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Introduction

· The exploration of underlying structures of hadrons has always been one of 

the most important frontiers in particle and nuclear physics. Wave functions are 

important physical quantities describing the distributions of constituents’ 

momentum in the hadron

· In an exclusive process the non-perturbative LFWFs for a given Fock state 

are required, like the theoretical analyses of B meson weak decays. [1-3]

· In LaMET, one can construct the directly computable hadron matrix elements 

with non-local operators, named as quasi-distributions, on the lattice.  [4-6]
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TMDWFs and Soft Function

Field with gauge-link and delta regulator:

Normalization factor from local operator matrix:

For a pseudoscalar pion, the TMDWF is defined as:



TMDWFs and Soft Function

The rapidity divergences of TMDWF can be renormalized by the on-light-cone soft function, 

which defined as :

the physical TMDWFs amplitudes are defined as :

Rapidity scale



TMDWFs and Soft Function

The four-quark form factor which could be used to obtained the soft function is defined as:

Normalization factor from local operator matrix:



TMDWFs and Soft Function

Factorization form give the relation between TMDWF and form factor:

The hard kernel is insensitive to the hadron, 

which could be calculated by partonic state.



TMDWFs and Soft Function

In partonic state:

Quark pair to have the same spin and parity with pion. 



TMDWFs and Soft Function

The TMDWFs:

Rapidity divergence



TMDWFs and Soft Function

The soft function:

The physical TMDWFs :



TMDWFs and Soft Function

The form factor:



TMDWFs and Soft Function

Factorization formula:



Expansion by regions

Expansion by regions: three modes at leading power

hard:

collinear:

soft:

For four-quark form factor, there are two kinds of collinear modes.



Expansion by regions

No hard mode

TMDWFs: example for diagram (a)



Expansion by regions

Form factor : example for diagram (a)



Expansion by regions

Soft mode:

𝑃1 collinear mode :

Form factor : example for diagram (c)

No hard mode
Sum:



Expansion by regions

Form factor : example for diagram (e)



Expansion by regions

The total result could be written as the TMD factorization of the form 

factor at one-loop level:

Where the pertubative hard kernal:



Lattice results

Similarly defined the quasi-TMDWF in partonic state:

The Wilson loop used to renormalized the rapidity divergence:



Lattice results

Similar defined the quasi-TMDWF in partonic state:

where:



Lattice results

The matching between LC and quasi-TMDWF give:

Where the hard kernel could be given as: 



Lattice results

Substituting the factorization formular: 

Where the hard kernel:



Lattice results

These results could be used in Lattice calculation to get the reduced soft function.



Lattice results

Lattice data on quasi-TMDWFs from LPC

LPC Collabration, Phys. Rev. D 106(2022) 034509 

The ratio:



Summation

· In LaMET, the TMDWFs can be extracted from the first-

principle simulation of a four-quark form factor.

· The way of expansion by regions could proof the TMD 

factorization of the form factor at one-loop level.

· These results are helpful to precisely extract the soft 

functions and TMD wave functions from the first-principle in 

future.
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