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Introduction 

Top quark is the heaviest elementary 
particle in the Standard Model.


Top quark provides the strongest coupling 
to the SM Higgs boson and opens doors 
to new physics. 
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Introduction 
Top quark intrinsic properties, Mass, Width, Spin 1/2, e-charge 2/3
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Introduction 
The top-quark decays almost exclusively to ,  ie . 


At LHC, indirect techniques are precise but model dependent. 


The most precise measurement is  GeV 

Wb Γt = Γ(t → Wb)

Γ = 1.36 ± 0.2+0.14
−11

Direct techniques are less precise but model independent. 


Direct result by ATLAS is  GeV


Using events away from the resonance peak  GeV


In the future − collider,   can be measured with an uncertainty of 30 MeV

Γt = 1.9 ± 0.5

Γt = 1.28 ± 0.3

e+e− Γt

CMS, 2014

ℛ =
ℬ(t → Wb)
ℬ(t → Wq)

= ℬ(t → Wb)

Measuring     with top pair event

ATLAS, 2019

Baskakov, Boos, Dudko, 2018

Herwig, Jazo, Nachman, 2019

 Martinez, Miquel 2003 

<latexit sha1_base64="gJY+d5ccN9AbH4bA08WAgibmWfU="></latexit>

R =
B(t ! Wb)

B(t ! Wq)
= B(t ! Wb)

<latexit sha1_base64="rPSUeXBiT+zbzvmNY6hWHHrhr1U=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiTia1l047KKfUATymQ6aYdOJmFmIpSQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEs6Udpxvq7Kyura+Ud20t7Z3dvdq+wcdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT28LvPlGpWCwe9TShfoRHgoWMYG0kz/YirMcE8+whH9TqTsOZAS0TtyR1KNEa1L68YUzSiApNOFaq7zqJ9jMsNSOc5raXKppgMsEj2jdU4IgqP5tlztGJUYYojKV5QqOZ+nsjw5FS0ygwk0VEtegV4n9eP9XhtZ8xkaSaCjI/FKYc6RgVBaAhk5RoPjUEE8lMVkTGWGKiTU22KcFd/PIy6Zw13MvGxf15vXlT1lGFIziGU3DhCppwBy1oA4EEnuEV3qzUerHerY/5aMUqdw7hD6zPH8HxkYY=</latexit>

R
<latexit sha1_base64="AdlIvj2d999naTV3VnsnEKqCPi0="></latexit>

�t =
�t-ch.

B(t ! Wb)
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NLO QCD corrections 

NLO EW corrections

Asymptotic expansions of NNLO QCD corrections near  and mW → 0 mW → mt

Numerical results of full NNLO QCD corrections 

Bigi, Dokshitzer, Khoze, Kuhn,Zerwas, 1986

Jezabek, Kuhn 1989, Czarnecki 1990, Li, Oakes, Yuan 1991

Denner, Sack 1991, Eilam, Mendel, Migneron, Soni 1991 


Czarnecki, Melnikov 1999, Chetyrkin, Harlander, Seidensticker, Steinhauser 1999, 

Blokland, Czarnecki, Slusarczyk, Tkachov 2004, 2005

Gao, Li, Zhu 2013, Brucherseifer, Caola, Melnikov 2013

Introduction

Czarnecki, Groote, Körner and Piclum, 2018 Polarized top decay up to NNLO QCD 

PMC scale settings up to NNLO QCD Meng, Wang, Sun, Luo, Shen, Wu, 2022 
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Czarnecki, Melnikov 1999, Chetyrkin, Harlander, Seidensticker, Steinhauser 1999, 

Blokland, Czarnecki, Slusarczyk, Tkachov 2004, 2005

Gao, Li, Zhu 2013, Brucherseifer, Caola, Melnikov 2013

Introduction

Analytical results of NNLO QCD corrections Chen, HTL, Wang, Wang, 2022

Czarnecki, Groote, Körner and Piclum, 2018 Polarized top decay up to NNLO QCD 

PMC scale settings up to NNLO QCD Meng, Wang, Sun, Luo, Shen, Wu, 2022 
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Unitarity implies the 𝑆-matrix

  with  S†S = 1, S = 1 + iT  T is the transfer matrix

 ⟨ f |T | i⟩ = (2π)4δ(4) (pi − pf) ℳ(i → f )

The generalized optical theorem is

 −i (ℳ(i → f ) − ℳ*(i → f )) = ∑
X

∫ dΦXℳ(i → X)ℳ*( f → X)

 Im ℳ(A → A) = mA ∑X Γ(A → X) = mAΓtot 

For top quark decay width     | i⟩ = | f⟩ = |A⟩

Optical Theory 

 −i(T − T†) = TT†

⟨p1p2 T†T k1k2⟩ = ∑
n

∫ dΦn⟨p1p2 T† {qn}⟩⟨{qn} |T |k1k2⟩

Take the matrix element of this equation
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Optical Theory 

LO NLO NNLO

Γt =
ImΣ
mt

Top decaying into massless b quark and on-shell W boson
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The amplitudes generated by FeynArts and FeynCalc 

  d I(w, ϵ) = ϵ d [
4

∑
i=1

Ri log(li)] I(w, ϵ)

Canonical differential equations constructed for the cut MIs by choosing a proper basis I(w, ε)

Amplitude and Master integrals

Scalar integrals reduced to master integrals using FIRE 6


Henn, 2013

The analytical results of some master integrals in 𝑤 = 0 can be found in literatures 


Others reconstructed by PSLQ algorithm with AMFlow

Boundary conditions: w =
m2

W

m2
t

= 0

Blokland, Czarnecki, 
Slusarczyk, Tkachov 2005, 
Ritbergen, Stuart 2000.

 Liu, Ma 2022
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Top decay width
Top decaying into massless b quark and on-shell W boson

Γ(t → Wb) = Γ0 [X0 +
αs

π
X1 + ( αs

π )
2

X2],

X2 = CF(TRnlXl + TRnhXh + CFXF + CAXA)

Xl = −
X0

3 [H0,1,0(w) − H0,0,1(w) − 2H0,1,1(w) + 2H1,1,0(w) − π2H1(w) − 3ζ(3)] + ⋯

NNLO contributions written as HPLs

XF =
1
12

X0[ − 6 (2H0,1,0,1(w) + 6H1,0,0,1(w) − 3H1,0,1,0(w) − 12ζ(3)H1(w)) − π2H1,0(w)] + (X0 + 4w) (−
1
6

π2H0,−1(w) − 2H0,−1,0,1(w)) + ⋯]
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Top decay width
Top decaying into massless b quark and on-shell W boson

width 
(GeV)

delta/LO 
width

LO 1.48642 —

NLO 1.35897 -8.58%

NNLO 1.32825 -2.07%

Consistent with Gao, Li, Zhu 2013

Γ(t → Wb) = Γ0 [X0 +
αs

π
X1 + ( αs

π )
2

X2],

X2 = CF(TRnlXl + TRnhXh + CFXF + CAXA)

Xl = −
X0

3 [H0,1,0(w) − H0,0,1(w) − 2H0,1,1(w) + 2H1,1,0(w) − π2H1(w) − 3ζ(3)] + ⋯

NNLO contributions written as HPLs

XF =
1
12

X0[ − 6 (2H0,1,0,1(w) + 6H1,0,0,1(w) − 3H1,0,1,0(w) − 12ζ(3)H1(w)) − π2H1,0(w)] + (X0 + 4w) (−
1
6

π2H0,−1(w) − 2H0,−1,0,1(w)) + ⋯]



/1610

10−

0

10

 2
 X

exact

5up to w

5up to (1-w)

0 0.2 0.4 0.6 0.8 1

10−

0

10
 3 or (1-w)3 up to w

0 0.2 0.4 0.6 0.8 1
w

0.9

1

1.1

Ex
p.

/E
xa

ct

Top decay width

The result expanded in 𝑤 = 0 and 𝑤 = 1 coincides with 

Blokland, Czarnecki, Slusarczyk, Tkachov 2004 2005

Though the decay width at w=0 and w=1 is finite, it exhibits 
logarithmic structures at these two boundaries 

All the coefficients can be expanded in series of  or w 1 − w

 



/1611

Corrections by keeping b quark mass

0.27% decrease compare to LO width

same order with 
m2

b

m2
t

Top decay width
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Corrections by keeping b quark mass

0.27% decrease compare to LO width

same order with 
m2

b

m2
t

Li, Oakes, Yuan, 1991

0.126% increase compared to LO width

Top decay width
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For off-shell W effects, we could integrate over the 

Γ(t → W*b) =
1
π ∫

m2

0
dq2 mWΓW

(q2 − m2
W)2 + m2

WΓ2
W (Γt

m2
W→q2 ) Taking the limits ,   ΓW → 0

mWΓW

(q2 − m2
W)2 + m2

WΓ2
W

→ πδ(q2 − m2
W)

  ,     is expressed in terms of GPLsΓ(t → W*b) = Γ0 (X̃0 +
αs

π
X̃1 + ( αs

π )
2

X̃2) Xi

For example     X̃0 = 2rw(2w − 1) −
1
2 [(2(r − i)w − i)((r − i)w + i)2Gw+irw(1) + (2(r + i)w + i)((r + i)w − i)2Gw−irw(1)]

Top decay width

this effect can be included independently 
with QCD corrections
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For off-shell W effects, we could integrate over the 

Γ(t → W*b) =
1
π ∫

m2

0
dq2 mWΓW

(q2 − m2
W)2 + m2

WΓ2
W (Γt

m2
W→q2 ) Taking the limits ,   ΓW → 0

mWΓW

(q2 − m2
W)2 + m2

WΓ2
W

→ πδ(q2 − m2
W)

  ,     is expressed in terms of GPLsΓ(t → W*b) = Γ0 (X̃0 +
αs

π
X̃1 + ( αs

π )
2

X̃2) Xi

For example     X̃0 = 2rw(2w − 1) −
1
2 [(2(r − i)w − i)((r − i)w + i)2Gw+irw(1) + (2(r + i)w + i)((r + i)w − i)2Gw−irw(1)]

Top decay width

LO NLO NNLO

delta/LO 
width -1.54% 0.13% 0.03%

this effect can be included independently 
with QCD corrections
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Top decay width
QCD renormalization scale , the variation is about ±0.8% and ±0.4% at NLO and NNLO. μ ∈ [mt /2,2mt]

On-shell renormalization scheme adopted 


This scale uncertainty has been reduced 
dramatically after including NNLO QCD 
corrections. 


 MSbar scheme,  GeV,
 GeV. QCD corrections are 

−3.79% and 0.09% at NLO and NNLO. 


Assuming power like growth for QCD 
corrections, NNNLO corrections would be 
of around 0.4%

ΓNLO
t = 1.309

ΓNNLO
t = 1.332
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Top decay width
Cross-check and other applications

Integrating over 𝑤 from 0 to 1, we reproduce NNLO QCD corrections in semileptonic decay Γ(b → Xeν̄)

Integrating   over 𝑤, we obtain the analytic two-loop QED correction to the muon lifetime .XF Γ(μ− → νμe−ν̄e)
Ritbergen 1999

Ritbergen, Stuart 1999

 can be understood as 


with  the invariant mass of lepton sector,   the mass of the parent particle 

w q2/m2

q2 m2
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https://github.com/haitaoli1/TopWidth 

Mathematica Package

https://github.com/haitaoli1/TopWidth
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谢谢！

We provide the full analytical result of top-quark width at NNLO. 


The b mass effect is included up to NLO


The off-shell W boson contribution is calculated analytically up to NNLO. 


The analytical result can be used to perform both fast and exact evaluations. 


The missing contributions is supposed to be less than 1%. 

Summary


