for a tensor pontential (toy model).
V(r)= C{1+ f 3(7-01)(F- 62) ~ 610l fexp (~ 52 )
0 0

@ Continuum results by solving the Lippmann-Schwinger equation.
Lu et al., Phys. Lett. B 760 (2016) 309

L tii M
0 30 60 90 120 0 30 60 90 120
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Galilean invariance breaking

@ For NN system, in center of mass frame P, =0, fit
low-energy-constants to Nijmegen Partial Wave Analysis

@ For 3N or more nucleons, nucleons might interact at P, # 0.

@ For non-relativistic dynamics, interaction should NOT depend on P, . If
not, we say there is a Galilean invariance (Gl) breaking.

@ A spatial lattice naturally breaks Gl.

o Lattice imposes momentum cutoff A on single particle momenta p;
and po, not the relative momentum p = (p1 — p2)/2.
o Lattice non-local operators (v-dependent ) also break Gl.

@ Gl should be restored before doing many-body calculations.

k' - "
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Restoration of Galilean invariance

@ Introduce counter term that break the Gl explicitly,

|m—n|=1

Vo = Car Y as(m)aj(n) | Y, ap(m)ag(m)—6ap(n)ac(n)
n m
o, p are spin/isospin indices.
@ In momentum space, Vgir — —P2,, +O(P*,.)
@ Adjust parameter Cgr to absorb the Gl breaking effects.

@ Test: compare rest-frame k = [0,0,0] with moving frame k =[3,3,3].
Li et al., Phys. Rev. C 99, 064001 (2019)

70 [ 180 e
r ] 160 E Nijmegen — 9
60 | . E k=10,0,0]" v
@ L 1 wwE k=[333"'wo X
o [ ] ] E k=[333"w + 7
S = O 120 | -
{=2 ] (=] F =
(0] i () - =
o, 1 D100 -
&Y ER RS E
— Nijmegen — 1 2 E
w k=[000] v 1 ®° soE E
30 T = E E
k=[333]"wo X b whb 1

k=[333]'w + ] E

Y T I I T I ST T I S

0 50 100 150 200 250 0 50 100 150 200 250

Prei [MeV] Prel [MeV]
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Local/non-local interactions

Nonlocal interaction Local interaction

@ General interaction V(r,r')

@ r' =r: Local interaction.

@ r' #r: Non-local
interaction. ) o
general r’, V(r',r)=V(r)s(r' —r)

@ Two short-range interactions with the same strength C and range a:
2 2+ 2
Vi(r.r') = Cexp(—35)8(r— ), Va(r,r') = Cexp(—55-).
V1 is local, V; is non-local but separable.
@ S-wave scattering amplitudes fi(p,p’) = f2(p,p’) on the energy shell (p = p’).
Vi and V; are equivalent in two-body sector (despite minor higher order

corrections).
Is this still true in many-body sector?
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Local/non-local interactions on the lattice

@ On the lattice, the contact interactions are smeared to mimic the finite-range
effects.

@ Two types of smearing (n denotes a lattice point):
@ Local smearing:

pL(n) = a'(n)a(n)+s. Y, a'(n')a(n')

(n/m)

@ Non-local smearing: )
pnL(n) = ay (m)ani(n),
anL(n) =a(n)+sw Y, a(n').
(n'n)
@ The summation (n'n) includes all nearest-neiboughring lattice points.
@ Different parameters s;, and sy, give different locality.

]
T

W

OF

Elhatisari, Epelbaum, Krebs, Lahde, Lee, Li, BNL, Meissner, Rupak, PRL 119, 222505 (2017)
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Effects of locality: NN and a-o scattering

80

60

40

@ Both interaction A and B fitted to NN S-wave phase shift.

@ A: Non-local;

B: Local 4+ non-local, also fitted to a-a phase shifts.

. . 180 . .
g a4
2 321 120
a
<828 apa
5(1So) 601 5(3S1) b
. . 0 . .
50 100 150 50 100 150
pcms [Mev]

Nijmegen PWA —
Continuum LO — -
Lattice LO-A O
Lattice LO-B &

&) (degrees)

180

140

100

A(LO) —a—
A(LO + Coulomb)

B (LO) —e—

B (LO + Coulomb) —&—

Afzal et al. —x—

@ Locality can only be probed by many-body calculations.

@ What is the consequence for finite nuclei?

Eiap (MeV)
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Effects of locality: finite nuclei

Ground state energies for o-like nuclei (in MeV):

Nucleus A (LO) ‘ B (LO) ‘ A (LO + Coulomb) ‘ B (LO + Coulomb) ‘ Experiment
8Be 58.61(14) | —59.73(6) —56.51(14) —57.29(7) ~56.591
12¢ 88.2(3) —95.0(5) —84.0(3) —89.9(5) —92.162
160 117.5(6) —135.4(7) —110.5(6) —~126.0(7) —127.619
20Ne 148.0(1) —~178.0(1) —~137.0(1) —~164.0(1) —160.645

@ B (LO + Coulomb) reproduces the experiment (within 2% error).

@ A (LO) describes a Bose condensate of particles:
E(®Be)/E(*He) = 1.997(6)  E(®Be)/E(*He) = 1.997(6)
E(*°0)/E(*He) = 4.00(2)  E(*°Ne)/E(*He) = 5.03(3)
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Effects of locality: nuclear matter

@ We define a one-parameter family of interactions with different locality:

V), =(1-A)V) +A Vg,

A quantifies the degree of locality.
A =0: completely non-local. A =1: locality fitted to a-o scattering.

@ The phase diagram of Symmetric Nuclear Matter (SNM) can be inferred from
many-body simulations by switching off the Coulomb interaction.

@ As a function of A, there is a quantum phase transition at the point where
the a-a scattering length agg vanishes. Stoff, Phys. Rev. A 49 (1994) 3824

@ It is a first-order transition from a Bose-condensed a-particle gas to a nuclear
liquid.

Quantum Phase Transtition

In physics, a quantum phase transition (QPT) is a phase transition between different
quantum phases (phases of matter at zero temperature). Contrary to classical phase
transitions, quantum phase transitions can only be accessed by varying a physical
parameter—such as magnetic field or pressure—at absolute zero temperature. The
transition describes an abrupt change in the ground state of a many-body system due
to its quantum fluctuations.
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Effects of locality: Zero-temperature phase diagram

age:. O-Q scattering length. Ep— EqA/4: o-binding energy.
A = 0: purely non-local A = 1: reality

As = 0.7(1)
Az = 0.3(1)
A = 0.2(1)
Azo = 0.2(1)
Moo = 0.0(1)

Alpha gas Nuclear liquid
T T

Elhatisari, Ning Li, Rokash, Alarcon, Du, Klein, B.L., MeiBner, Epelbaum,

Krebs, Lahde, Lee, Rupak, PRL 117 (2016) 132501
Bing-Nan L 68 /113



Essential elements for nuclear binding

How many free parameters are essential for a proper nuclear force?
Answer: 4, Strength, Range, Three-body, Locality

AN L BRI B BRI B
°F p
3 - ]
é -100 n -
g L J
= [ ]
2 -200 n -
m = -
(o)) - .
£ - -
E -300 n -
[ o Exp. TEe e
o | N
| L L L I L L L L I L L L L I L L L L I L L L L I 1)

0 10 20 30 40 50

Mass number A
B.L., Ning Li, Elhatisari, Lee, Epelbaum, MeiBner, PLB 797, 134863 (2019)
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Essential elements for nuclear binding

Charge density and neutron matter equation of state
are impotant in element creation, neutron star merger, etc.

Charge density p,, (e fm™®)

0.10

0.05

0.00

0.00

T T T
T T T | EM 500 MeV'
Empirical 20 |- EGM 450/500 MeV -l
+ Lowing rder | | eou ooy i
= Leading Order + Coulomb (pert.) o APR (1998) A /
A This work (SU@)), L=5 s/
= This work (SU4)), L=6
» This work (SU(4)), L =7
r>\ A This work, L=5
> o This work, L = 6 7
1 L T g > This work, L =7
4 6 =z 10 - —
T T T o
1 1 1 0 R
2 4 6 0.00 0.05 0.10 0.15
Radius (fm) neutron density (fm)

B.L., Ning Li, Elhatisari, Lee, Epelbaum, MeiBner, PLB 797, 134863 (2019)
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Effects of locality: zero-temperature phase diagram

age:. O-Q scattering length. Ep— EqA/4: o-binding energy.
Eq—E Al4 5
As = 0.7(1)
i A1z = 0.3(1)
% Arg = 0.2(1)
i Azo = 0.2(1)
Ao = 0.0(1)

T
i
1
A=20

\

Alpha gas Nuclear liquid
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Chiral nuclear force up to N3LO: lattice interactions

@ We use a seperable form V 22 OTO for short-range interactions:

NL

0215 1 (m = ¥ (852, L) [w(mVERRE 1, (V)w(n )]55 »

Sz,Lz

Rii,(r) =/ 2L4+1f Yi,(0,9)

The indices in O and OT are all contracted to form scalars.

@ Long-range interactions (1-pion, 2-pion) implemented using FFT:

2
EA
Vore =~ o125 Y psu(n)fss(n'—n)ps(n):
T n'.nS'.S,I

fors(n’ —n)

quqsexp[ iq-(n' —n)—bz(q*+ M3)]
ayE @+ M2

Ning Li, Elhatisari, Epelbaum, Lee, B.L., Meissner, PRC 98, 044002 (2018

Bing-Nan Lii 72/113



Chiral nuclear force up to N3LO: fit on the

lattice

100 . 160 ey et 10 ; ; 10 . .
160 E sf s E
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g £ 2 f 22 3
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aT20 o I o s
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fit to N2LO: Alarcon, Du, Kiein, Lahde, Lee, Ning Li, B.L., Luu, Meissner, EPJA 53, 83 (2017)
fit to N3LO: Ning Li, Elhatisari, Epelbaum, Lee, B.L., Meissner, PRC 98, 044002 (2018)




Center of mass problem and pinhole
algorithm

Elhatisari, Epelbaum, Krebs, Lahde, Lee, Li, BNL, Meissner, Rupak, PRL 119, 222505 (2017)
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Center of mass problem

@ LEFT gives the eigen values of full many-body Hamiltonian H,

‘\Ug.s<> o< Jmexp(_fHNwtriaD
@ Translational invariance =Total momentum conservation
wg.s.(r1+R7r2+R7"' 7rA+R) = wg.s.(r17r27"' vrA)
@ Measure densities in laboratory frame,p(r) = 2@11 pn(r), Always get a
uniform distribution p(r) =Constant!

@ Reason: nuclear structure information is contained in A—1 relative
coordinates r, —r;,r3—ry,---,ra —ry, not A absolute coordinates
(relative to the lattice) r,rm, - ,ra .

@ Solution: Expose the internal structure by removing the redundant
center of mass degree of freedom

@ Intrinsic density distribution should be measured relative to the center
of mass of all A nucleons,

A 1 A
Pem.(r) = Z PN(Z Z ra+r)
N=1 N=1
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Pinhole algorithm

Lattice EFT was unable to calculate obeservables in center of mass frame.
This can be solved by introducing the pinhole algorithm.

Let p; j(n) be the density operator for nucleons with spin i and isospin j at
lattice site n,

pij(n) = al;(n)a;j(n),
we construct the normal-ordered A-body density operator

Piy v iaga (M s 0A) =2 Piy jy (M) -+ Pig ja (M) :

In the A-nucleon subspace, we note the completeness identity

Z Z p’lzll; dnga(L, oo ng) = Al

L1y iaga s sn

Elhatisari, Epelbaum, Krebs, Lahde, Lee, Li, BNL, Meissner, Rupak, PRL 119, 222505 (2017)
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Pinhole algorithm

In pinhole algorithm we work with the amplitude

gf,i(ilnjla"' 7iA7.jA;”17~"7nA; Lt)

L L
(UMM (e na )M M ),
For L; — o« we get the ground state
ME2ME WY 5 exp(—Egs Le/2)| W)

and the probability distribution in the ground state is

L, L,
‘2 <\Uf|M*tMLf/zp,'lAjL.._,'AJ'A(nl,~~~ ,nA)MLt/ZM*t|\U,'>

|(l)gs (n17"' 7"A) = 7 7
(We|MEE ML ML ME W)

Y, SREN /N7

When propogating, only the nucleons with the pinhole
quantum numbers can pass!
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Pinhole algorithm: Schematic

In terms of auxiliary fields, the amplitude Z can be written as a path-integral,
Zg (i1, siasjas m, - -na; L)
= [ DS TRV (5.7 Pir i, )W, 7).
We generate a combined probability distribution
P(s, 0, i1,j1, sigsdaimy--na) = (Ve (s, T) |00y, iaga (M1, 5 1a) | Wi(s, 7))

by updating both the auxiliary fields and the pinhole quantum numbers.

Metropolis updates of pinholes

hybrid Monte Carlo
updates of auxiliary/pion fields
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Observables in the intrinsic framework

Observables depending on the A-body probability distribution can be calculated
now...

@ Probability normalization:

2
Y 1®ii e inda (1, ma) [P = Al

1,0 A a My, A

@ Nucleon density with respect to the center of mass:

A
p(n)= Z Z P oo inga (M1 "A)|225("c ZZ‘ n)

11, siaga My c=1

@ Probability of three spint particles in a specific triangular shape:

pldidods)= Y}, Y [®rjrpts(m, ny, n3)|?

J1J24J3 152,03

x Y, 8(lm —m|—d3)8(|m —n3| — d2)8(|ma — n3| - dh),
P(123)

summation over all other indices and coordinates are ommited.

Bing-Nan Li 79 /113



Pinhole algorithm: Intrinsic density distributions

@ Densities relative to the center of mass:

b

pem(r)= Y [®(ng,---ny)f

Ny, ,np i

5("* |I’,‘ - Rc.m.D

1

@ First LEFT calculation of nuclear intrinsic densities.

@ Proton radius is included byznumerical convolution
p(r)= fPPoim(r/)ef(r*'/)/Qa a3/, proton radius a = 0.84 fm.

0.12 - proton fit to experiment
proton L =7
01 12 proton Ly =9
P C proton L, = 11
‘e 008 Fphg proton L, =13
= proton L; = 15
% 0.06 |- neutron Lt= 7
2 neutron L; =9
3 0.04 |- neutron Ltt= 11
0.02 neutron L; = 13
; neutron L, = 15

0

@ Independent of projection time Ls<=>In ground state

@ Sign problem suppressed—;Small errorbars
Elhatisari et al., Phys. Rev. Lett. 119, 222505 (2017)
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Clustering in nuclei

—6* 6t —gtt ) e VR
] - (O
—6* 5% 5%
g o | % y - B p
Y 1+ S L & | ® 15 NP
\ LA LY
g —¥ —3*
o ot
-2 —2 e . )
—v e T TF LI T TR
e Ot e :
o0 s 7000
(000) (100) (010) (001)
A E
8Be | 12¢ | 160 |20Nelmg | 285 | 325 | 36Ar| 40Ca
Bijker, lachello (2014) Ebran, Khan, Niksic, Vretenar (2014)

@ First introduced by Wheeler in 1937. J. A. Wheeler, PR52-1083
@ Many works using density functionals, phenomenological models, et. al..

@ Can we reproduce the clustering in ab initio calculations without
assumption of their existence?
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Measures of clustering

Short distance three- and four-nucleon operators serve as probes of the nuclear
clusters,

p3=:p>(n): /31, pa=:p*(n): /4,

p3 and py are independent of n due to translational invariance. However, they
might depend on the regularization scale (inverse lattice spacing in LEFT).

This dependence can be eliminated by considering the ratios p3(A)/p3.o(A)
and p4(N)/pa,a(N), pi.a(A) is the result for o particle in the same

regularization scale A.
The remaining scale dependences are suppressed.

A model-independent way of quantifying clustering in nuclei!
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Measures of clustering

Ng is the naive estimate of the numbers of a-clusters from the proton numbers.
Pa . P3

a-particles become more compact for larger ra Pra ratio.
a-particles begin losing their identity when p% — Ng increases.

b

T
P3/p3 , —
r P4lpy, T—

o

4 8 10, 14 14 18, 22 18 22 26,
He, “He B B C C C O, O, (0]
bHe  PBe Pge 120 16 20 160 200 24
Elhatisari, Epelbaum, Krebs, Lahde, Lee, Li, BNL, Meissner, Rupak, PRL 119, 222505 (2017)
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Triangles in carbon isotopes

We always align the longest edge with the x-axis
and keep the triangle in the x-y plane.

pldio,ds)= Y N [Py g, mo,ms)?

Ji2.3 M,N2,03

x Y 8(ln—no|—d3)8(|ny — n3| — d2)8(|n2 — n3| — dh),
P(123)

Elhatisari, Epelbaum, Krebs, Lahde, Lee, Li, BNL, Meissner, Rupak, PRL 119, 222505 (2017)
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a-configurations along carbon isotopic chain

a 120 b g
0.15 0.15
0.1 01
probability 1 probability 1
0. 0.
y y
x A
1 0
c 160
0.15

0.1

probability \;“
0.05 <. 6

A

0 Syt
0 \T’\\/

Elhatisari, Epelbaum, Krebs, Lahde, Lee, Li, Lu, Meissner, Rupak, PRL 119, 222505 (2017)
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Toy model: Hard spheres in s-wave

We take the probability distribution (2.6 fm radius of 12C, 1.7 fm radius of “He)

exp{ 2(2216f, }Hﬂ\rj —1.7fm),

the equaivalent center-of-mass distribution is (4.5 fm average distance between

a's),
Hexp[ r) }9(\1’ ri| — 1.7fm)
fi . .
Sk 2(4.5fm)?
a 12¢ d
015 0.15
0.1 0.1
probability 1 probabilw;\‘/% 1

0.05

Elhatisari, Epelbaum, Krebs, Lahde, Lee, Li, Lu, Meissner, Rupak, PRL 119, 222505 (2017)
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Pinhole algorithm: a-cluster geometry in carbon isotopes

Positions of 3rd proton relative to the other two in 121416C

Hoyle state: Triple-a resonance, essential for creating

12C in stars (Hoyle, 1954). Fine-tuning for life?
Epelbaum et al., Phys. Rev. Lett. 106, 192501 (2011)

Perspective: important many-body correlations,
understand internal structures of ground and excited
states by ab initio calculations.

Next step: high-precision chiral interaction— EM form

factors, shape coexistence, clustering, ...

Elhatisari et al., Phys. Rev. Lett. 119, 222505 (2017)
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Ab initio nuclear thermodynamics
Bing-Nan Lu, Ning Li, Serdar Elhatisari, Dean Lee, Joaquin E. Drut, Timo A.

Lahde, Evgeny Epelbaum, UIf-G. MeiBner,
Phys. Rev. Lett. 125, 192502 (2020).
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How to heat up a nucleus
Nuclear fusion & fission Nuclear Multifragmentation

2 & @

N+N'ys

Relativistic heavy-ion collision

QGP
T~26x10°K
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Microscopic picture of a hot nucleus

E

Gas

@ Low excitation energies (nucleons + clusters)

@E' = 28A MeV
@ Ground state, High spin,

rotation, vibration, single

particle motion, pairing, Liquid-gas @E» ~ 10A MeV
phase transition

clustering... 84 MeV
@ High excitation energies

@ Individual energy levels
indistinguishable

@ Level densities, temperature, 0 MeV
pressure, chemical potential,...

@ Evaporation, liquid-gas phase
transition,
multifragmentation,...

@ Extremely high energies

@ Hadron & quark degrees of
freedom 10 1 1 1 1
@ Quark-gluon plasma, quark 10 145, ] s 47 ] T,
deconfinement, ... L% 12 4 8 12 4 812 4812

pIMeV']
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Nuclear phase diagram (theoretical)

T [MeV]
_____________ quark-gluon plasma
100 —+
_____ ~ .
~ supercritical fluid
gas
g D ey
10 —-vapor , - -
4
/ Lo
. liquid-vapor
141
1
1
0.1 4+
l l
1 1
0.01 01 p/po

Thermodynamic degrees of freedom:
Temperature, Density, Isospin, Hadronic,

Strong interaction matter

Chemical potential, Pressure, etc...
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Water molecule versus nucleons: similarity across orders

100

ol B —— Upper: Van-der-Waals force

" (B—a) between water molecules

) @ Strength ~0.1 €V, range ~1 A
e @ Phase transition at T ~ 300 K
/,»"1;(]_)=4E [(g)”, (z)ﬁ]. ~0.03 eV

T

-50

0 /:’Amacﬁve e Lower: Nucleon-nucleon potential
30 40 50 6.0 7.0 8.0 from Lattice QCD
r/A
100———— ; : @ Strength ~10 MeV, range ~1 fm
« M,_=731MeV . ..
. F - M, =52 MoV @ What is the characteristic
x . M"=380Me\/
> osof s = sympiotc OPE} temperature?
2 P
g : Boltzmann constant
O . A S ey _ _
g % EREES k ~ 1074 eV/K = 10710 MeV/K
i1 =—>Nuclear phase transition
505 03 [ 3 > 25 occurs at order T ~ 101 K
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Response to external fields (light / neutri

Upper: Alcohol near T,
@ Critical Opalescence
Lower: Neutron star cooling
@ Energies carried off by neutrinos

@ Absorption by neutron matter

“In a newly born neutron star, neutrinos
are temporarily trapped in the opaque
stellar core, but they diffuse out in a
matter of seconds, leaving most of their
energy to heat the matter in the core
to more than 500 billion kelvin. Over
the next million years, the star mainly

cools by emitting more neutrinos.”
PRL 120, 182701 (2018)

Lattice EFT simulation:
Ma, Yuan-zhuo et al., in preparation

Bing-Nan Li 93 /113



Simulate canonical ensemble with pinhole trace algorithm

All we need: partition function Z(T,V,A) =Y (exp(—BH))k, sum over all
othonormal states in Hilbert space 72(V,A).

The basis states |n1,ny,---,n4) span the whole A-body Hilbert space.
n; = (r;,s;0;) consists of coordinate, spin, isospin of i-th nucleon.
Cannonical partition function can be expressed in this complete basis:

Za = Tra[exp(—BH)] 2 /Jsjn .- nalexp [~ BH(s, 7)] [, -~ ,na)

Pinhole algorithm + periodicity in = Pinhole trace
Apply twisted boundary condition in 3 spatial dimensions to remove finite
volume effects. Twist angle 6 averaged with MC.

T [MeV] Deconfinement of quarks from nucleons
Simulated by LQCD y
. ) I k=gl I
Metropolis updates of pinholes 100 » quarc-gluon plasma
supercritical fluid .
gas Evaporation
hybrid Monte Carlo o LT @ .......... of nucleons
updates of auxiliary/pion fields vapor e T — from nucleus
2 « liqui .
.+ liquid-vapor mixture Simulated
Take trace using periodic 147 L by LEFT
boundary condition in !
time dimension superfiuid !
01+ |
T T f T
0.01 01 1 10 p/po

PRL 125, 192502 (2020)
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Reminder: Thermodynamics

@ Canonical ensemble: free energy F(T,V,A), partition function
Z =eBF, closed system with fixed A.

@ Grand canonical ensemble: thermodynamics potential
J(T,V,u)=F —uA, open system with fixed p.

Grand canonical ensemble simulation is conventional, however,
@ Nuclear thermodynamics usually consider small systems A ~ 102 —103.
@ For dilute system A < V, not efficient, time complexity &(V/?).

Need a canonical ensemble algorithm for nuclear thermodynamics.

.: : :' : » .: .0.:.
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Extract intensive variables with Widom insertion method

@ Extensive variables: Measured by operator insertion,
o E.g., energy E = (H)gq, density correlation Gi2 = {p(ri)p(r2))q-
@ Intensive variables: Measured by numerical derivatives,

o E.g., pressure p= —3—5, chemical potential u = 9F

— %4

@ Widom insertion method: Measure i by inserting test particles (holes)
B. Widom, J. Chem. Phys. 39, 2808 (1963)

1 T, Zaa T Y12Tra (A;31975H31§2) /(A-1)!
p=3FA+)-FA-1)]=FIh=—=—I —
At Y12Tra (31526’13”32211) J(A+1)!

@ 1, 2: [3x2x2 lattice sites, spins and isospins, sampled with Monte Carlo
@ (A+1)!: Combinatorial factors for identical Fermions

“ S 60| T:ll‘] MeV ;ree nucle(;n gas ' |.
& = L=5 ATBC
S 4w 1
® @ ®© 0@ 00p ©Op O 2
e 0@ @® Oo o g @e® @ %'a’ 20 | ]
@ (] O0p0 =
0~,% 0 @® p g b exact| ]
® ©®¢g O o e @@ E, o latiice)
State '0’ I State '1" ° 20 L L 1 1

1
80 100

o

20 40 60
nucleon number A

PRL 125, 192502 (2020)
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Lattice interaction: Nuclear matter

PBC: Periodic Boundary Conditions: W(x+ L) = W(x)
ATBC: Average Twisted Boundary Conditions: W(x+ L) = e/%W(x)

Averaging over 0s’ to remove fictitious shell effects

————TT T T T T 7T T T T T T T
- Symmetric Nuclear Matter e 1
s L
__-10 P -
s | ]
=3 s ]
= s ]
~-15F L=4,PBC |
w [ AR L=5PBC ]
[ © o S et L= 6,PBC ]
[ g —=—L=4,ATBC ]
—e— L =5ATBC
20 | ° ——L=6,ATBC ]
ST BN B B B
0.0 0.1 0.2 0.3 0.4

nucleon density p (fm™)

interaction from LU, et. al., Phys. Lett. B 797, 134863 (2019)
"Essential elements for nuclear binding”
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Finite nuclear systems: Liquid-vapor coexistence line

@ First ab initio calculation of nuclear liquid-gas phase transition.
@ Symmetric nuclear matter N = Z, lattice spacing a =1.32 fm, volume
V = (6a)3, nucleon number 4 < A < 132.
@ Temperature 10 MeV< T < 20 MeV, temporal step AB = 1/2000 MeV 1,

@ 288000 independent measurements for every data point.
Lu et al.,, Phys. Rev. Lett. 125, 102502 (2020)

-16- —— liquid-vapor coexsitence line
< [ /7% *  critical point ]
[} | e \070 i
2 gl TN -
3 / v A
T A=A \o />
< 74
g 20 i
5 g /_
a J
® I/ ]
Q _ .
£ 2 i
3]

Q J
G J
- L ] -
& A Sy e A
0.0 0.2 0.4 0.6 0.8 1.0

reduced nucleon density p / bo
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Finite nuclear systems: Surface effect

@ The backbending in u-p curves

vapor nucleus mixture bubble

liquid
comes from the surface effects. . N IR I e IR AL

B

@ Thermodynamic limit (A — o,

N — oo)’ ”liquid = ,uvvapor =const.
at coexistence;

=== F = Fsurf = HcoexA

@ Finite systems: extra

contribution of the surface to free

energy F;

@ Surface area maximized at

intermediate densities;

nucleon
number
>
>

@ 11 =JF/JA exhibits a
backbending at coexistence.
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Critical point: Compare with experiment

] AL B T T @ Pressure p= [pdu along every
_ osk ® isotherm (Gibbs-Duhem equation).
£ | @ Extract T¢, Pc and pc of neutral
é 04r symmetric nuclear matter by
> o2k / numerical interpolation.

3 7 < : @ Uncertainties estimated by adding
3 0.0 ] - .
et ] noise and repeat the calculation.

o2 . . - i ] @ Experimental values and mean

0.0 0.2 0.4 0.6 0.8 1.0 .
reduced nucleon density p / oo field results taken from

Elliott et al., Phys. Rev. C 87, 054622 (2013)
Lu et al., Phys. Rev. Lett. 125, 192502 (2020)

This work  Exp. ~ RMF(NLSH) RMF(NL3)

T.(MeV) 15.80(3)  17.9(4) 15.96 14.64

P.(MeV/fm3)  0.260(3)  0.31(7) 0.26 0.2020

pe(fm=3) 0.089(1)  0.06(1) 0.0526 0.0463
po (fm~3) 0.205(0) 0.132
Pec/Po 0.43 0.45

Lu et al., Phys. Rev. Lett. 125, 192502 (2020)
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Perturbative Quantum Monte Carlo Method
for Nuclear Physics
Bing-Nan Lu, Ning Li, Serdar Elhatisari, Yuan-Zhuo Ma, Dean Lee, UIf-G.

MeiBner,
Phys. Rev. Lett. 128, 242501 (2022).
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Monte Carlo sign problem

E;» (EMIB) [MeV]

00 05 10 15 20 25 30 35
© (10 Mev™)

90l
85

8.0

75}
7ol

05 06 07 08 09 1.0
dy

SLi (GT+Ew-1.0) e~ Unconstrained

= Fit

— Exp(-x~2/ 2)
— Exp(-x~2 / 2) * Cos(57x)

Sign problem: Monte Carlo works
well for well-behaved functions,
however, sometimes the integral
becomes highly oscillating.

QMC sign problem comes from the
fermion anti-symmetrization.

Split H=Hy+AVc. Hp: w/o sign
problem; Vc: w/ sign problem.
Solution 1: numerical extrapolation
fromA=0to A =1.

Solution 2: perturbative calculation
near A =0.
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Reyleigh-Schrodinger perturbation theory

For a Hamiltonian H = H(®) +AVe,
@ In conventional stationary perturbation theory:

(WO v )

E=E® + AW v w122y +0(23%)

& EO_gO
W ve vl

wy) = [w%) +127) W) +6(22)
k#0 k El

@ However, in projection Monte Carlo algorithms,
Egs. = 1_!51'1’e><p(—1:H)|\IJ7—)

targets the ground states (or low-lying states) directly.

@ In projection methods, excited states are very expensive. < required for 2nd
order energy or 1st order wave function!

@ All projection QMC calculations use at most first order perturbation theory.
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Perturbative Monte Carlo (ptQMC) algorithm

We can expand |W) against V¢,

(W)= fim M52 = [Wo) +[8W1) +O(V2), (1)
with the wave functions defined as

L2

Le/2
|Wo) Mg 2w, (W) = lim Y Mg (M- Mo) Mg W),
tT% k=1

= lim
Li—soo

E = E+8E+8E+0(VE),

where the partial energy contributions at each orders are

Ey = (Wo|(K+ V)[Wo)/(Wo|Wo),
0E1 = (Wo|Vc|Wo)/(Wo|Wo),
0E; = ({Wo|Vc|dW1)—SE1Re(6W1|W0)) /(Wo|Wo), (2)

in which all matrix elements and overlaps can be expressed with,
M(0) = (Wr|Ms oM wr),
M(0) = (Wr|MEPOME R MME ).

Lu et al., arXiv:2111.14191 (2021)
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ptQMC with realistic chiral interaction

Statistical error (MeV)

Ey = -a;"In(Cexp(-aH):0) (MeV)

66 T T T T T T
16, ® w/o variable change|
O = w/variable change
68 |~
i
721 1{ }}{}}{%%%f )
74 | 4
L L L L L L
0 5 10 15 20 25
Number of measurements (10%)
10 T
-- - wlo variable change|
ST . | —#— w/ variable change
..... o
""'0-00.
L ‘0«\_
0.1 -\\-
L

100000
Number of measurements

Perturbed amplitude can be transformed
into an approximate Gaussian integral with
a variable change. Note that

(exp(v=2:Csp)) 7 ~ exp(v—a:Cs(p) )

M1(0) = (W |MEPOME 2 MME W 7)

:/@cP(c—O—E)(mO-~M(sk,c+E)~~'>T
— H(s)exp (%2) /@cexp (—%2 +£>

&(n) = %(n)ln(wM(sk,c)--)T’C:O is a

constant field easy to calculate
Integral over c calculated with MC
Left panel: Test calculation of the transfer

matrix energy E = —In(: exp(—a:H) :)/a:
Lu et al., PRL 128, 242501 (2022)
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Benchmark Hamiltonian: N2LO chiral Hamiltonian

We benchmark the ptQMC algorithm with a N2LO chiral Hamiltonian
H=K+ Von+ V3N + Veou
Von = [51+Bz(°'1'62)+C1q2+C2q2(11'1?2)+C3L72(61 -62)+ (61 -62)(T1 - T2)

: _y2 (64 p/6) /A0
+csé<qu)»(ol+a2)+cﬁ(al‘q)(az~q)+c7(al‘q)(am)(nwz)]e Kia (oP 4ol

_ &afr(d?) [(al»q)(czlq)

+Cpo -o’] 71T
P2 ey 70102 (T1-72)

—y3 . (p0+p0) /A0
Vv _E o B (oPe) A

with Ci_7, ga, ce etc. low energy constants fitted to N-N scattering or 7-N
scattering data, A = 340 MeV is the momentum cutoff

LEC B B, G G G
—2443 —0.125 0.143 —0.012 —0.013

LEC G Gs Go G CE
—0.020 0.273 00 —0.078 0712

Table: Fitted LECs' in lattice unit
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Zeroth order Hamiltonian (perturbative order)

We use a zeroth order lattice Hamiltonian that respects the Wigner-SU(4) symmetry

1 ~
Ho = K+ §CSU4Z :p2(n)
n
The smeared density operator p(n) is defined as
Zat(n )ai(m)+s. Y Z 3)
[ —n|=1 i
where i is the joint spin-isospin index
Gi(n)=ai(n)+sw Y, a(n) (4)
[n’—n|=1
In this work we use a lattice spacing a =1.32 fm and the parameter set

Csus = —3.41x 1077 MeV~2, s; =0.061 and sy, =0.5 .

T T
(O ) Pion-less EFT Leading Order -

’qj -—-c\He
o 3 )

-100 B
54 2
el >
~ 3
£ 8 200 [
< 1)
n j=]
[ £
% E -300 P~
8 ®

o EXp
-400 P
‘
1 1
00 100 200 0 10 20 30 40 50
Pret (MeV)

Mass number A
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Perturbative Monte Carlo with realistic chiral interaction

' ' ' ' @ We split H= Hg+ (H— Hp) and
4k 3 . .
4R - * B YE®E" By . perform perturbative calculations
RARt S
v @ Ej is the ground state of Hp
@ E; = Eg+ 8E; is the first order
corrected energy

@ E, = E; +6E is the second order
corrected energy

B T

< @ FEpon—pt is the exact solution
[} . P
S 25w, (~infinite order)
£ ‘.
w o
3ok ';‘{“*--v--*---o—--o—--’—--‘---o--------_-: @ Red bars on the right: Experiments
. | . ' Lu et al., PRL 128, 242501 (2022)
-60 F T T T T 3
80 e, For “He and 190, sign problem prevent us
BOF O,
100 k- ¥ 8o e.-0-s-e---0--emen] from going to large 7, resulting in large
B LIRS R ok s A b A A
“mog statistical errors. But no need to worry,
120 | J

e,

i e S et A

140 L ) ) ) ) 1 Perturbation theory can save us!
0.00 0.05 0.10 0.15 0.20 0.25

Imaginary time T (MeV?)
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Abnormally large second order corrections

5 BAnianssasanines T aaaaarpaaaasaananns @ Though consistent with the exact
3, - .
o (@ °H oo 7] 22 (b) “He ] solutions, we found abnormally large
SEF -7 13 F~a- - - - - __ .
3 .- 2o T ] second order energy corrections
=-TF Ze--w. — S .
o S D D6k -‘\\i ] @ We write H= Hy+A(H— Hp) and
gl = exact S T " e "\ study the A-dependence of energies
= - pt1storder \ -28F - - pt1storder N
~ = pt2nd order L ~ = pt2nd order L (O < A < 1)
9 e ok
00 02 04)\0.6 08 1.0 00 02 04)\0.6 08 1.0 E]. — E0+248E1 is a Straight Iine

E> = E; +A%8E; is a parabola

Eqon—pt is the exact solution

For 10 we use three different Hy
Lu et al., PRL 128, 242501 (2022)

i~ -~ ptistorder . .
-160 b - = pt2nd order Hiuw) ¥6)
T
00 02 04,06 08 10

As Hp respects the SU(4) symmetry, the wave function |[Wy) must belong to one of
its irreducible representations (irreps). The full Hamiltonian H breaks the SU(4)
symmetry, thus its ground state |V) is a mixture of different SU(4) irreps. The
components of |W) that mixes the SU(4) irreps can only be seen in [6W;) or §E>
Reminder: A symmetry breaking perturbative Hamiltonian

usually implies a large 2nd order energy correction!
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Numerical results for several light nuclei

Table: The nuclear binding energies at different orders calculated with the ptQMC.
Eexp is the experimental value. All energies are in MeV. We only show statistical errors

from the MC simulations.

E SE; E SE> E Eexp
SH  -7.41(3) +2.08 -533(3) —299 -832(3) 848
“He  —23.1(0) -02  -233(0) -58  -201(1) 283
8Be  —44.9(4) -17  -46.6(4) —11.1 -57.7(4) 565
2c -68.3(4) -18 -70.1(4) 188 -88.9(3) 922
60 —94.1(2) 56  —99.7(2) —29.7 —129.4(2) —127.6

(
1607 —127.6(4) +242 —103.4(4) -243 —127.7(2) -—127.6
160%  —161.5(1) +56.8 —104.7(2) -22.3 -127.0(2) —1276

Realistic N2LO chiral Hamiltonian fixed by few-body data + perturbative quantum
MC simulation = nice agreement with the experiments

Excellent predicative power = Demonstration of both nuclear force model and
many-body algorithm
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Perturbative calculations beyond the second order

o
0 L
Ho=K+06V, | Ho= K+ 0.8V,
“
-2
2 s
4
§ L=s
-5
R A S K RIS R O I S I I I R KRR
0 Ho= K+ 12V,

Hy =K+ 1.0V,

& 5 b % o~

012345678 91011121314

0 1234567 891011121314

° Ho=K 14V, |
or.——
s -
-10

Ho= K + 1.6V,

012345678 91011121314

01234567 891011121314

perturbative order n

Perturbative energy correction 8 E,, of the
deuteron at each order. For the zeroth

order we show Eg.

@ We calculated deuteron energy
E(?H) in a small box L=6.6 fm
with a chiral Hamiltonian

H is split as
H=(K+uVo)+(V-uWp), Vo'is
the SU(4) interaction and V is the
full chiral interaction

@ u=0.6,---,1.6 is a constant

Eo, 6E1 and S E, are always significant.
0 E3 and higher order contributions are
negligible, regardless of what Hy we

choose as the unperturbed Hamiltonian

The second order correction is large
due to the symmetry breaking effect.
There is no such mechanism for
higher-order corrections, thus the
higher-order corrections follow the
usual power-counting hierachy.
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Summary
write down all .
- fix the scale & degrees of
5 p055|b_|e <: freedom (nucleons and pions) <: Qcb
interactions

Lorentz (appro?ﬂmate) analicity & cluster‘ .

. e chiral P decomposition

invariance unitarity P
symmetry principle

running to low

parametrization nuclear UK
using few-body ) chiral energies via
data Lagrangian renormalization

group flow
nuclear ground state properties nuclear thermodynamics

lattice
origin of spin-orbit splitting algorithms phase transition of nucleus
quantum many-body problems
stellar nucleosynthesis universality and emergence
hypernuclear physics nuclear astrophysics
property of hypernucleus nuclear matter and neutron star

Bing-Nan 112 /11



THANK YOU FOR YOUR
ATTENTION



