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Introduction: muon

= Muon: The heavier cousin of the electron.
Supposed to be elementary.
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= Why muon? life time is long: 2.2 , t---2.9 x 10~/

439 rounds in Fermi's ring !



Introduction: g factor

= |ande factor: relation between magnetic moment
and angular momentum, Alfred Lande, anomalous
Zeeman effect, 1921

(+1)— (+1)+ ( +1)
N 2( +1)
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= Elementary particle: g is close to 2.

= Electron: g=2.00231930436152(56) [PDG2022], it is
closeto =2[1+_-+ ( ]

=1

= Composite particle: g=5.6 for proton and g=-3.8 for
neutron.
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Tsutomu Mibe, talk at g-2 Theory Initiative



Introduction: muon

IR
(x"+-)]

Itisvanishedat =30, = 3.094GeV,
magic momentum

-~ +~ + | the frequency of variation of the
electron’s energy corresponds to the

Liang Li, talk at Hunan university



‘Neutrino Beam 7 _
¥ Jo Kamioka = __==="" "

J-PARC
BNL E821 J-PARC E3

g-2: 0.46 ppm - 0.37 ppm (=0.1ppm)

50 times of number of events as large as

BNL's to 0.46ppm

. ..lBl-i;:I'sr':j'.-.-:F'hmninFr:b.‘mnjE : . _ 2001 y 2009’ 2025?

ﬁ Material and the ScienceT!

FNAL

Run1: only 6% of full statistics used now
Run2-3: analyzing, factor 2 improvment
Run4: 13 times as large as BNL's

Run5: 20 times as large as BNL's

2017, 2021, 2025......




large uncertainty

L]

QFD-E-LI V+a

= HVP, HLbL?

SM:QED+EW+QCD

values (x 10~

Phys.Rev.Lett.126, 141801 (2021)
Phys.Rev.D 73, 072003 (2006).

Phys.Rept.887(2020)1 \

QED 116584718.931(104)
EW 153.6(1.0)
HVP 6845(40)
HLBL 92(18)
SM 116591810(43)
exp.(BNL) 116592089(63)
exp.(FNAL) 116592040(54)
exp.(avg.) 116592061(41)
— aih’r TR 251(59)

Science angd

N. Christ

Z. Pagel, NITPC

hnology Cooperation Program in High Energy Physics. This review benefited from discussions with O. Cata,
. Davoudiasl, S. Fayer, S. Ganguly, A. Gasparian, S. Hashimoto, T. lijima, K. Kampf, D. Kawall, I. Larin,
ies, A. Rebhan, K. Schilcher, K. Shimomura, E. Shintani, D. Steffen, S. Tracz, C. Tu, and T. Yamazaki.




= The most contribution
* Precise prediction
= At 10-th order, O(a)
= 116 584 718.951 (0.080) x 107!
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* Precise prediction

= 153.6 (1.0) x 1072
= At two-loop level (10)

Gnendiger et.al.,
PRD 88 (2013) 053005
4 Y

(c) (d)

/i 7 T T woo T
= Strong interactions: pQCD---high energy region

i
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(e)
Phys.Rept.887(2020)1




" "Hadronic Part: Methods from SM

= LQCD
= Data-driven solutions from experiment
= Amplitude analysis: model independent

* Only one physical amplitude!
* It should satisfy the fundamental QFT principles
|t should be compatible with the exp results



__ "Amplitude analysis: FSI

= Most resonances decays into light pseudoscalars

= FSI needs to be taken into account to perform an
amplitude analysis

= Methods: KM, N/D, AMP, Roy equation, PKU,
Pade, LSE, BSE, ChEFT, et.al.

Im — \ .
: Yao, Dai#, Zheng, Zhou,

RPP84(2021)076201



FSI: application

= Scattering, decaying amplitudes: extracting
resonance information

= Check the working range of ChEFT

= Scalar? The same quantum number with QCD
vacuum. Dynamics?

= HVP, HLBL



QCD: high energy region

Dispersive approach: Roy, KT, PKU, etc., difficult
to deal with multi-body rescattering

ChPT: works in the very low energy region
RChT: extend to a bit higher energy region

M

Low energy physics
dominates



— _;*RChT: Constraints from QCD

* resonances included as new degrees of freedom
— 1 ° i
R — E ;)\i¢R
« Construct Lagrangians by discrete and chiral

symmetri 2
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Matching GF: SVV,SAA

= Matching GF between QCD and ChEFT in the
high energy region, using large Nc and OPE.
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Dai et.al., PRD99 (2019) 114015 P1



= P and Q are the Lorentz structure of
momentum, they vanish by timing p,, and p,.
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SAA matching

Ly = Cig = Cg = Cas = 0,

= constrains M= A =2% =A%, =0.
F;.'
.
Al 77> &
. 21 F?
Af‘l." - - - )
' T XAF, (“' H)
SA _ _ Cd
= 2V2F,

= 15 couplings, 4 of them remain A{; A% A7y AS44

= also from %_,,) F¢®  one can knows three

more couplings, only 1 pémain .

V. Cirigliano, et.al., NPB753 (2006) 179
G. Ecker, PLB223 (1989) 425 k=0,



* 1/Nc expansion,
* loop diagrams are suppressed
e uncertainty ~1/3

* ‘chiral counting’ by integrating out resonances
* Those generating O(p%) ChPT Lagrangians

(Ra)((p4)>ﬂ <RaRbZ(p2)> and <RaRbRc>'

Dai et.al., PRD99 (2019) 114015



V', V" has the same
topologies as the
ground states

« nn-KK FSI part by
matching with
Omens functions

/ | 1 B B

Guerrero, et.al., PLB 412 (1997) 2 i i 2
382 My, —x My—x M x M X

Dai, et.al., PRD88 (2013) 056001



= We give a combined analysis on four channels:

ata™, KYK=, 7ta~a, nton

with Omnes function

* p-0 mixing, origined from
Gasser&Leutwyler's

= Not much freedom for Fit

=1, from QCD as well as disersion relation gonstraints

Gasser&Leutwyler, Phys.Rept.87 (1982) 7

V2 BW(M,,T.,,,Q% + B..BW(M,,T Q%

. d . "
f(M, T, Qz)) ( 7 sin #y cos & — sin 0“) sin d“‘)

-. (Re [A[mw., M,, Qz] -+ %fl[??l;{: M, Qz]} )}

!

Guerrero&Pich, PLB 412 (1997) 382



. Now closer to KLOE and BESIII's
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Experiment

— CMD-2 03,06 372.4 + 3.0
s : SND 04 371.7+5.0
- BaBar 09 376.T+ 2.7

. B [fcﬂ'j e, 3682425433
N i CLEO 18 376.9 + 6.3
—e— KLOE 18 366.9 + 2.1

avg. of KLOE 0&/10/12

& | BESII {(This work) 3682415433
360 365 370 375 380 385 390 395 400 405
a™™0(600 — 900 MeV) [1071]

Guangshun Huang, talk at HNU



KK: data in the ¢ 'peak’ have large discrepancy

K Ks: further direct constraints on nn, KK channels
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ny: helps to constrain KK, and masses of p, w, ¢
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AT, TN

= nnn. needs more precise data in the o ¢ region
= nnn: check our model
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= Cross sections needs to be corrected

3s
4dma2(s)

a(0)

% R(s)

3 s, S'(8' — )

Ry(s) = o (e+e_ — hadrons ) Relljaq(s) = — p Ja!

= R values are input from PDG

nang, U1y

@ 6 B T T I T T | : T T T E T I T T T T I T ]
x B pl oo Jhyi y(2S); ]
5 :— : Va0 _:
= .
3 =
2 —
— BE= c'e — hadronsdata - Davier et_ al_,
- (HVPTools compilation) ]
1= $BES - EPJC 80 (2020) 3, 241
B I KEDR ]
| — pQCD (massless) -
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g-2: HVP-LO
= Other channels are taken from data-driven or QCD

J/v¢ (BW integral) 6.28 +0.07
©¥(2S) (BW integral) 1.5T =003
R data[3.7 — 5.0] GeV 7.29 4+ 0.05 £+ 0.30 = 0.00
RQCD [1.8 — 3.7 GGV]udS F345 Q28 0-65dua]
RQCD [50 T 93 GeV]ud,sc 686 + 004
Rgep [9.3 — 12.0 GeVl]uascs 1.21 £0.01
Rqcep [12.0 — 40.0 GeV]udses 1.64 £0.00
Rgep [> 40.0 GeVwascs 0.16 = 0.00
Rqep [> 40.0 GeV], 0.00 = 0.00

= HVP-LO: 693.85+3.38x 1071

Nature 593 (2021)

= Ours: a,=11659181.7 £3.7x 104 Teag, wiee



HVP

= Ours: a,=11659181.7 £3.7x 104
= |t differs 4.40 from latest experiment's

Lattice
Nature(2021)

Exp
PRL126,141801

180 185 19.0 195 200 205 210
a, X 10° - 1165900

Wang, Fang, Dai, in preparation



Four body final states are important: mrnr, ttKK
channels etc.

m—

T+ Lo

® ChPT’s << data, in resonance energy region
m FSI?
W Resonances?



HVP: NLO, NNLO?

= More channels (also high energy

ones) to give a complete

estimation?

B o5 A o

PN

AAL

3b,1bl

Kurz, et.al.
PLB 734 (2014) 144

Refine our results by
considering other
channels of three, four

s 1012 B KK rrw EEEl
2a -136948 -79.8+28 14543 -5.93+0.46 -1600+9
2h 77645 37.6+13 7T4T+18 23740.18 80145 1068
2¢ 224402 22 440.2 35
aNLO -687+10 -987 19
3a 454403 3114011 5.204+0.12  0.267+0.021 54.040.3 80
3b 248+02 -1624006 -276+006  -0.13140.010 203402 -41
3bLEBL 58.040.3  3.47+0.12  6.19+0.14  0.268+0.021 67.9+40.4 91
3c -2.3440.02 -2.3440.02 -6
3d 0.0249+0.0004 0.0249+0.0004 0.05
FOHLO 00.3+0.5 124+1

body final states .



o *—>y*'y* has the clean background, a typical

Events / 0.005

3. HLBL

example for amplitude analysis

R e e S B e o
14[ e Data 480 5" ATLAS

C CJiey—=ry MC PR
120, ERiy—e'e mc PD*PD {5y, =5.02 TeV
10}

Signal selection
no Aco requirement

= )

B

h
T

T e
Cb 001 002 003 004 005 0.06
vy acoplanarity

,6‘\ xt q
/! i

0 . il /
TN ‘ Exchanges of
Ay

T x ¢ +...+ other resonances -+ +w

(fo,a1, f2,- - )

Phys.Rept.887(2020)1

Natrure Phys. 13 (2017) 852,
TY—7Y, only 13 events

Small yeild, but the result has already been used to
set new Iimit\o‘n the Born infeld extension of the SM

Phys. Rev. Lett. 118 (2017) 261802



- —>MM has the clean background, a typical example
for amplitude analysis

= yy—MM contributes significantly to
LbL sumrule

\ql C ql

Equivalent photon
apprOX|mat|on

Q' ~q' =0 q2




(

Fit to get i - KK
coupled channel
scattering
amplitudes

- _/

Strategy

With Final State

Interaction
Theorem we
construct di-
photon
amplitudes and

fit to the data
\_ Y,

Constraints to
LbL sumrule,
polarizabilities.

\




— Hadronic amplitudes
= i - KK scattering inputs
= K-matrix to represent S and D partial waves

= Data on Phase shifts and inelasticities of nrn - KK
coupled channel scattering.

= BABAR's Dalitz plot analysis of D ,;t+—(n*n")n* and
D.t*—(K*K-)n* process. BES's analysis on J/y—n*w
¢ and J/Yy—KK-¢.
Descotes et.al

= Dispersion analysis:  EPJC33(2004) 409

® T-matrix of attering by CFDIV—~»§‘§JS§§ ?234'1) 074004

O tn—KK amplitudes given by Roy-Steiner Equation.



= They use Roy like equation and take crossing
symmetry, unitarity into account.
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nn—7nn, KK phase shift
and inelasticity
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BABAR && BES

= twt - KK scattering inputs
= KK threshold region is important as it is around f,(980).
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building amplitudes

= Final State Interaction Theorem
= Dispersion relations
= ChPT constraints

tm ;o > ;:@
Y 7T  § Tt

FL(s) = Bl (s @ QL (s s? Qf}u s) /d dm [ L, (s ﬂén{ sy

/ SIE S; N S
5° ﬂéﬂ(s) / ds’Béﬂ{S ) Im [Qﬂﬂ(S;)_l]
R

- §?%(s' — s)

Solved by ChPT T




Vect?%, Axial-Vector, Tensor contributions

= LHCs of p,
w, aq, by,

h, give an 06
error band
of low

0.8

energy i

amplitudes,
* Remain |

parts are

parametriz ‘04 |
edasan
effective

pole T. U8

-1




Cd%straints on low energy amplitudes

= Finally we have the bands given by dispersion

relations:

1.0 — . . . . . 1.0— . .

- Sol.l | - Sol.l
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= B “ 04 \
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| . Dz
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N ' .
TY—ntn- integrated cross section

£,(1270)

u*y- Contamination?
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YY— 70 integrated cross section
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on is helpful to seperate

each partial wave.
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YY— KK integrated cross section

If only fit to yy—nm, we will get a region of solutions.
vv—KK data is helpful to select solutions.

= The latest KsKg data of Belle make the accurate coupled
channel analysis possible. Especially the angular

distribution.
1 v I M 1 ' | 5 | 1 N I M I v 1
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vYy—nn individual partial waves

a(nb)

500 | 1 1 T | 200 1 | | L | ' r v ] 1
Sol.l b, Sol.l
400 - = =
150 s -
300 - -
2 1004 -
©
200 - d
50 — ~
100 - il
0 0

L) l ]
0.2 04 06 08 10 1.2 14 16

L | l L | I r
02 04 06 08 1.0
m(nn) GeV m(nn) GeV

1:2

1.4

1.6



¥, (980) = vy
* T(/(980) = )

INSPIRE search

Iy

VALUE (keV) DOCUMENT 1D TECN COMMENT

o133 % OUR AVERAGE

0.32 £0.05 1 DAl 2014A RVUE Compilation

0.286 +0.017 +)211 2 UEHARA 2008A  BELL 10.6 e+ &= — etenlxl
0385 TR tadr 3 MORI 2007  BELL 106 et & — etentn—
0.42 +0.06 +0.18 4 OEST 1900  JADE et e — etenlx0

- - - We do not use the following data for averages_fits_limits, etc_« - «

0.16 +0.01 5 MENNESSIER 2011 RVUE

0.29 +0.21 132 6 MOUSSALLAM 2011  RVUE Compilation

0.42 7.8 PENNINGTON 2008  RVUE Compilation

0.10 9,8 PENNINGTON 2008  RVUE Compilation

et 10 BOGLIONE 1909  RVUE yy—atr— alx0

0.29 +0.07 £0.12 11,12 BOYER 1990 MRK2 et e = etente T

-




» T(£(1270) =7 )/ /T

* T(£(1270) — v ) Ty |

The value of this width depends on the theoretical model used. Unitary approaches with scalars typically (with exception of
PENNINGTON 2008 ) give values clustering around 2.6 keV, without an §—wave contribution, values are systematically higher
(typically around 3 keV)

VALUE (keV) EVTS DOCUMENT ID TECN COMMENT

2.6 +0.5 OURFIT Error includes scale factor of 14.

2.93 £0.40 1 DAl 2014A RVUE Compilation

-« = We do not use the following data for averages, fits, limits, etc. - - -

3.14 +£0.20 2,3 PENNINGTON 2008 RVUE Compilation

3.82 £0.30 4,3 PENNINGTON 2008 RVUE Compilation

2.55 +0.15 870 5 SCHEGELSKY  2006A RVUE vy — K% K%

2.84 £0.35 BOGLIONE 1999  RVUE L o i o o
2,93 =0.23 +£0.32 6 YABUKI 1995 VNS

2.58 +0.13 +33% 7 BEHREND 1992  CELL et e = etextn™
3.10 +0.35 +0.35 8 BLINOV 1992  MD1 et e = etextn

2.27 £0.47 +0.11 ADACHI 1990D TOPZ et e s etentn™
/’F%h

m A DR S T (e Fa ¥ ol o' E R aTaTsl [ W IalFls] ke —




= tnN-KK-nn’ coupled channel scatterings

7

@ Belle cosf=06 @ Belle cosb=0.8
6
5
o 3
€
5}
3
A
'* 1 B
1
B T
1 1
]

13 14 15 16 1.0 11 12 13 14 15 16

Kuang, Dai et.al., in preparation

. Experiment Process Data-points Xfmmge
|

D R+ C h E FT CO n Stral nts Belle/Crystal ball vy = m0n 680
CB(AGS)/A2 MAMI-B | n — 7%y 21

- .
AM P 7 FS I TPC/Argus/Belle vy —= KTK~ 18
TASSO/CELLO vy = KOK° 5
Belle vy = KOK?Y 315
BESIII n' — 7%~y 13




= a,(980)?
= HLBL constraints

for |=

dojdz
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" Constraints to light-by-light sumrule

= For LbL one needs photons with virtualities. Our
massless photon amplitudes are boundary values

when Q2=0

= Narrow resonance estimates from the tensor
mesons are not a good approximation.

= Test the Pascalutsa-Vanderhaeghen sumrule.:

O
Aco(s)
3 = fds T ago(s) — oo(s)
0
[ o ELA
anLs a =
c] TCyp = ds —! L \
8m V.Pascalutsa & M.Vanderhaeghen,

2 PRL105 (2010) 201603.



Born term dominance

0. 25GeV”
Born terms dominates
in the high and low
energy regions.

|
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‘Constraints to light-by-light sumrule

= The contribution to PV sumrule is certainly not zero.

= 47 channel's contribution is significant for HLBL
= [=0:150-200 nb, 1=2: 50nb

evaluation of A’ (4m2. 00,2 = 1) I=0 I=1 I=2
vy — @ [6] (nb) - -190.9+4.0

vy —+ 1.7 [6] (nb)

vy — a3(1320) [6] (nb) - 135.0+12425

vy — 7w (nb) 308.0+41.5 - -44.246.1
vy — KK (ub) 237475 18.144.9 -

BESIII? Bellell? Dai&Pennington, PRD95 (2017) 056007;



= 47 channel's
contribution is
roughly of 150-200
nbinthel =0
mode and 50 nb in
the | = 2 mode.

= We have no
decomposition
information about
the amplitudes of
multi-particles’
channel.

(51, 82, Z = 1; channel)

))

R(sq, 89; crhmu7l}/a

contribution to PV sumrule

(81, S2, Zexp; channel)

total cross section

Channel Publication || F; (GeV) | Eq (GeV) ¥ (nb) R(Born)
rta™ (Z =10.6) [16] 24 4.1 0.44 £ 0.01 1.61
KTK~ (Z=0.6) [16] 24 4.1 0.39 £ 0.01 1.29
7% (Z =0.8) [17] [.44 33 8.8+0.2 1.18
wOn070 [18] 1.525 2425 58408 1.55
rta~a’ (non-res.) [19] 0.8 2.1 230+ 13 1.39
K Kzt [20] 1.4 42 97 L 16

rta et [21] 1.1 2.5 219111421 1.49
rta atnT [22] 1.0 3.2 13+51W 1.48
xtan0n® [23] 0.8 34 103+4+14 1.42




p A

& R cross section
polarizability: by e
extrapolation at s=0
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Polarizabilities

Polarizabilities may also play important role on LbL sumrule

K.T. nge| et.al. | Polarizabilities Model | Model I1 | Model III | Model IV | Model V ChPT +
PRD86 (2012) A=0D Resonance Model
037502
(1 —B1)_+ [40+1.24+14] 0.0 11.6 4.0 4.0 57+1.0
fixed by Adler | ., g, , 15.741.1 13.041.1 [ 208411 | 132434 | 181425  16.2[21.6]
zero and < "
(01-B1)ss = 4.0 | (@1 — P73 -0.920.2 08401 | -1.1£0.2 | -0.8+0.2 | -1.020.2 1.940.2
(a2 — F2).0 17.8+0.8 | 26.0£08 | 18.6+2.4 | 22.4+1.8 37.64+3.3
e A=12
easiest one to
(o1 + B1)_+ 0.26£0.07 |0.26-£0.07]|0.26+0.07| 0.17L0.51 |0.42+0.22|  0.16[0.16]
be measured
by experiment | (as + 82)._, -1.4L05 14405 | -1.4405 | 09435 | -2.4L1.5 -0.001
(@1 + B1).0 0.60£0.06  |0.60+0.06]|0.60-:0.06-0.044-0.52|0.90+0.17 1.143.3
(a2 + B82).0 3.740.4 37404 | 37404 | 04434 | 55411 0.04




Polarizabilities

Polanzabllltles plays important role on HLbL DRs
2 ® Markil |:|caaa ' '

. Dai&Pennington,PRD94 (2016)
116061 e /

0.3 0.4 0.5 0.6 0.3 0.4 0.5 0.6

m(n'n ) GeV m(n'n’) GeV

(a4-B1)++ = 11.6, has been exclude by CB's data,
JLAB's new measurement?
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Correlation functions

= The correlations between pion polarizabilities

and yy—nr cross sections: the best region for
experiment to measure is 350-600MeV.

015 —— =
— o - e,
= T e
é,“ 0.04 1 EET D.044
l'...
¥
1 o.0z2- 4 0.02-
z=0.6
...... ==0.8
---------- z=1.0
0.00 41— ’ : [ - y ’ .00 ey ; y 0,00 Loy : ;
0.3 0.4 0.5 0.6 0.3 0.4 0.5 0.8 0.3 0.4 0.5 0.6 0.3 0.4 0.5 0.6
min'n ) GeV mix'mt ) GeV min' T ) GeVv mix' ) Gev
; ' r 0.08 7 1 ) 0.08 17— : .
= = - =
nﬂ_ 34 ﬂ:' | ﬂ;_-u
0.2+ I— - I---| _-\.'-I
| & S ' S
J 2 1 T -
0.04 - £ D.044
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1 4
0.0l r r fa e 0.0 e : . 0.0 Ly : .
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min'n") GeV min'n’) GeV m(ﬂ':'r:':'j Ge\V m{n"n") GeV



events / 5MeV

= ttn- P-wave phase-shift should take into

consideration of isospin violation . ~——__

Dai et.al., PRD97 (2018) 036012 \

000D 1

,Y*_) TC+TC_
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e BESIN
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150+

®  Cem-Munich |
¥ Prolopopescu et al.
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' ' ' ' . 0.6 ' 0.8 1.0
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#  Eslabrooks & Martin
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Jegerlehner&Nyffeler,
Phys.Rept. 477 (2009) 1-110

= Tensors are included in RChT.

= High energy constraints to reduce unknown
couplings



06 07 490
M(*m) (GeVic?) M(T*) (MeVic?)

Ye, et.al., in preparation

= HLbL contribution from pseudoscalar poles

3 oo +1

o 2y = " .
[’Ih‘hL'F = ---1—2 {iﬂ:jl{i{ggf{it l—t"} QTQ; [}'lFfiIIEQl*Q?*tJ—i_PEHIE{QI‘QE‘H]
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Amplitude analsysis connects QFT principles and Exp. FSI
needs to be considered when performing amplitude analysis.

Ours has a significant discrepancy with the latest FNAL's.
Processes of multi-body channels needs to be studied.

We have strong constraints to HLBL amplitudes. 4n's can not
be ignored. nnnn, tnKK?

__ Further study of light hadrons is neccessary to give a more
INEXA reliable answer to muon g-2; Discrepancy between LQCD
v.s. data driven+ChEFT+FSI?
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Thank You For your patience.



