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Part I:
Baryon Chiral Perturbation Theory

（概览）
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： 
Fadeev-Popov 

ℒFP： 
Gauge Fixing

ℒGF： 
Gluon
ℒG

3

QCD Lagrangian

ℒQCD = q̄ (iγμDμ − m) q −
1
4

Ga
μνGμν,a −

1
2ξ (∂μGμa)

2
+ C̄a∂μDab

μ Cb

✦ The general QCD Lagrangian

• Gluon fields： Ga
μν = ∂μGa

ν − ∂νGa
μ + gf abcGb

μGc
ν

• Covariant derivatives in color space：  ，Dμ = ∂μ − ig
λa

2
Ga

μ Dab
μ = δab∂μ − gf abcGc

μ

q =

u
d
s
⋮

m =

mu
md

ms
⋱

• Quark fields and mass matrix:

• Flavour symmetry:

SU(Nf )

 or Nf = 2 Nf = 3

Chiral symmetry ( )mq → 0 Heavy quark symmetry ( ) MQ → ∞
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Global Chiral Symmetry
✦ QCD Lagrangian in the chiral limit

ℒ0
QCD = q̄ (iγμDμ) q + ℒG + ℒGF + ℒFP

mq = 0

= (q̄L + q̄R) (iγμDμ) (qL + qR) + ℒG + ℒGF + ℒFP

= q̄L (iγμDμ) qL + q̄R (iγμDμ) qR + ℒG + ℒGF + ℒFP

• Left and right-handed quark fields qL/R =
1 ∓ γ5

2
q q̄L/R = q̄

1 ± γ5

2

 transformationSU(Nf )L qL → e−iθa
LTa

LqL ≡ LqL

 transformationSU(Nf )R qR → e−iθa
RTa

RqR ≡ RqR

• Global chiral symmetry

L ∈ SU(Nf )L

R ∈ SU(Nf )R

 and  are constants，corresponding to global transformations.θa
L θa

R

SU(Nf )L ⊗ SU(Nf )R
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Local Chiral Symmetry
✦ QCD Lagrangian in the presence of external sources

ℒQCD = ℒ0
QCD

Vector fields   vμ = va
μTa

Axial vector fields   aμ = aa
μTa

Scalar fields   s = saTa

Pseudo-scalar fields   p = paTa

= q̄Lγμ (vμ − aμ) qL + q̄R (vμ + aμ) qR

= q̄L (s − ip) qR + q̄R (s + ip) qL

q̄γμ (vμ + γ5aμ) q = (q̄L + q̄R) γμ (vμ + γ5aμ) (qL + qR)
= q̄LγμvμqL + q̄RγμvμqR − q̄LγμaμqL + q̄RγμvμqR

q̄ (s − iγ5p) q = (q̄L + q̄R) (s − iγ5p) (qL + qR)
= q̄LsqR + q̄RsqL + q̄L (−iγ5p) qR + q̄R (−iγ5p) qL

• L-R form of the source terms

+q̄γμ (vμ + γ5aμ) q − q̄ (s − iγ5p) q
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Local Chiral Symmetry
✦ Local transformation

• Quark kinetic terms

q̄Liγμ∂μqL
L→ [q̄Leiθa

L(x)Ta
L] iγμ∂μ [eiθa

L(x)Ta
LqL]

q̄Riγμ∂μqR
R→ q̄Riγμ∂μqR+q̄RR† [−γμ∂μθa

R(x)Ta
R] RqR

= q̄Liγμ∂μqL+q̄LL† [−γμ∂μθa
L(x)Ta

L] LqL

• External sources terms

L† (i∂μL) L + L† (v′ μ − a′ μ) L = vμ − aμ

R† (i∂μR) R + R† (v′ μ + a′ μ) R = vμ + aμ

L† (s′ − ip′ ) R = s − ip

R† (s′ + ip′ ) L = s + ip

Cancel the new pieces from quark kinetic terms

(vμ + aμ)′ = R(vμ + aμ − i∂μR)R† = R(vμ + aμ + i∂μ)R†

(vμ − aμ)′ = L(vμ − aμ − i∂μL)L† = L(vμ − aμ + i∂μ)L†

(s + ip)′ = R(s + ip)L†

(s − ip)′ = L(s − ip)R†

 Now,   is invariant under local  transformation.ℒQCD SU(Nf )L ⊗ SU(Nf )R

Local SU(Nf )L ⊗ SU(Nf )R
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From QCD to ChPT: the bridge

✦ Generating functional Z

• Path integral representation in terms of quarks and gluons

• Green functions (examples)

∫ 𝒟Gμ𝒟q𝒟q̄ei ∫ d4xℒ(q,q̄,Gμ;v,a,s,p) = eiZ[v,a,s,p]

⟨Oout |Oin⟩v,a,s,p
=

Vacuum to vacuum transition amplitude

⟨0 |T[Aμ
a (x)Pb(y)] |0⟩

⟨0 |T[Pa(x)Jμ(y)Pb(z)] |0⟩

⟨0 |T[Pa(ω)Pb(x)Pc(y)Pd(z)] |0⟩

pion decay

Pion electromagnetic form factor

Pion-pion scattering

• Path integral representation in terms of Goldstones

eiZ[v,a,s,p] = ∫ 𝒟Gμ𝒟q𝒟q̄ei ∫ d4xℒ(q,q̄,Gμ;v,a,s,p)

= N∫ 𝒟Uei ∫ d4xℒeff(U;v,a,s,p)

The same green functions can be deduced at hadronic level

A theory of quarks and gluons A theory of effective d.o.f of hadrons
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Effective dofs: the Goldstone Bosons
✦ Spontaneous Chiral Symmetry Breaking

• Goldstone bosons

G = SU(Nf )L × SU(Nf )R ⟶ SU(Nf )V = H
SCSB

nG nH

where  and  are the 
numbers of group elements.

nG nH

Goldstone theorem
There are   Goldstone bosons n = nG − nH ϕ1 , ⋯ , ϕn Φ̃ = (ϕ1 , ⋯ , ϕn)

• Non-linear realization

Φ̃ Φ̃′ 

g

g̃H gg̃HQuotient G/H

An isomorphic mapping 
between the quotient  and 
the Goldstone boson fields.

G/H

Let , parameterize   by  matrix  [ ]g̃ ≡ (L̃ , R̃) ∈ G g̃H SU(Nf ) U = R̃L̃† U†U = I , det U = 1

g̃H = (I , R̃L̃†) H ,

g = (L , R) ∈ G

gg̃H = (L , RR̃L̃†) H = (I , RR̃L̃L†) (L , L) H = (I , RR̃L̃†L†) H

U = R̃L† g
⟶ R (R̃†L̃†) L† = RUL†Transformation law:

• The introduction of U

U = eiΦ
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Effective dofs: the Goldstone Bosons
✦ Non-linear realisation of the GBs

• Transformation property 

U ≡ e
i Φ

2F U
SU(Nf )L⊗SU(Nf )R⟶ RUL†

Φ(x) =

π0

2
π+

π− − π0

2

=
1

2
ϕiτi

[U†U = 1 & detU = 1]

Φ(x) =

π0

2
+ 1

6
π+ K+

π− − π0

2
+ 1

6
η K0

K− K̄0 −
2

3
η

=
1

2
ϕaλa

•  Goldstone bosons field are  non-linearly realized.

Meson-Octet

the parameter  has 
mass dimension

F
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The Incorporation of Baryons
✦ Transformation properties of the Baryon fields

• SU(3) case:

B =
8

∑
a=1

Baλa

2
=

1

2
Σ0 + 1

6
Λ Σ+ p

Σ− − 1

2
Σ0 + 1

6
Λ n

Ξ− Ξ0 − 2

6
Λ

B
g

⟼ B′ = K(L, R, U)BK(L, R, U)−1

• SU(2) case: Ψ
g

⟼ Ψ′ = K(L, R, U)Ψ Ψ = (p
n)

• Definition of K(L, R, U )

U(x) = u(x)
g

⟼ u′ (x) = RUL† ≡ RuK−1(L, R, U)

u2(x) = U(x)

K(L, R, U) = u′ −1Ru = RUL†
−1

R U

U
g

⟼ RUL†

Baryon-Octet
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The Incorporation of Baryons
✦ Transformation properties of the Baryon fields

• Proof: [  case for example]SU(2)

:φ(g) (U
Ψ) g

⟼ (U′ 

Ψ′ ) = ( RUL†

K(L, R, U)Ψ)
1. Define a map

2. It is a homomorphism

φ(g1)φ(g2)(U
Ψ) = φ(g1)( R2UL†

2

K(L2, R2, U2)Ψ)

Exercise= ( (R1R2)U(L1L2)†

K(L1L2, R1R2, U)Ψ)
• Similar for SU(3) case

= (
R1R2UL†

2L†
1

K(L1, R1, R2UL†
2)K(L2, R2, U)Ψ)

= φ(g1g2)(U
Ψ)
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Baryon transition amplitudes 
✦ Generating functional with baryon fields

• The effective Lagrangian with Goldstones and baryons

ℒeff = ℒGB + ℒB + η̄aBa + B̄aηa

• Generating functional

⟨OOut |Oin⟩v,a,s,p;η η̄ = ei𝒵[v,a,s,p;η η̄]

ℒB = B̄aDabBb

= N′ ∫ 𝒟U𝒟B𝒟B̄ei ∫ d4xℒeff(B,B̄,U;v,a,s,p;η η̄)

-  is the baryon propagator in the presence of the meson fields and 
external fields.
Sab(x, y |U; v, a, s, p)

DacScb = δ4(x − y)δab

- Baryon propagator in the presence of the meson fields and external fields.

Sab(x, y |v, a, s, p) =
δ

iδηa(x)
δ

iδηb(y)
𝒵 |η=η̄=0 = ⟨0 |T [Ba(x)Bb(y)] |0⟩

= N′ ∫ 𝒟Uei ∫ d4xℒGB ∫ 𝒟B𝒟B̄ei ∫ d4x[B̄aDabBb + η̄aBa + B̄aηa]

= N′ ∫ 𝒟Uei ∫ d4xℒGBe−i ∫ d4x ∫ d4yη̄a(x)Sab(x,y)ηb(y)detD



De-Liang Yao HNU

221219

13

Baryon transition amplitudes 
✦ Generating functional with baryon fields

• Transfer to the momentum space 

• Baryon to baryon transition amplitude

- Examples : Baryon matrix elements

S̃(p, p′ |v, a, s, p) = ∫ d4x∫ d4ye−ipx−ip′ yS(x, y |v, a, s, p)

ℱ(p, p′ |v, a, s, p) = ⟨p′ out |pin⟩c
v,a,s,p

∝ Residue of S̃(p, p′ |v, a, s, p)

⟨p′ | q̄(x)γμTaq(x) |p⟩ =
δ

iδva
μ(x)

ℱ |v=0

⟨p′ | q̄(x)γμγ5Taq(x) |p⟩ =
δ

iδaa
μ(x)

ℱ |a=0

• Our task is to construct  order by orderDab(U; v, a, s, p)

ℒB = B̄aDabBb Dab = ∑
i

Dab,(i)
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Part II:
Construction of Chiral Effective Lagrangians

 (算符构造基础)
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Building Blocks
✦ Stuffs in hand

• Meson fields: U
g

⟼ RUL†

• Baryon fields: B
g

⟼ KBK† ( )Ψ
g

⟼ KΨ

• A set of external fields: vμ , aμ , s , p

✦ Recipe for BChPT
Building blocks transform under chiral symmetry group in the same way as baryon fields 

A
g

⟼ KAK† A ∈ {uμ, F±
μν, χ±}

• The so-called chiral vielbein
uμ ≡ i[u†(∂μ − irμ)u − u (∂μ − ilμ) u†]

• Vector and axial vector sources

F±
μν ≡ u†FR

μνu ± uFL
μνu†

FR
μν = ∂μrν − ∂νrμ − i [rμ , rν]

FL
μν = ∂μlν − ∂νlμ − i [lμ , lν]

rμ = vμ + aμ

lμ = vμ − aμ

• Scalar and pseudo-scalar sources

χ± ≡ u†χu† ± uχ†u χ = 2B (s + ip)

[Dμ , X] = ∂μX + [Γμ , X]

• The chiral connection
Γμ = {u†(∂μ − irμ)u + u(∂μ − ilμ)u†}/2
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Building Blocks
✦ Lorentz transformation (also parity)

• Bilinear

B̄′ B′ = B̄B

B̄′ γ5B′ = detΛ B̄γ5B

B̄′ γμB′ = Λ ν
μ B̄γνB

B̄′ γμγ5B′ = detΛΛ ν
μ B̄γνγ5B

(Scalar)

(Pseudo scalar)

(Vector)

(Axial vector)

• Building blocks

χ′ + = χ+ (Scalar)

χ′ − = detΛ χ−
(Pseudo Scalar)

D′ μ = Λ ν
μ Dν

(Vector)

u′ μ = detΛΛ ν
μuν

(Axial vector)

F+′ 
μν = Λ α

μ Λ β
ν F+

αβ
(Tensor)

F−′ 
μν = detΛΛ α

μ Λ β
ν F−

αβ (Pseudo Tensor)

U = eiΦ

 particle 0−

Φ′ 
P= − Φ

U′ 
P= U†

u′ 
P= u†

v′ μ = Λ ν
μvν

a′ μ = detΛΛ ν
μaν

s′ = s

p′ = detΛ p

Proof (Hints) :

Γ ∈ {1 , γ5 , γμ , γ5γμ , σμν}
Clifford algebra

χ− = u†(s + ip)u† − u(s + ip)†u

χ′ − = u(s − ip)u − u†(s − ip)†u†

= − χ−
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Building Blocks
✦ Charge conjugation

• Baryon field transform as BC = CB̄T

(B̄)C = (B†γ0)C = (BC)† γ0

= (CB̄T)† γ0 = (B̄CT)* γ0

= BTγ*0 CT*γ0 = BTγ0C†γ0

= − BTγ0Cγ0

= BTC
= − BTC−1

• Bilinear transform as

(B̄ΓB)C = B̄CΓBC

= − BTC−1ΓCB̄T = − BTCΓC−1B̄T

= − BT(−1)CΓΓT B̄T

= (−1)CΓ[−BTΓT B̄T]
= (−1)CΓB̄ΓB

where we made use of [BTΓT B̄T] = − [B̄ΓB]
CΓC−1 = (−1)CΓΓT

Charge-conjugation matrix

C = iγ2γ0 = − C−1 = − C† = − CT =

0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

CγμC−1 = − γμT

Cγ5C−1 = γ5T

Cγ5γμC−1 = (γ5γμ)T

CσμνC−1 = − (σμν)T
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Building Blocks
✦ Charge conjugation

• Sources

• Building blocks

sC = sT pC = pT

vC
μ = − vT

μ aC
μ = aT

μ

[(q̄γμvμ)q]C = (q̄γμvμq)

q̄CγμvC
μ qC = − qTC−1γμCvC

μ q̄T

= − qTCγμC−1vC
μ q̄T

= qTγμTvC
μ q̄T

= − (q̄γμvCT
μ q) = q̄γμvμq

How to prove?

• Meson fields

ΦC = ΦT ⟹ {UC = UT (U = eiΦ)
uC = uT

uC
μ = uT

μ DC
μ = − DT

μ F+C
μν = − F+T

μν F−C
μν = F−T

μν χC
± = χT

±

✦ Hermiticity properties 

• Bilinear (B̄ΓB)† = B†Γ†γ0B = B̄ (γ0Γ†γ0) B
γ0Γγ0 = (−1)hΓΓ

(B̄ΓB)† = (−1)hΓ(B̄ΓB)
• Building blocks

u†
μ = − uμ D†

μ = − Dμ F±†
μν = F±

μν χ†
+ = χ+χ†

− = − χ−

QCD Lagrangian is invariant, e.g.
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Building Blocks
✦ Chiral power counting

• Building blocks

U = eiΦ ∼ O(1) u = U ∼ O(1)

∂μU ∼ O(p)

Explanation: p = (E = M2
ϕ + ⃗p 2, ⃗p )Four momentum 

M2
ϕ ∼ mq ∼ O(p2) three-momentum  is small quantity

∇μU = ∂μU − i (vμ + aμ) U + iU (vμ − aμ) ∼ O(p) ⟹ vμ ∼ aμ ∼ O(p)

s + ip ⟹ s ∼ p ∼ O(p2)

U , u ∼ O(1) aμ , uμ ∼ O(p)s , p ∼ O(p2)

uμ ∼ O(p) F±
μν ∼ O(p2) χ± ∼ O(p2) Dμ ∼ O(p)
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Building Blocks
✦ Chiral power counting

• Positive-energy plane-wave solutions

B( ⃗x , t) = e−ip⋅x E + MB (
χ

⃗σ ⋅ ⃗p
E + MB

χ)
Large component

Small component
B( ⃗x , t) ∼ O(p0)

B̄( ⃗x , t) = B†γ0 = e+ip⋅x E + MB (χ† , ⃗σ ⋅ ⃗p
E + MB

χ†) (1
−1)

= e+ip⋅x E + MB (χ† , − ⃗σ ⋅ ⃗p
E + MB

χ†) ∼ O(p0)

[Dμ , B] ∼ O(1) iγμ[Dμ , B] − M0B ∼ O(p)

• Bilinear B̄ΓB

Γ = 1 , γμ , γ5γμ , σμν ∼ O(p0)

Γ = γ5 ∼ O(p1)
γ5 = (0 1

1 0)
γi = ( 0 σi

−σi 0)γ0 = (1 0
0 −1)
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Construction of Chiral Effective Lagrangians
✦ Guiding rules

① Real (Hermiticity) ② Flavor neutral (Trace) ③ Scalar (Parity even)

④ Chiral transformation ⑤ Proper Lorentz transformations

⑥ Charge conjugation C ⑦ Parity P ⑧ Time reversal T

• A general form

⟨A1B̄ΓA2BA3⟩

Ai ∈ {F±
μν , χ± , uμ , Dμ}

Γ (Clifford algebra) ∈ {1 , γ5 , γμ , γ5γμ , σμν}

⟨B̄ΓA′ 2BA′ 3⟩

Lorentz indices contracted by ，gμν ϵμνρσ

Chiral power counting  D = DΓ + DA′ 2
+ DA′ 3

⟹ O(pD)

Constraint  from Flavor neutral，
Scalar，Chiral and Proper Lorentz 
transformation
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Construction of Chiral Effective Lagrangians
✦ Guiding rules

① Real (Hermiticity) ② Flavor neutral (Trace) ③ Scalar (Parity even)

④ Chiral transformation ⑤ Proper Lorentz transformations

⑥ Charge conjugation C ⑦ Parity P ⑧ Time reversal T

• More suitable form form by imposing charge and hermiticity transformation

X = ⟨B̄Γ[A1 , [A2 ⋯ , [An , B]±⋯]±]±⟩

X† = (−1)h1+⋯+hn+hΓ⟨B̄Γ[An , [A2 ⋯ , [A1 , B]±]±⋯]±⟩

Xc = (−1)c1+⋯+cn+cΓ⟨B̄Γ[An , [A2 ⋯ , [A1 , B]±]±⋯]±⟩

Hermiticity

Charge conj.

Xallowed ⟹
1
2 (X + X†)
1
2 (X + Xc){CΓC−1 = (−1)cΓΓT

γ0Γ†γ0 = (−1)hΓΓ {
AC

k = (−1)ck AT
k

A†
k = (−1)hk Ak
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Construction of Chiral Effective Lagrangians

✦ Rewind of the differential operator  in the generating functional Dab

ℒeff = ℒGB + ℒB + η̄aBa + B̄aηa

• The effective Lagrangian

ℒB ∼ ⟨B̄Γ[A1[A2 , ⋯, [An , B]±⋯]±]±⟩ B =
1

2
Baλa

Dab =
1
2

Γ⟨λa[A1 , [A2 , ⋯[An , λb]±⋯]±]±⟩

Therefore, differential operator  has the form ofDab

=
1
2

B̄a⟨λaΓ[A1 , [A2 , ⋯[An , λb]±⋯]±]±⟩Bb

= B̄aDabBb
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SU(3) Meson-Baryon Lagrangian
✦ Lowest order

•   operatorsO(p0) a⟨B̄iγμ[Dμ , B]⟩ + b⟨B̄B⟩

⟨B̄iγμ[Dμ , B]⟩ − M0⟨B̄B⟩ ∼ O(p1)

•   operatorsO(p1) D⟨B̄iγ5γμ{uμ , B}⟩ + F⟨B̄iγ5γμ[uμ , B]⟩

• The lowest-order chiral effective Lagrangian is

ℒ(1)
Baryon = ⟨B̄iγμ[Dμ , B]⟩ − M0⟨B̄B⟩ + D⟨B̄iγ5γμ{uμ , B}⟩ + F⟨B̄iγ5γμ[uμ , B]⟩

✦ Higher orders

• Two and more traces

•  Redundancy :  minimal set (EOM，trace theorem，etc)

SU(3) : 16 84 540
SU(2) : 7 23 118

O(p2) O(p4)O(p3)
[J.A. Oller, et al, JHEP 2006] [S.Z. Jiang , et al,PRD 2017]

[N. Fetles, et al, Annals of physics 2000]

‣  and  are unknown constants, called low-energy constants (LECs) D F
‣ Determined by fitting to semileptonic decay B → B′ + e− + ν̄e
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Electroweak interaction in BChPT
✦ Electromagnetic interaction (𝒜μ)

•  SU(2)

✦ Weak neutral  interaction (Zμ)

rμ = lμ = − e𝒜μ
τ3

3
v(s)

μ = −
e
2

𝒜μ e > 0 and e2

4π
≈

1
137

•  SU(3)
rμ = lμ = − e𝒜μQ Q = diag{

2
3

, −
1
3

, −
1
3

}

rμ = e tan(θw)Zμ
τ3

2
lμ = −

g
cos θw

Zμ
τ3

2
+ e tan(θw)Zμ

τ3

2 v(s)
μ =

e tan(θw)
2

Zμ

✦ Weak charged interaction  (W±
μ = (W1μ ∓ iW2μ)/ 2)

rμ = 0 lμ = −
g

2 (W±
μ T+ + h . c . )

•  SU(2) •  SU(3)T+ = (0 vud

0 0 ) T+ =
0 vud vus

0 0 0
0 0 0

Fermi constant GF =
2g2

8M2
W

= 1.16637(1) × 10−5 GeV−2

•  SU(2)



De-Liang Yao HNU

221219

26

SU(2) Meson-Baryon Lagrangian
✦ The SU(2) Lagrangian can be constructed in the same way

ℒ(1)
πN = Ψ̄(iγμDμ − m −

g
2

γμγ5uμ)ΨO(p1)
Ψ = (p

n)
ℒ(2)

πN = Ψ̄{c1⟨χ+⟩ −
c2

8m2
[⟨uμuν⟩Dμν + h . c.] +

1
2

c3⟨uμuμ⟩ +
i
4

c4[uμ , uν]σμν

+c5[χ+ −
1
3

⟨χ+⟩] +
c6

8m
F+

μνσμν +
c7

8m
⟨F+

μν⟩σμν}Ψ

O(p2)

O(p3) ℒ(3)
πN = ∑

23

i=1
diO(3)

i

Ψ = (p
n)

‣# of LECs grows rapidly

• Remarks

‣Operators with dimension larger than 4

No predictive power?

Non-renomalizable?

“A non-renormalizable theory is just as good as a renormalizable theory for 
computations, provided one is satisfied with a finite accuracy.”—Aneesh V. Manohar

Power counting rule is important!!!
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Part III:
Phenomenological Applications at Tree Level

 (树图⽔平现象学应用)
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Meson-Baryon Lagrangian
✦ Expansion of the building blocks in terms of GB fields 

• The meson field  is defined by exponential function of matrixu

• If rμ = lμ

u(Φ) = 1 +
i

2F
Φ −

1
4F2

Φ2 −
i

12 2F3
Φ3 +

1
96F4

Φ4 +
i

480 2F5
Φ5 −

1
5760F6

Φ6 + O(Φ7)

u†(Φ) = 1 −
i

2F
Φ −

1
4F2

Φ2 +
i

12 2F3
Φ3 +

1
96F4

Φ4 −
i

480 2F5
Φ5 −

1
5760F6

Φ6 + O(Φ7)

u = e
i
2F

Φ

uμ = −
2

F

1

∑
m=0

Cm
1 (−Φ)m(∂μ − ilμ) Φ1−m +

1

6 2F3

3

∑
m=0

Cm
3 (−Φ)m(∂μ − ilμ) Φ3−m

−
1

240 2F5

5

∑
m=0

Cm
5 (−Φ)m(∂μ − ilμ) Φ5−m + O(Φ7)

Γμ =
1
2 (u†∂μu + u∂μu†) n=2k−1=

1
2

∞

∑
k=1

−2
(2k)(2k − 1)!

i2k

2kF2k
[ Φ, ⋯[Φ

2k−1 times
, ∂μΦ]⋯]

=
∞

∑
k=1

(−1)k+1

2k(2k − 1)!2kF2k
[ Φ, ⋯[Φ

2k−1 times
, ∂μΦ]⋯]

• If rμ = lμ = 0
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Fμν
+ = e(∂μ𝒜ν − ∂ν𝒜μ)[ − 2Q +

1
2F2

2

∑
m=0

Cm
2 ΦmQΦ2−m −

1
48F2

4

∑
m=0

Cm
4 ΦmQΦ4−m

+
1

2880F2

6

∑
m=0

Cm
6 ΦmQΦ6−m + O(Φ8)]

Fμν
− = e(∂μ𝒜ν − ∂ν𝒜μ)[ 2i

F

1

∑
m=0

Cm
1 (−Φ)m∂μΦ1−m −

i

6 2F3

3

∑
m=0

Cm
3 (−Φ)m∂μΦ3−m

+
i

240 2F5

5

∑
m=0

Cm
5 (−Φ)m∂μΦ5−m + O(Φ7)]

χ+ = 4B0s −
B0

F2

2

∑
m=0

Cm
2 ΦmsΦ2−m +

B0

24F4

4

∑
m=0

Cm
4 ΦmsΦ4−m −

B0

1440F6

6

∑
m=0

Cm
6 ΦmsΦ6−m + O(Φ8)

χ− = −
2 2B0i

F

1

∑
m=0

Cm
1 ΦmsΦ1−m +

B0i

3 2F3

3

∑
m=0

Cm
3 ΦmsΦ3−m −

B0i

120 2F5

5

∑
m=0

Cm
5 ΦmsΦ5−m + O(Φ7)

Meson-Baryon Lagrangian
✦ Expansion of the building blocks in terms of GB fields 

• If ,  p = 0 χ = χ† = 2B0s

• If rμ = lμ = − e𝒜μQ
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Γμ =
1
2 {u† (∂μ − irμ) u + u (∂μ − ilμ) u†} uμ = i {u† (∂μ − irμ) u − u (∂μ − ilμ) u†}

= i {u†∂μu − u∂μu†}
= −

2
F

∂μΦ + O(Φ3)

= −
1
F

⃗τ ⋅ ∂ ⃗ϕ + O( ⃗ϕ 3)

Meson-Baryon Lagrangian
✦ Feynman rule

• LO Lagrangian

ℒ(1)
πN = Ψ̄(iγμDμ − m)Ψ −

g
2

Ψ̄γμγ5uμΨ

• The chiral connection and vielbein (rμ = lμ = 0)

= Ψ̄(iγμ∂μ − m)Ψ + Ψ̄iγμΓμΨ −
g
2

Ψ̄γμγ5uμΨ

Dμ = ∂μ + Γμ

=
1
2 {u†∂μu + u∂μu†}

= −
1

4F2 (∂μΦΦ − Φ∂μΦ) + O(Φ4)

= −
i

4F2 (∂μ
⃗ϕ × ⃗ϕ ) ⋅ ⃗τ + O( ⃗ϕ 4)
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Meson-Baryon Lagrangian
✦ Feynman rule

• Rewrite Lagrangian

ℒ(1)
πN = Ψ̄(iγμ∂μ − m)Ψ

0ϕ2N

+
1

4F2
Ψ̄(γμ∂μ

⃗ϕ × ⃗ϕ ) ⋅ ⃗τΨ

2ϕ2N

−
g

2F
Ψ̄γμγ5 ⃗τ ⋅ ∂μ

⃗ϕ Ψ

1ϕ2N

+ ⋯

•  Feynman rulesO(p)
i

γμpμ − m
∼ O(p−1)

−
g

2F
γμqμ

a γ5τa ∼ O(p1)

1
4F2

ϵabcτcγμ (qμ
a + qμ

b ) ∼ O(p1)

p

‣overall i

‣ Incoming  ∂μ → − iqμ
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Goldberger-Treiman Relation
✦ Algebra calculation

• Partially Conserved Axial Current (PCAC) 

∂μVμ
a = iq̄ [ℳ ,

τa

2 ] q Vμ
a = q̄γμ τa

2 q

∂μAμ
a = iq̄γ5 { τa

2 , ℳ} q Aμ
a = q̄γμγ5

τa

2 q
a = 1 ,2 ,3

ℳ = (mu 0
0 md) = m̂ (1 0

0 1)
⟹ {

∂μVμ
a = 0

∂μAμ = iq̄γ5τaq = m̂P(x)

⟹ ⟨N(p′ ) |∂μAμ
a (x) |N(p)⟩ = m̂ ⟨N(p′ ) |Pa(x) |N(p)⟩

⟹ ∂μ ⟨N(p′ ) |ei ̂p⋅xAμ
a (0)e−i ̂p⋅x |N(p)⟩ = m̂ ⟨N(p′ ) |ei ̂p⋅xPa(0)e−i ̂p⋅x |N(p)⟩

⟹ ∂μ [ei(p′ −p)⋅x ⟨N(p′ ) |Aμ
a (0) |N(p)⟩] = m̂ei(p′ −p)⋅x ⟨N(p′ ) |Pa(0) |N(p)⟩

qμ=(p′ −p)μ

⟹ iqμ ⟨N(p′ ) |Aμ
a (0) |N(p)⟩ = m̂ ⟨N(p′ ) |Pa(0) |N(p)⟩

 flavor symmetry is goodSU(2)

 denotes pseudo scalar currentP(x)

Baryon to baryon transition amplitude 
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Goldberger-Treiman Relation
✦ Algebra calculation

• Form factors

(t = q2 = (p′ − p)2)

⟨N(p′ ) |Aμ
a (0) |N(p)⟩ = ū(p′ )[γμGA(t) +

(p′ − p)μ

2mN
GP(t)] γ5

τa

2
u(p)

m̂ ⟨N(p′ ) |Pa(0) |N(p)⟩ =
M2

πFπ

M2
π − t

GπN(t)iū(p′ )γ5τau(p)

• General relation
2mNGA(t) +

t
2mN

GP(t) = 2
M2

πFπ

M2
π − t

GπN(t)

• GT relation t = 0
GA(t = 0) = gA GπN(t = 0) = gπNN mNgA = FπgπNN

✦ ChPT calculation
m̂2BFπ

i
t − M2

π
ū(p′ ){−

1
2

gA

F
γμqμγ5τa} u(p)

= M2
πFπ

mgA

F
1

M2
π − t

ū(p′ )γ5iτau(p)

GπN(t) =
m
F

gA

The lowest-order prediction
gπNN =

mN

Fπ
gA
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Pion-Nucleon Scattering
✦ Leading-order calculation

(c)(a) (b)

• Tree diagrams

• Tree amplitudes
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Pion-Nucleon Scattering
✦ Leading-order calculation

• Mandelstam variables

s = (p + qa)2 t = (p − p′ )2 u = (p − qb)2

• Independent scalar kinematical variables

ν =
s − u
4mN

νB = −
qa ⋅ qb

2mN
=

t − 2M2
π

4mN

• The simplified amplitude
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Pion-Nucleon Scattering
✦ Leading-order calculation

• Amplitude analysis

1. Isospin decomposition (τaτb = δab + iϵabcτc =
1
2 [τa , τb] +

1
2 {τa , τb})

Tab =
1
2 {τb , τa} T+ +

1
2 [τb , τa] T−

= δabT+ − iϵabcτcT−

2. Lorentz decomposition

3. Relation between {T+ , T−} and {T1/2 , T3/2}

{T
1
2 = T+ + 2T−

T
3
2 = T+ − T−

Ten physical processes :

Tπ+p→π+p = T
3
2

⋯

e.g.

4. A, B functions 

A+ = A+
(a) + A+

(b) + A+
(c) =

g2
AmN

F2
π

B+ = 0

A− = −
g2

A

F2
π

mNν
ν2 − ν2

B
B− =

1 − g2
A

2F2
π

−
g2

A

F2
π

mNν
ν2 − ν2

B
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Pion-Nucleon Scattering
✦ Leading-order calculation

• ChPT results of O(p)

•  -wave scattering lengthsS

a±
0+ ≡

1
8π(mN + Mπ)

T± |thr =
1

4π(1 + μ) [A± + MπB±]thr

a−
0+ =

Mπ

8π(1 + μ)F2
π

1 +
g2

Aμ2

4
1

1 − μ2

4

=
Mπ

8π(1 + μ)F2
π

[1 + O(p2)]

a+
0+ = −

g2
AMπ

16π(1 + μ)F2
π

μ

1 − μ2

4

= O(p2)

•  Weinberg-Tomozawa relation

aI
0+ = −

Mπ

8π(1 + μ)F2
π [I(I + 1) −

3
4

− 2]
Taking the linear combination a

1
2 = a+

0+ + 2a−
0+ and a

3
2 = a+

0+ − a−
0+ the results satisfy
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Thanks!


