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evelop NRQCD factorization formalism to decribe the
production of fully-charmed tetraquark

(Unexpected) discovery of X(6900) in summer of 2020

Invariant mass spectrum of J/y-pair candidates (LHCb, 2020)

~ 220 p—————————

< 200 LHCb discovered a narrow structure near
2 180 6.9 GeV in the di-J/y invariant
S :ﬁ mass spectrum:X(6900).
% 13 E Strong candidate for compact fully-
2 s0H] charmed tetraquark
5 @
Z, 40p There' s also a board structure above
2 25 % threshold ranging from 6.2 to 6.8 GeV
2
M g 11, MeV/c?) An additional vague structure near 7.2
GeV

See W.-L. Sang’s talk in this symposium



Interpretation of nature of the X(6900) meson

B P-wave tetraquark (M.-S. Liu et al,, 2020; H.-X. Chen et al., 2020, R.
Zhu 2020).

®m Radial excitation of 0+ + (Z.-G. Wang, 2020; Lu et al., 2020; Giron,
Lebed, 2020; Karliner & Rosner, 2020; J. Zhao et al., 2020; R. Zhu, 2020;
B.-C. Yang et al., 2020; Z. Zhao, 2020; H.-W. Ke et al., 2020 ),

B Ground state S-wave tetraquark (Gordillo et al., 2020).
B y.xco Or p.p. molecular state (Albuquerque et al., 2020)
m 0** hybrid (B.-D. Wan, C.-F. Qiao, 2020),

B Resonance formed in charmonium-charmonium scattering (G.
Yang et al.,, 2020; X. Jin et al., 2020), or the kinematic cusp arising from
final-state interaction(J.-Z.Wang et al., 2020; X.-K. Dong et al., 2020; Z.-
H. Guo 2021; C. Gong et al. 2020).

B Beyond Standard Model scenario (J.-W. Zhu et al.,, 2020; Dosch et
al., 2020) 5



Popular phenomenological tools handling
fully-heavy tetraquark

Theoretical explorations on fully heavy tetraquarks date back to 1970s
Iwasaki, PRL(1976); Chao, ZPC(1981); Ader et al. PRD(1982)

B Potential models studying T4c spectra and decay properties:
(Badalian et al., 1987; Barnea et al., 2006; Liu et al., 2019; Wu et
al., 2018), etc.

B QCD sum rule: (H.-X. Chen et al,, 2020; W. Chen et al., 2017,
2018; Wang, 2017, 2020, Wang & Di, 2019)

M Search for the fully-bottom tetraquark on Lattice NRQCD:
found no indication of any states below 2n, threshold in the
0++,1*- and 2+* channels (Hugheset al., 2018).



T4c production mechanisms in the market

B [n contrast to mass spectra and decay channels, there is relatively
sparse studies for T,. production in various enviorment.

® Duality relation model: comparing di-J/psi production cross
section with (Berezhnoy et al,, 2011; Berezhnoy et al,, 2012) and
without resonance, rough estimate was achieved (Karliner et al., 2017)

B Treat hadronization within color evaporation model: (Carvalho et
al., 2016; Maciuta et al., 2020)

B NRQCD-inspired factorization: F. Feng, Y.-S. Huang, Y.J, W.-L.Sang,
X.-N. Xiong, J.-Y. Zhang and D.-S. Yang, 2020-2023

Also see Y.-Q. Ma, Zhang, 2020; R.-L. Zhu, 2020.
B yy interactions: Gongalves, Moreira, 2021.



Nonrelativistic QCD (NRQCD): Paradigm of EFT,
ailored for describing heavy quarkonium
namics: exploiting NR nature of quarkonium

Caswell, Lepage (1986); Bodwin, Braaten, Lepage (1995)

NRQCD factorization is viewed

T as being first principle of QCD
QCD
T perturbative martching perturbative matching Thls Scale Separation iS
____________________________________________ . =2 usually referred to as
NRQCD factorization.
| NRQCD

The NRQCD short-dist.
coefficients can be
Hu_;__.=.'.:}.:.‘—pw'.-‘.'e'f'f;'f.r.-‘h'e matching | perturbative matching Computed in perturbation
theory, order by order

PNRQCD




QCD Factorization Theorem

og(Q?)

B Asymptotic freedom

035 e
-\ T decay (NLO) F= ] .
ow cont. (NVIL0) 1+ B Scale separation: UV ~ Q
| Jets i | .
JJeemennior 4 (pT for production), IR~ Aqcp
0.25 _ EW przlcjgi?n?;?(ilggg: _ . QCP C.Olllnear
pp (top. NNLO) = factorization theorem:
02
o(Q,AqQcp) =
0.15
&PEft(Q? pE) ® ‘f?(ﬂ'-iFﬁ f\iQCD) + -
. =4 M This allows perturbative
I — 2y 0 ] .
VoL ey .. 1 calculation to produce
1 C e 1000 sensible phenomenological
results
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CD factorization theorem for the identified
adron inclusive production at large P;

Collins, Soper, Sterman (1982)

do[A+ B — H(P.)+ X] =Y do[A+ B —i(P./2) + X]® Diyy(z,p) + O(1/P?)

The inclusive production of
high-transverse-momentum
hadrons in the high-energy
hadron collision experiments
is dominated by the
fragmentation mechanism.

perturbative non-perturbative

11



Feynman Diagrams for the fragmentation
function of gluon into fully-heavy tetraquark

About 100 diagrams for amplitude in
one side of the cut line

Key insight: to create a T, state, one has to first produce four
charm quarks with small velocity before hadronization. Therefore,
one can invoke perturbation theory to compute the hard partonic
process owing to asymptotic freedom of QCD

12



NRQCD Factorization for the gluon-to-0*+
27%) T4c fragmentation function

For the gluon-to-tetraquark fragmentation function:

(!3353 [g — (SC(_IE(J)] ‘< |

2 dse [g — (:(:Er?("' )
T’ )>‘ + —
m? ‘ '

2
m9 |<U ‘OGXG} T >‘

)] -

0loW).

3®3

D;}—>T4(- (Za HA) =

ds. ¢ [g -y (?.(L'E(_}('”}

2Ro[<(]‘(_’) |T(”><T“"O

323 626

Lowest order in v;
Vacuum saturation approximation invoked
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S-wave NRQCD production operators (using
diquark-antidiquark color-spin basis)

We construct the NRQCD local operators for the S-wave
tetraquark with all possible quantum numbers:

l o wo iy * " i 1D.Ca
oV = —-—[y, ' (i Wy (io7)o"xal C(.i;si’

323 \/3
l T 2\ .7,* T b ce
Ofos = AR CRIARACT gees,

0(-2)“ Iwi m(l(T )‘//I;][X (10. )0_ ] rl\lnm Cllh‘d,

v ab;ce . k
O3 = \/z "I‘C g ol ) Tolio®yy) (xLio®o"xa)
8. 1 7 (S'Hlll 1 7 7
Ca.t:(_‘d — : 6u.bm .(:d'n Au( ()bd (Su.(l(sb(:)
N T (22 VRRENA
2 1 , ,
abied _ cac Sbd cad Sbe - ~[ ~ ~Ln Y =kl -
C’é@(36 = - (gacgbd 4 §adgoe). rﬂ,mn — %“}Lmﬂm + I_,)Lnﬂ.l’m - :[)Uﬂnm]
26 2 3 2



through perturbative matching

i Determine short-distance coefficients (SDC)

The SDCs are state-independent quantities, insensitive to
non-perturbative (long-distance) physics

Use free quark states instead of hadron (tetraquark) state
iIn both FF and LDMEs

Perturbatively calculate both FF and LDMEs; solve the
matching equation and deduce the SDCs

Adopt angular momentum eigenstates and project
perturbative FF to specific color state in order to deduce

each SDCs in question
15



Estimation of Long-Distance Matrix
Elements (LDMEs) from potential models

« The NRQCD LDMEs should be calculated in lattice QCD in principle
since they are non-perturbative.

We use three phenomenological four-quark models tocalculate the

LDMEs. The results are proportional to thewave functions at the origin.

1 /105

J J _ J
<Tflc Ocolor U)I T o2 TRI cclor(['])
J J
<Tflc Ocolor U)II - 4¢color( ])
1
J J g
(T,k. Ocolor U)III 7312 JRIII color({
« The numerical values are: (GeV?%2)
Model Ref. ('r“ 3;}3|n> (T“ ﬁ®ﬁ| ) (Tﬁ m‘ )
I Zhao et al., 2020 2.402 2.085 1.865
[ Liiet al., 2020 —0.1864 —0.1132 0.1200
11 Liuet al., 2020 —0.136737 0.117944 0.112084
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Evolution of Fragmentation
Function under DGLAP

Since the process is gluon dominance, the leading order
splitting kernels read (nf: number of active light quark flavors):

(1—2) z 11 ng
P, = 1 — = 2 s(01 —
2Dy (2, 8), 077 2Dy 71, (2, 1), 2%
8 8

== Model | , multiplied by 10* == Model I , multiplied by 10*

g NModel 11, multiplied by 10® &= Model 11, multiplied by 10°
I )

#= Model 111, multiplied by 10°

g Model 111, multiplied by 10°

' A A L 1 ' A A A
0.1 0.2 03 04 0.5 06 0.7 08 09

33
33
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* Phenomenology at LHC

d d
é (pp — Tie + X) [pb/GeV], 0+ é (pp — Tac + X) [pb/GeV], 2++
10° 10°
== Model I == Model T
&= Model 1T , multiplied by 10?
=

g= Model IT , multiplied by 107
==

10* Model I1I, multiplied by 10* 10* Model I11, multiplied by 50

107 10°

102 102

101 L 1 1 1 1 1 1 1 1D'I
15 20 25 30 35 40 45 50 55 60 15 20 25 30 35 40 45 50 55 60
pr(GeV] pr(GeV]
da(2t1) /dpr

do(0++) /dpr
4 == Model I

== Model 11
== Model IIT, multiplied by 10~
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‘L Phenomenology at LHC

Vs =13TeV

CTEQ14PDF sets

Factorization scale u € [my /2, 2m7 |
pr € [15,60] GeV

0++ 2++

MOdeI O'/pb' NC\-’CIltS O-/pb chonts

| 1.6x10° | 4.8x 10 | 29x%x10° | 8.7 x 10

|l 6.9x10% | 2.1x10° | 1.2x10° | 3.61 x 10°

11 0.446 1.3x10° | 1.1x10°% | 3.15 x 10

19



NRQCD Factorization for inclusive
production of tetraquark at LHC (fixed-
order calculation)

NRQCD Factorization formula for T4c hadroproduction

1

do(pp — Ty + X) = Z / dridxs fisp (21, por) fim (T2, por) d0ijsry 4 x (1228, for)
ij=q,9"" "
~ -~ o
T = 3 B M) (OF), v
i) s BB e T S,
(Tl +X) _ 2o (1) (00 + 26 (052) + D (082)]
il ml - ’ ! ’ ! ’
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SDCs(asymptotic)

ot 220974 HE{’(} (%f + §2 + 12 ) N (m )

*i,!g /\I' -, A
55285(—1)3 (8 + 1) Py
o+ = 0 H '?'T?»z
Fye = \/(_)Fa 3 +O(—=1,
7 7 E)T
2 m’
ot ot c
Exﬁ - _;F")% + O (pﬁ?) 3

600257 ma’ (5t + §2 + 12 ’ m;
Fyy = l ( M2 ) +O( ‘;)
34992542 (5 + 1) Pr

vt 1617 mial] (3F + 82 + 12)’ Lo (.,.,,3 )
3,3 - U ~ __ ,
388808 (—1)3 (,«,' + 1) : i

All the five SDCs are positive. The partonic cross sections for C-even tetraguarks
scale as p; ¢, while those for the C-odd state 1"~ scale as pr 8. At large pT , the
predicted LO cross sections for the C-even states receive an extra suppression

factor of p;—2 with respect to fragmentation mechanism. 51



i Phenomenology

LDME Model I [15] Model II [id]

(O8] [Gev?]  0.0347 0.0187
| DME: 0 (0&‘2} [GeV?|  0.0211 —0.0161
(O§2) 1Gev®]  0.0128 0.0139
1 (059)[GeVY] 0.0780 0.0480
20t (0§ [GeV?) 0.072 0.0628
Model T Model 11

onb]  Nevents/10? o nb]  Nevents/10”
ott 374126 110 + 80 9+ 6 27+ 19
1" 0284016 08+0.5 0.174+0.10 0.52 £ 0.29
2T 03 +£65 280£200 81+£57 240+ 170

TABLE 1I: The integrated production rates for various S-wave 7). states (6 GeV < pr <
100 GeV) and the estimated event yields.



i Phenomenology

da/dp; [pb/GeV]

o(J)/o(0)
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FIG. 2: The pp spectra of the S-wave T}, at LHC with /s = 13 TeV predicted from two
potential models. The left panel represents the predictions made from Model I, while the
right panel represents the predictions made from Model II. The blue, yellow and red curves
represent, the differential cross sections for the 071, 17 and 2" tetraqaurks, respectively.
The lower insets show the ratios of o(177) and o(2*") to o(0* ).
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i Phenomenology
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FIG. 3: Comparison of the pp distributions of the S-wave 7). between two phenomenological
1 4e

potential models. The left, central and right panels represent the diflerential cross sections

for the 0", 1t and 2" tetraquarks, respectively. The orange (blue) curves represent

the predictions made from Model I (IT). The lower insets show the ratios of the predicted

production rates in Model 11 to those in Model I.
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* Phenomenology
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ok -- 6,6 -+ 66

A 4 A 1
— 17 x10? — 2%+ ] 107X — 1% 102 — 2]

100}

01}

dafdp; [pb/GeV]
dotdp, [pb/GeV]

107}

s
<
=

U e e e T
omogod

\
1
1
1
1
1
|
1
1
|
|
1
|
|
|
|
|
|
|
|
|
I| L
Ratioto 0**

Ratioto 0**
=i=l=l=l ==l
=N TRV TN

T

pr [GeV] pr [GeV]

FIG. 4: Comparison of contributions from different color configurations in 3. The left panel
is from Model I, and the right panel is for Model II. The blue solid, green dash-dotted and
red dashed curves stand for the contributions from the pure color-triplet, interference and
pure color-sextet contributions in o(0*); respectively. An additional minus sign is added
to the interfering term in Model II to make it positive. The lower insets show the ratio of
the individual contributions to the full cross section of the 0" tetraquark. We also present
the pr distributions of the 1* and 27" states for comparison.



‘L Phenomenology

Model | Model Il
1G5:r'| — T T T T T T T T T T T T T] T~ T T T T T T T]
i — 0% L0 = 0*FF | 104 — 0" L0 =—— 0" FF 1
> [ 24 L0 —— 2% FF | 2 100} 2* LO 2** FF ]
0] 100+ 1 M - 1
o) i & 1+
=2 =3 L
-~ I ~ 001¢r
g 01} I |
&) L o 10
o | ~ o
10_4- - 1D—5..
% 1 [ 1\ % 100 ¢
- 001 PR 14 1 P | |! - D‘l; M BT P L | TR 1]
20 40 60 80 100 50 100 150 200
pr [GeV] pr [GeV]

FIG. 5 Comparison of the pp distributions of the 7). between this work and from the
fragmentation mechanism [40]. The left panel is for Model 1, and the right panel is from
Model II. The blue and yellow curves represent, the leading-order NRQCD predictions for
a(0"") and (2" "), while the red and green curves represent the fragmentation contributions
to o(0"") and (2*"). The lower insets show the ratios of the leading-order NRQCD
predictions to the fragmentation predictions.
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Exclusive production of C-even
‘Ltetraquark at B factory

There are roughly 40 s-channel diagrams in total.

Due to C-parity conservation, the t-channel process in b)
does not contribute.

< Z:

e e AVAVAVAVAVAV

O+ O+t
Model U-/fb A'ra:*\'cnts/10%l O-/fb j\'{events;/]-O'L1
I 17 86 14 70
|1 0.070 0.35 0.058 0.29
1 0.0015 0.0075 0.050 0.25 27




NRQCD Factorization for inclusive
production of 1+~ tetraquark at B factory

For the Inclusive production of fully-charmed 1+-
tetraquark at B factory

dF,(E -
do(ete™ = Ty (E) + X) = Z ( )(2.-"&[1;1{_,)<0\0i4“\0).

mS
m,

n

Os3= 2 OgialTiclm;) + X)(Tic(m;) + X| Ol

/n.,-.-\

Vacuum-saturation approximation

JEADESPAC

X

(DT
C)color

oD

color

oD

color

)

T +X) (T + x

=
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Inclusive production of fully-charmed
il* tetraquark at B factory

There are roughly 400 Feynman diagrams in total.

(Vs = 10.58 GeV, designed luminosity ~ 50ab™")

Model <T§f;;(m,-) ‘Oggg(mj)) 0) o/ | Newente /10
| 2.31684 GeV?/2 7.3 37
1 _0.1612 GeV?/2 0.035 0.18

1l 0.126437 GeV?/2 0.022 0.11




B8. Heavy quarkonium production and

‘_Hecay

Work 1: Photoproduction of C-even quarkonia
at EIC and EicC

Y.J, Z. W. Mo, J. C. Pan, and J. Y. Zhang, Photoproduction of C-even
quarkonia at EIC and EicC. To appear in PRD [arXiv:2207.14171 [hep-

ph]].
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i Evidence of odderon

Differences between pp and pp elastic scattering data
at 1.96 TeV is considered to be the evidence of

the Odderon ST = — S

= o TOTEM-DO -
S g V5 = 1.96 TeV
F‘é W\ e pp measurement by DO
~ \\\\+ pp extrapolation by TOTEM: 7]
b A band center at DO bins
E \\ + — — band width (+1 o) |
\\
DO collaboration, *
PRL 127 (2021) 6, 062003 1072 | ; LN \ -
$
Ly
0.5 0.6 0.7 0.8 0.9 1
[t (GeV?)
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Model description of odderon

In perturbative QCD, odderon is denominated by
Bartels-Kwiecinski-Praszatowicz(BKP) equation

Janik-Wosiek(JW) solution
Bartels— Lipatov—Vacca (BLV) solution

Only BLV solution contributes to photo-
J. Bartels, Nucl. Phys. B 175 (1980) 365 production of pseudoscalar meson!
T. Jaroszewicz, Acta Phys. Polon. B 11 (1980) 965

J. Kwiecinski and M. Praszalowicz, Phys. Lett. B 94, 413-416
(1980)
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quarkonium at EIC/EicC

i Two mechanisms of photoproduction of C-even

3 7
e,
o
(=
(=
A
[=
=

Odderon exchange:

gl H gl H
One-photon exchange: g %
P P P P
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NRQCD factorization of the C-even charmonium
photoproduction amplitude

2

M = ZI(H (P | Jyly () (p (Po) [ Tnlp (P1)

t
T = Zefqﬂ“%f H =n., Xc0,1,2
/
Nucleon EM form factors measured from experiments

(0 (P) il (P) = (o) [ Fy () + "2y () | w (1)

Fi(—Q%) Fy(—Q3)

Phys. Lett. B 777, 8-15 (2018)

é 10 0 ‘2 c’l f; é 10
Q* [Gev?| Q* [Gev?| 34



Photon-to-eta _c EM transition form factor

2.0

1.5

-
o

|F(Q*)/F()]

4re.€ N, oo
1 (P) by (1) = = e[S R O 7, () P

me'” (4m?2 —

Data from BaBar 2010
Dotted LO

Dashed NLO

Solid NNLO (up = 1 GeV)
Solid NNLO (up, = m)

Feng, Jia, Sang, PRL 2015
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Photon-to-chi_{c0,1,2} EM transition form
factor

" B 2v/3e.e 3N, _, 9
(eo (P) | Tigl (K)) = 3 R O) (1202 1)

3ms/” (4m?2 —t
x [(4m; —t) g" — 2k''PY] &, (k)

m . \/§’i666 3Nc ., % 2.1 2\ pp
(et (P) [l (k) = — 5 o e (O (P) {2 [amli + (¢ = 4mi) ]

m/? (4m2 — ¢

% Eupaakppg . QtPVEMPO’CIkPPU +t (4m3 — t) e#VO'aPa_}EU (k) 5

(Xea (P) [Ty () = oo [ R (0) 20 (P) {22 (12002 — 1)

 3my/? (4m2 —t)
x [ (4m? —t) g — 2k P g°? + 96mig" E kS —t [(4m? —t) g — 2k"P"] pP>p?
—12m? [(4m? — t) ¢ + (P* — k") P*] (k* PP + kP P*)
+48m P (kg™ + KPg*) — 48mik* (kg™ + kPg™)
+ 6m? (4mz — t) (k* + P*) (Po‘gﬁ” + Pﬂg"“’)
— 24m (4m? — 1) (9™ + ¢™9"™) be, (k).
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Phenomenological input parameters

M, =0.938GeV, m.=15GeV, my=4.7GeV.

|Risten)|” = 1.0952 GeV?, | R p(e (0)]” = 0.1296 GeV?,
2

|Rys)|” = 5.8588 GeV®, | R} py(0)| = 1.6057 GeV®.

R (0): Cornell potential model, from E. J. Eichten and C. Quigg
PRD 1995
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Regge Limit

s > 4(Mcp)? [tminl K [t] K Mp < 4(mp)?

do (yp = nep) _meea’Ne|Rs (0)]" F2 (0)
dt m (—t) |

do (yp = xap) _9me; a3N |Rp (0)]" FF (0)
dt m{ (—t) ’

do (yp = xap) _3meta®N|Rp (0)]" FE(0)
dt ~ m? ’

do (yp = xe2p) _12meia® N, |R}p (0)]* F7 (0)
dt ~ mT (—t) '

Landau-Yang theorem indicates that chi_c1 production rate is

Heavily suppressed
38



Threshold Limit

do (yp = nep) %Wega?’Nc |Rs (0)|* (Fy(to) + Fy(t0))* (M, + 2m.)
dt 8M,m5 (M, + m,)? ’
do (vp = xap) e’ Ne|Rp (0)" (Fi(to) + Fy(to))* (M, + 2m,)(2M, + 3m.)”
dt 8M,m?(M, + m.)*
do (vp = xap) _3meta® N, |Rp (0)]* (M, + 2m.)
dt - 16 M,m2 (M, + m,.)*
—4F (to) Fa(to) Mpym} + F5 (to)mZ (M} +m?))
do (Yp = Xep) et N, |Rp (0)[° (M, + 2m,.)
dt T 16M,m2(M, +m,)*
x (F{(to) (3M,, + 12Mym, + 19M7m? + 24M,m} + 24my)
+ 4F (to) Fa(to)m? (2M, + 9Mpm, + 12m?)
+F5 (to)m? (TM? + 24Mym. + 27m?)) .

(Ff (to)Mg (Mg + 4Mpm, + 5m?)

to = —AM,m2/(M, + 2m,)

In threshold limit, the differential cross section is isotropic and integrated
cross section is suppressed by relative velocity of proton and quarkonium

\/S — (Mp+Mp)?
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Differential & integrated Cross Sections

% [ph/GcVZ]

an I L L I
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N
104"

T
0.00002
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0.00004

1071 T T T T
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o [pb]

1(.3 1 L

-l“l) -4

107" 4

1072 5

10-°

5 10

(a) charmonia

50 100

V5 [GeV]

Z—Z {pb/GcVZ]

10" 4
3
1072 4
10744
N

107°% 4

w3

a [pb]

10! 4

10—.i 4

1077 4

1077 4

10-°

(b) bottomonia

s = 50 GeV
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Comparison between the one-photon exchange
and the odderon exchange model

u 1 1 1 L

—— Photon exchange
3 ] ) Czyzewski et al. [28] [

—:= Bartels et al. [24]
1 \?
]

T I 1 T
0.0 0.2 0.4 0.6 0.8 1.0

It — toin| [chﬂ

(a) /s = 15 GeV

do .
7y {pb/GcV"]
10*
—— Photon exchange
10% X Czyzewski et al. [28] |
\ —+= Bartels et al. [24]
10? -

10* 5

10° 4

1071 4

1072

T 1 Ll T
0.0 0.2 0.4 0.6 0.8 1.0
It — tonin| {chz]

(b) /s =50 GeV

Lesson: even in the Regge limit, one-photon exchange appears to

be as important as the odderon contribution, thus non-negligible
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Observation prospects in the forthcoming
EIC/EicC

Ee Qmax d2N
o(ep — eHp) = / dk dQ? dde;2U (vp — Hp)
Equivalent Frmin
Photon appr. N, o [k Kk Qui
dkd()?  mkQ)? E. 2E? E.) Q2

where k and E. are the photon and electron energies in the target rest frame. ky;, =

EMy (My +2M,) / (s — M?), Q%,, = m?k?/ (E. (E. — k)). We choose QZ,, = 0.01 GeV?

o _ )
Take xc(»)o as an example. Considering Integrated luminosity of EIC: 1.5 fb™*/month

typical center-of-mass energy at EIC, we find Integrated luminosity of EicC: 50 fb~1/year
that the photoproduction rates in ep collision

can reach 7.5 pb for y., and 0.35 fb for y,, C-even quarkonia photoproduction
processes have a bright prospect to be
Expected to have enough number of events! observed in the future EicC and EIC

experiments!!
42



B8. Heavy quarkonium production and
ecay

Work 2: Two-loop QCD corrections exclusive
double charmonium production at B factorie

Sang, Feng, Y. J, Mo, Pan and Zhang, Optimized 0 (a,*) correction to exclusive double /¢ production at
B factories. [arXiv:2306.11538 [hep-ph]].

Sang, Feng, Y.J., Mo and Zhang, O(a,?) corrections to J /¢ + Xcoa2 Production at B factories, Phys. Lett.
B 843, 138057. (2023)

Sang, Feng, Y.J., Mo and Zhang, Next-to-next-to-leading-order QCD correctionsto ete™ - J /¢ + 1,
at B factories. [arXiv:1901.08447 [hep-ph]] (updated in 2022)
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Observation of double charmonium production at B
factories at the beginning of this century stimulates
ots of interest

m o (J/YP+n)
P oxB. ;= 33'_"; + 9 (b @Belle’
» g B =256+28+3.4(h@Belle?
> o x B.y=17.6+ 2.8} hGBaBar’

m o (J/1P+xa0)
o xB.o=644+17+1.0fb0Belle’
» o x By =10.3+ 25"} fh @BaBar’

mo(J/Y+ xa)+ o (T/YP+ xe2)
o x B.s < 5.3fbat 90%C.L ©iBelle’

“rm:-:-il | Gﬂv."l.‘-z

Belle, BaBar, 2002
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Next-to-next-to-leading-order QCD corrections
toete” - J/Y + n, at B factories

The cross section can be further divided into the
0" and O(v?) pieces

B | 4o [ |P] o,
olete > appn] = 5= (D) 1rG)

= 0g + 02 + O(O*(}’L-’il)a

8’?T(,}:'2"}’I’L2(1 — 4-7--)3/2

70 = {0}y O) [P
dratm?(1 — 4r)3/? r— A2 /e
72 = 3 <O>I/L<O>7?f / 4!”} /b
I — 10—= — f
< 3 (ol areffai) o)
H:'}/th{)fnc
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Short-distance coefficients

12 =[O + Z2Re (£ 507)

(2 () ]

f,(()) B 3271‘6’17(39(145'
Tree level BchgSZ ,
(0 20— U ) 27907 .

(@2 _ ) B2 8 B 1, 2, 5
O(C(g) o=y {161 4/1, (16 fof )ln—’l,u

H
+ (Vg0 +v.) In é + F(r)}.

m
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‘LCaIcuIating the SDCs

Nearly 2000 two-loop diagrams,

< 4

regular light by light

a) tree b) one loop ¢) two loop

“Light-by-light” amplitudes stemming from the light
quark loops cancels.
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A powerful new package AMFlow allows to

700 Mis by

Auxiliary-Mass-Flow

method
(AMFlow)

Auxiliary mass flow

compute complicated master integrals
Y. Q. Ma and X. Liu 2019, 2021

* differential equations through power series expansion - applications

* singularities and branch cuts

I=/max * expand atn = oo to estimate /(1)
* expand atn = n; to estimate /(n;+1)
- * expand formally at 7 = 0 and match at 5,
— — *+— Reln)
B M2 M o

* local error: ~(|ngeq = m 1 /)™
o fixny=nand gy =ml/ri=k~1/2

« global error: ~(1/2)"

Xiao Liu, University of Oxford am I
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* Cross sections up to NNLO

olete™ — J/1v+n.] (in units of fb) at /s = 10.58 GeV. up = 1 GeV

m(GeV) g L0 NLO NNLO

+0.924+2.31 +2.864+3.92 +5.03+4.29
L5 ‘\/5/2 5'05—0.99—1.49 10‘54—2.60—2.66 15'00—4.14—3.14

50 — - R T
Belle:
- o/ nd X By =256 £ 28 £3.41
s :
+ 30
T 20f BABAR - oU/Y +ncl X Bsp = 17.6 £ 28733 fb
S NNLO
© ool el NLO -
7 "“'"""“""'"""""16";
0 ; ' B I -
3 4 5 6 7 8 9 10
/J,R(GQV)
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O(a3) corrections to e*e™ - J/y + x at B
Factories

The process is decomposed to decay of the photon and
expressed as helicity amplitudes

(1 + cos? 6
J 2 , X =kl
e” = J/v(M) + xes(A2)]  alP[Ax, ] y 2

d cos () - Rg°/2

do [(3+

ViR cos?f, A\ =0,
Factorization holds at helicity amplitude level

NRQCD Factorization Formula

(J/Y|0te - € 5y x (1a)0) (X el TKs p, x (124 )]0) +O().

m>

Axi e = Cie

(&

I £ i : z
,CSPO = ﬁ (—5 0') - ’Cgp = 7( ﬁxa) &y eis ’C3P :—§ (07) X7(A2
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*Short—Distantce Coefficients(SDCs)

Through O(a?), dimensionless SDC is expected to take the following structure

2 2
Hh 1A 647eas (1410 +20)/2 J(me) as(er) (1, . K% )
C/\W\2( m%m%)_ Tl — 5, (M 2|/c =4 1+—7T 1/3011 m2+ %

az([R) 2 2#‘ 1 () K
3 163 In —|— 16(8 ,Bo + b1 )lnm%

~

J(2 4m?,
(7J/¢+'}X J)lnm + c,\(l,/)\,z)} re—= sc

C

m (LO) C}\'%): Braaten, Lee, PRD2003

m (NLO) ('/\ /\ : Zhang, Ma, Chao, PRD2008; Wang, Ma, Chao, PRD2011;
Dong, FP’ILJ_ Jia, JHEP2011.
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element

iIR Divergence factored into NRQCD matrix

Renormalized quark helicity amplitude is left with a single
IR pole, as inferred by NRQCD factorization

P (."rﬂ {.'ff" (f-;
¥ 2 === 'IT'[." + — §
I9/4 ( 4 6
. 2 Calr } Cr
TX el l 2 :i ]
o CACp  5C2,
oy ) — 'l'."'[_ - —|— : y
X el ( I. 2 :21

2 CaCr | 13¢2,
¥, y — = - - - .
X2 12 1 2“

These IR divergences indicate highly nontrivial test of
NRQCD factorization for exclusive S + P -wave
charmonium production at two loop order.
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Various NRQCD short-distance
coefficients

Vs = 10.58 GeV,
mc = 1.5 GeV,
mb = 4.7 GeV

(2)

H (A1, A2) 611,12
o (1,0 —34.73 +9.11i + (—0.8042 + 0.2182i)n; + (—0.2687 — 0.0821i)n?
+(—0.2046 + 0.1862i)1bl; + (—0.0249 + 0.1891i)1bl,
(0, 0) —46.10 + 19.02i + (0.3140 — 0.2819i)n;, + (—0.2765 — 0.0432i)n?
+(—0.2688 + 0.2705i)1bl; + (—0.0394 + 0.1948i)1bl,
¥ (1,1) —81.86 — 46.54i + (3.924 + 5.361i)n; + (—0.2781 — 0.0349i)n?
+(0.2566 — 0.0907i)1bl. + (0.4657 + 0.0763i)1bl,
(1,0) —626.7 — 416.2i + (56.22 + 25.82i)n; + (—0.2632 — 0.1095i)n?
+(0.2721 + 0.9668i)1bl. + (2.755 + 1.772i)1bl,
0, 1) —48.57 — 18.06i + (0.814 + 2.847i)n; + (—0.2793 — 0.0290i)n?
+(0.1354 — 0.0549i)1bl. + (0.2120 — 0.0063i)1bl,
¥ o (1,2) —49.95 — 11.46i + (4.387 + 2.203i)n; + (—0.2632 — 0.1095i)n?
+(—0.7295 + 0.3095i)1bl, + (—0.5207 + 0.3913i)Ibl,,
(1,1) —72.48 — 1.12i + (3.243 4 2.181i)n; + (—0.2781 — 0.0349i)n?
+(—0.2593 + 0.1258i)Ibl. + (—0.1398 + 0.1887i)Ibl,
(1,0) —59.64 — 9.29i + (2.137 + 2.167i)n;. + (—0.2852 + 0.0006i)n?
+(—0.2415 4 0.1598i)1bl; + (—0.1002 + 0.1359i)Ibl,,
(0, 1) —19.35 — 22.71i + (1.512 + 1.247i)n; + (—0.3052 + 0.1005i)n?
+(0.1925 + 0.0292i)1bl. + (0.2658 — 0.1131i)Ibl,
(0, 0) —66.01 — 27.27i + (4.373 + 1.358i)n; + (—0.3002 + 0.0755i)n?

+(—0.1245 + 0.2091i)1Ibl. + (0.02997 — 0.00909i)1bl,
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1, NRQCD factorization scale dependence

15 . ; . 151 . ; . . -

14 {Oss, (1)) T4 (Ospy (1)) *
(Oss, (p1a0)) [ (Osp, (1a0))

13 1

09 s . .
1.0 1.1 1.2 13 1.4 15 1.6
1a (GeV)
15 . . ‘ : .
1af (Osp (14)) 1af (Osp,(1a)) i
(Osp, (1100)) L {Osp, (pa0))
13} 13f ]
12 12| ]

1a (GeV)

1ta (GeV)

Cg.u(ﬂ.\)
Cialtao)

pa (GeV)
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Unpolarized Cross Sections

Comparison between our finest predictions to the unpolarized cross
sections and the measurements in two B factories (in units of fb)

Rj/4(0)|* =0.81GeV3,  [Ry@s)(0)|° =0.529 GeV?,

2
R, ()] =0.075GeV".

LO NLO NNLO Belle BABAR
g X B;,z(g) [56] O X B>2 [2]
o (J/¥ + Xco) 3.35" 099 6.051-13 10451021550 64+1.7+1.0 103+25"%
o/ + xer) 050370172 0637005 086770NE0TE .
+0.22 +0.04 +0.1234-0.121

o(J/¥ + Xe2) 0.647 1 0.727 o7 0.728 "4 161 0212 - -

o(J/¥ + X)) +a(J/¥ + Xc2) 115193 1.367012 1.6070-1240-31 <53 at90% CL. -

o (U (25) + Xc0) 2191072 3.9510 78 6.82" g;g;y;;gg 125+384+31 -

0 (Y(25) + Xe1) 0328%0007 04137505 056670003 0130 - -

o (¥ (2S) + xc2) 042015154 047370028 0.4767 0950 007 -

o (Y(2S) + Xc1) +0 (U (2S) + x2)  0.757035 0.89700% 1.0410:98+0.20 <86at90% CL -
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r Dependence

=
>

-
N

101

olete™ = J/1 + x)(fh)

alete™ = J/1 + xal(fb)

00l

o 1 1 Py 1 1 1
4 5 6 7 8 10 7 9 10
MR (GeV)
= &k BELLE upper limit
12 1
5 121
i) 1+ 47 1
= 13
- = [
2 1% 5l ;
S 1+
T 3
| 1=
+ 1+
2 - 3
© o02- 13
[ 1%
0'0_ 1 P Y 1 ¥ [ 1 1 £ R U I e n- | - 1 PR S A |
4 5 6 7 8 9 10 7 9 10
hr (GeV) pr (GeV)
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Angular Distribution Parameter

Angular distribution parameter o

(lﬂ(('*("“ —) .//l,"" + XeJ)

= Ay (1 +u./('usl")()), J=0.1,2
dcosd

NRQCD predictions for the angular distribution parameter
oJ (defined before) at various perturbative accuracy.

LO NLO NNLO Belle

J/¥ + xc0  0.252 0.26070:09> 0.291f3;8}‘2‘;&gg§ ~1.0170-38
J/¥+xa 0697 073970955 0.88070 02 0008 —
JV+xe  —0197  —0.0757931%7  0.025%3020%00% -
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Optimized correction to exclusive double
J/P production at B factories

TABLE L
masses (M),

significances,

Summary of the signal yields (N), charmonium
and cross sections (Opggm X

B-s[(c@)es]) for et e™ — J/ih(cC),es; B~y denotes the branch-
ing fraction for final states with more than two charged tracks.

TABLE IIL

Summary of the signal yields (N), significances,

and cross sections (0o X Bool(€€)es]) for eTe™ — #(28) X
(cC)res; By denotes the branching fraction for final states
containing charged tracks.

(C€)res N M [GeV/c?*] Signif. opgyy, X B-, [fb] (€C)yes N Signif. Tgom X By [fb]
n, 23526 2972 *+0.007 107 256 =28 *34 M. 36.7 £ 10.4 4.2 16.3 £ 4.6 +3.9
T/ —14+20  fixed <91 at 90% CL | [7/w 69 8.9 <169 at 90% CL
Xeo 80 + 24 3407 +0.011 38 64=17+10  yu 35.4 = 10.7 35 12,5+ 3.8 3.1
Xe1 T X2 10X27 fixed <5.3 at 90% CL Xc1 T Xeo 6.6 = 8.0 <8.6 at 90% CL
n.(28)  164+30 3.630 0008 60 165=3.0+24  n(25) 36.0 = 11.4 3.4 160+ 5.1 +338
$(2S)  —26+29  fixed <133at90% CL  (2S) ~83+85 <5.2 at 90% CL

PRD 2008, Belle Collaboration: No evidence forete™ - J
/V]/P!
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Double photon fragmentation
i mechanism

Davier, Peskin and Snynder, 2006 (VMD approach)

J/ I/
—— VY _
—|— L
J f-” i "I.f"l W
e s A VAVAWAVAVAVAYY | —_—

FIG. 1: Tlustration of the e™e™ — J/4) + J /v process through two photon independent fragmentation.

dgfr(e—'—e_ — j/l,ifj/'lﬁf) _ BECfJf‘?-."-I' 4 dg(f+€_ — ;-},-)‘,)
dcos 6 - d cos 6 '
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Improved NRQCD factorization prediction

The production amplitude can be decomposed to two
parts: fragmentation and non-fragmentation pieces
do 1 81

— T T AT M'r Mn'r2
d cos 6 25167?45132;1 fr |

While fragmentation piece denotes two photon independent fragmentation
into double J/yp which takes physical J/y mass and decay constant as input,
non-fragmentation piece is described by traditional NRQCD factorization,
expressed in terms of the charm quark mass and J/y production long
distance matrix element. So the differential cross section can be written as:

do 1 B edel o (O)j/w (O 170\ 2
I J Cflfihu + Cint,fﬁfﬁ;—;m + Cufr ( Y ) ]

dcosf 2s 16 4 Me Me

(O) s = I[N o - £(A)x|0)[*.
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Improved NRQCD factorization prediction

d 1 B e®et D) 7/ O) 70\ >
a — 2 _Z Ce {Cfrff/l-‘ﬁ —i_cint.fl,?ft.!f{ >J!U +Cnfr(< >JXU> ]

dcost 2s 16w 4 Me Me

2 | 2 4
8 ((t +u?) (tu—Mj,,) + 43t“MJ/¢) G. T. Bodwin et al. Phys. Rev. D 74,

Cf =
r 2,27 T4 074014 (2006

0 s (1 Qs 2 /80 ;u ~(1 /J*Q ,\(2)
Cint = C() 1-|-?C-()—|—(?) (— 1; 1(n‘2+2fYJ/ lnm Cint + -

int int 4 m?2 g
0 as 1) (as\2 (Bo, p A L@
Cnfr — Cr(lfl)' 1 + ?Cgfz' + (?) (Il mg nfr nfr T+
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iTwo-loop calculation of non-fragmentation piece

LR 2@ IX
Tz 2d

—_—

K

Two-loop 2->4 topology, the cutting-edge calculation

c)
9)
FeynCalc/Formlink

506 two-loop diagrams!| » About 2400 master
Apart/Fire integrals(MIs)
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Results of angular distribution of double J/y production

— Fragmentation 1. Both NLO and NNLO
: : corrections become
positive in the improved
' NRQCD approach;
| 2. When 6 approaches to 0,
| the fragmentation
| contribution dominates;
1 3. When 0 deviates from 0,
] the interference term
_ _ starts to play some notable
role. o
0.0 0.2 0.4 0.6 0.8 1.0 <O>,,¥/¢:(,‘LA —1 GeV) — 0.387 GeV3

cos

V5= 1058 Gev My = 3.0969 GeV fy/p =403MeV  mc = 1.5 GeV
Band: uy range from m_ to /s, default value takes at /s/2 63




Compared with Traditional NRQCD
factorization prediction

do 1 B ede’ (O)j/w (O) g/ .
From dcosf 2516w 4 [Cﬁf"/‘«‘ +Cmtf1/w Me +Ca I( Me ) ]

Use: fiu = 2)ose [ f“)aq (QS)Q (f(”ﬁo lnm—+'w In :1;\2 +f(2)) +] +O(v?)

My n c c

o = €1+ 2260 ()7 (LBl 4 2y 4 e2) 4

and

B 2
Core = CO |1+ ,{T'A(l)*-(,ﬁ) (601 f,f,,jZ fllf3~+4’)‘f/w11’lm—+cf]2ﬁ)~) + -

nfr nfr
c

One can go back to Traditional NRQCD factorization:

do 1 ,3 ex (0) (1) (1)/80 ?& (2) (O>2J/¢’
1 ANLVA Y
dcosf 2516w 4 P +3 f i f C+4,),/ v o §+f m?2

m
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Differential section of double J/p production comparison

-10 _-I | | | | ‘*?* | | | | | |
0.0 T 0.2 T 0.4 T 06 B 0.8 T 1.0 0.0 T 0.2 T 04 o 06 T 0.8 T 1.0
cosf! cosf!
Traditional Optimized

Optimized NRQCD: Positive, exhibit decent
convergence behavior and modest
renormlization scale dependence! 65



from improved and traditional NRQCD factorization

| Predicted total cross section of double J/p production

o (fb) Fragmentation LO NLO NNLO
Optimized NRQCD e 1.85  1.937907 213703
Traditional NRQCD 6.12 1567973 —2.38712

Optimized NRQCD: Positive and converge decently —
Expect to observe clean signal events at Belle 2

Traditional NRQCD: Unphysical negative total section

66



i Non-trivial validation of NRQCD factorization

I 23 TE

d)
h)
+ O(1/eRr)

o=%

cos® = 0 :1/&%. Take diagram e) as an example:

1 Cpa® (m?+2P?)* ( 1+5 iﬂ‘)z A Fisla)

— — - - : : n ——
o=z et 2N. 16P2(4m?2 + P?) 1-A fr,0

MFigAr—:}

|P| denotes the magnitude of the J/v¢ momentum 67



B8. Heavy quarkonium production and

:hjecay

Work 3: Three-loop QCD corrections to
quarkonium electroweak decay

F. Feng, Y. J., Z. Mo, J. Pan, W. L. Sang and J. Y. Zhang, Complete three-loop QCD corrections to leptonic
width of vector quarkonium. [arXiv:2207.14259 [hep-ph]].

F. Feng, Y. J., Z. W. Mo, J. C. Pan and W. L. Sang , Three-loop QCD corrections to the decay constant of
B.. [arXiv:2208.04302 [hep-ph]].
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J/psi and Upsilon leptonic widths measured
very precisely

Scale factor/ p

J/¢¥(1S) DECAY MODES Fraction (I';/T) Confidence level (MeV/c)
hadrons (87.7 £+ 05 )% -
virtualy — hadrons (13.50 + 0.30 ) % -
ggg (64.1 + 1.0 )% —
Y8 & (88 £ 1.1 )% —
leT e (59714 0.032) % 1548
eTe [a] (88 + 1.4 )x103 1548

Leptonic decay of quarkonia is one of the most
Important and clean channel to reconstruct quarkonia.

69



Vector quarkoniumn leptonic decay:
NRQCD description

Decay rate
DV i) = 70
~3My Y
(0|TgmI V(€)) = Myfvey, Tty = Z efU !y

f
The leptonic decay constants can be calculated via NRQCD factorization

(01Tl V(€)) =v/2MyeqCo {0 o"y| V(e))nr + O(+?)

e .
=v/2Myeg (Cdir + Z Cind,feé;) <O|XTJZ¢| V(e))Nr + O(vz)
#Q
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NRQCD factorization

o

1+

iy

(2P0
+ 7y >

)
+ (€9 + 50 (mg) | In =5+ ¢ (x)} +0 (af).

9

71'

as (pR)

T

KR HA
—_— _7X
mg mgq >

) e

2
In'u—/z\ln—2+
ma

Mc(l) (x) +

c(@)
16

1

maq

(%)

Bo n’ MR +
mo
dy

1
4 dIn

2

Q

myy
r.— ——
i 2 2
c®By FR 4 @)y HA L e (x)] MH
4 mg mg

@ﬁl (X)ﬁo] ¥ my: Mass of
" intermediate quark

2
M - (2)] 2 my: Mass of external leg
ma

quark

¢ (x):Barbieri, R. Gatto, et al., PLB1975; Celmaster, PRD1979

c® (x):Beneke, Signer, Smirnov, PRL1998; Czarnecki, Melniko, PRL1998; Kniehl,
Onishchenko, et al., PLB2006; Egner, Fael, et al.,, PRD2021

c® (x) without charm mass effect and indirect term: Marquard, Piclum, et al.,, NPB2006,
PLB2009, PRD2014; Beneke, Kiyo, et al., PRL2014
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About 300 diagrams !
Feynman Diagrams

\m

Y A
TETTT
Y A
__a— T80T u,d,s(,c)
(4BF T CA) Cr
b: (Cy —2Cp)?Cr ¢ (Cy —2CF)C%  d: (Cyp—2CF)(Cy—Cp)Cr e: Cy(Cq—2Cp)Cr £ C4C% -~
(00000 )
Y Y
TR ey TETTT
/ Y Y
[T / VLT o] U,d.S(,C)
5 A h: (Ca=20p)Cr 1 CaCr it CF k: Cp (4Bp + C4)Cp (4Brp — Cy) Cr
Representative diagrams for the direct channel. Bp is defined as 3, d® begebe = 4Bp8% and Bp — (N2 — 4)/(4N,) for the SU(N,).

R —
C((,?r) =CF[C‘2FCFFF + CrCACrrg + 02 Craa Red term: charm mass effect
+ Trnr, (CrCrrr, + CaACrar + TrnuCrur + TrnyCrr(z) + TrniCrrr)
+ Trng (CrCrru + CaCran + TrnuCrun + TrnyCruyv(z) + BRCpry)
+ Trny (CrCrrm(z) + CaCram(z) + TrnmCrami(z)) |



Three-loop Anomalous Dimension of
NRQCD vector current
NeW piece of three loop anomalous dimension of vector

current in NRQCD reconstructed by utilizing Thiele’ s
interpolation formula and PSLQ algorithm

dIn(O,) _ (0_3)242) - (“_s) (3)(,11/\) O, = XTU - EY

lv

A,'vv —— P
dIn p% s g
‘ 1 1
",-.1(,2) = — 37‘(2(.?17 _—CF + —C}y ).
12
. . 43 1 113 1 2 1 _
';.f,‘” (pp) = — 3Oy (m —3 In2 ) (f + (m — 1111 2) CpCy + (E — 1 1112) (_"31
_ 1
Trn Cp — —( —TenyC
e ( 32177 T 13 A) oo mutE
+ Tenpy (IJ‘ + ! ('FJri(,a1 In 22 +1111{—A ([2,+;( ('
16022 18 12 mQ 48

1, 1 y
+ ﬂ(i — TFH‘.-U ( (}, + E(_}) ] } (12) 23
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SDCs (with the aid of AMFlow)

Crrr =36.49486245880592537633476189872792031664181
Crra =—188.07784165988071390579994023278476450389105
97.734973269918386342345245004574098439887181
Crrr =46.691692905515132467558267641260536017779126774
Crar =39.6237185545244190773420474220534775186981204767
0.270250439156502171732138691397778647923997721,
2.46833645448237411637054187652486189658968386,
Crrg =—0.8435622911595001453055093736419593585798252
Crag =—0.1024741614929317408574835971993802120163106
Crrum =0.05123960751198372493493118588999641369844635617,
Cprua =2.1155782679809064984368222219139443700443356
+10.494212710700672040241218108020160381155220487),

=TrBrCr(—0.945532642977386 + i 1.28500237447426).

For terms free from
charm mass
effect(independent of x),
we confirm the
results(black numbers)
from Egner, Fael, et al.
arXiv:2203.11231 and
achieve high precision

74



SDCs (include finite charm mass and singlet
contributions)

For terms dependent
of x, we draw the
diagram of SDC-x.
Red crosses are the
physical values with
three-loop pole
masses of quarks m,
=m, = 4.98 GeV, my,
=m, = 2.04
GeV(RunDec from
m.(m.) = 1.28GeV,
my(m,) = 4.18GeV)
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Phenomenological analysis: a disaster

[ (keV) NLO
LO NLO NNLO Direct Direct Total PDG
(mm = 0) (mum # 0)
T 1.6529 | 1.055610395 | 0.9400709%30 | —0.430479%5%% | —0.488775550 | —0.48847% % | 1.340 +0.018
J /4 4.8392 | 2.390179%38 | 0.5135°59738 —11.87331 7500, 5.53 £ 0.10
2 10
s [
e e PP T oz e i) - LO
= S
N - NLO T NLO
< ok o -5F
T - NNLO 4 - NNLO
= NLO S -10F NLO
-1 [ [
m— EXp. 15? ] m EXp.
-2 : : v -20:' ’ : . '
2 4 6 10 1.0 1.5 20 25 35

i (GeV)

fir (GeV)
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Phenomenological analysis

Phenomenological analysis: charm
mass effect and indirect term effect

[T — efe|(keV)

0.5

-05)
10f
15[

20!

0.0

It'" s shown that
indirect channel only
has invisible effect on
the plot, while charm
birectimy 700 mass leads to visible
small correction

Total(mas # 0)

Total(my; = 0)
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Bc decay to lepton and neutrino

Decay rate
2
1 2 2 2 m;
The decay constants can be calculated via NRQCD factorization
(0] by y5¢| BE (P)) =iP!fp,
me
=/2Mp,Co(2) O|XI0e| BN )Nr + O(v?) 7= —*

mp

/8



Bc decay: 3-loop Diagrams

Typical Feynman diagrams for cb — W at three-loop order.

Co(z) =Cr|CECrpr + CrCaCrra + C5Craa
+ Trnp, (CrCrrL + CaCpar + TrnuCrur, + TrnmCrymr, + TrnrCrrr)

+ Tpng (CpCrra + CaACrpag + TrnygCrun + TrnyCruym + BrCpry)
+ Trna (CrCrrm + CaCram + TrnuCrum) |-
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nomalous Dimension

Totally new three loop anomalous dimension of pseudoscalar current
consisting of different heavy flavor quark in NRQCD reconstructed by
utilizing Thiele’ s interpolation formula and PSLQ algorithm .

{“IIO, s\ 2 s\ ,O}: '{'”c
R T U (_) W (?) A (up) O X

2
dIn 5 T P
f 2 f 204382 7 2 — 3x — 2222 — 323 4 22 1
A3) (.-;:} HS* ) —2Cp ‘+— — —In2 — : : : j— " nz + —In(1+ 2)
ms, 24(1+2) 4 A4(1—2)(1+ ) 4
—1 + 62 1 93 + 52z 3 5+ 2x + ba? 3
+ R In “‘; 2, — oo +—-In2 - — 2o Inz+ —In(1+ 2)
8(14+2) my, 2(1+2) 8 16 (1 — x) (1—{—-‘;*) 8
I8+ 11z pi 2 5 1 1. p A
In JpCa+ =4+ -2+ -In(1+2)+-In2)C3
T+ Nz, ) AT 9 TR TR (1+2)+3 m2,
15+ 72 1 1
— TEny (‘,—("}« _(1 ) + Ty Cp+1rne———50Cp].
36 (1 + z) 144 }5(1—1—1/:;:)2 (5(1—%:{:)2
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ion of SDC and diagrams of SDC-mass

IS

Three-loop SDCs

ratio obtained!

High prec
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Phenomenological analysis: a disaster

LO NLO NNLO N3LO

leptonic width(x1077 eV) | 1.4776 | 0.9207103%5 | 0.714810:1302 | —6.2285759%5¢

B(B: — pt +v,) (x107%) | 1.1449 | 0.7134707332 | 0.553070 137 | —4.82607 3332

2k| — T+ ‘r [ Tt T T T [ T T T 1 L L

3 | Yo Branching ratio
*y ] NLO- - of the Bc weak
; ] - - NLo - decay

Q ' N3LO
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End with a small project for fun:
*‘narginally linked with A3+B8

Work 4: Soft pattern of Rutherford scattering from
heavy target mass expansion

Y. J. and J.-Y. Zhang, Soft pattern of Rutherford scattering from heavy
target mass expansion, 2303.18243, to appear in Chinese Physics C
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https://inspirehep.net/literature/2647780

Soft pattern of Rutherford scattering
from heavy target mass expansion

B 1909: Geiger & Marsden : gold foil experiment

B 1911: Rutherford formula: introduce the concept of atomic
nucleus

B The exchanged photon carries long wavelength and can not deeply
probe the internal structure of the composite target.

B Gell-Mann and Low studied the soft limit of the angular distribution
of the Compton scattering in the 1950.

B We are going to investigate the low-energy limit of Rutherford
scattering
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EM Form Factors for composite target carrying
various spins (from 0 to 2)

(N (0, XY TN (p, A))s=o =2P"Fi 0 (%) , F,0(0)=Z: total electric charge in
o RN e » e units of e
W XTEIN @ Ay =07, X) P‘D h “(W) o F“(W)] ) F,0(0)+F, 1(0):the electric

(N (0 N) TN (52 Aot — — 250 (1 A'){w

2 2 - .
g, (fﬁ) - %m (%)] quadrupole moment in units of
e/(2M)
2 . 1 1
(0 = o) g ( Ll ) }Eu(p’ N !:210(0_). magnetic dipole moment
; , in units of e/M"2
(N (pﬂ:)\ﬂ) |J,U,|N (pﬁ A)) :% - ﬁ”,(pF: /\’){QPIL [ al ‘11_‘ 1,0 (ﬂqu) qgﬂ?z Fl 1 (f?)] F210(O)+F211(0): magnetic OCtupOIe
2 of o 2 moment in units of e/(2M"3)
o'ay q_ q-q Q_ )
g FQJ)(M,Z) SYE o ten (;’U?)] }Uu(]?:/\)r

N / I i J u’lul (1'2(1;2 q2 qa’lqal u;(xg (;2
(N (P \) |’T |f\ (Py A))s= Calal, (P /\) 2P" g g Frol~5 )~ 57359 Fiil|l —

+ '!‘.'-U'[qu

M2 202 M2

qulqml qﬂgqﬂ’z q2 Lol ex Lovs | cx
MEIVE Q&ﬁﬂg(iﬁ)]"@FQQ2_q!2qz)

2 al o 2
oo n q q lq ! q
X [9 110 (_MFQ) SWE — 5 I2a (_M'z) ] }Er.n(xz(p:)\)-
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low-energy spin-1/2 massless projectile

do ra? Z2 cos? % a2 Z? cos? £ ﬂ 1
= + O

dcosf  2k2sin? (%) M |k sin’ ( ) M2
s=()
do ) Ara? ( , 20 1, 5 1 2)
=— ———| F (Zcos" =+ =Z"cos" | — =Z (
(d cost ) ynLo M2 sin? % 2 8 8
— 1 _
do "2 Ao’ 1 1,0 5 3 g |
(d (:058) NNLO T m |16 16 20 (cosf = 3) + 1973 (4F{‘“Z T 1202 4 27 cost = EZ (
do )" dra® 1 L2, (cos0 - 3) + = cos® & (4F 2 — 2Fy1Z + 2Fy0Z + Z° cos 522
= —— cosfl — —cos” = | 4F — =F -F cosfl — —
(
do =3 dra? | 1 50 2
- — F 0 — - —(4F! \Z — =11\ Z + Fa0Z + Z° ﬁ——zz
(dCUHH)NNL(] M2 sin %_144 20((0H 3) + 4(05 2( 1.0 3411 + raps + Ccos )]
(
do \*2 ira? [1 1,6 9 p 7
= | —F2 0 — - AF! 7 — ZF\\Z + =“Fy0Z + Z%cosf — =72
(d (.‘(JHH) NNLOG ﬂ_f-g Hinz % _%2 20 (( W08 ) 1 (0"} 2 ( 1.0 3 1,14 + 3 204 + Ccos 3 ) ]

Exhibit universal structures at first two orders. NNLO still begrs
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Light non-relativistic spin-1/2 projectile

, 2
do N 27202 m? (M + m}2 (\/ﬂfg — m2sin? 0 + m cos 9)
( ) T T

dcos#

2
(00 M+/M? — m?2sin? 6 (_-"r'f — cos v/ M? — m?2sin? 0 + m sin? z‘?)

87202 m?  wZ%a*m? O( mb )

kisind Mk MAk?
doe \° T 72 cos? % Z?%m cos? % Zm? 13 L0 1
dcos@ (v2)  Kk2sgin? % 2 sin’ g a M A N2 NNLO VE

f‘if\%() =16F{.n + Zcost — Z,
_1
f‘i‘_\?L() :16F{~ﬂ, + Zcos + 4F5 g — 37,

_ 8 8 11
ffl.i-:_\-]i.() :16F{~n + Z{:DS!‘? — EF]_ 1 §FQ [ ?Z,

.'3:% ' 8 ]'?
fanio =16F] o + Z cost — EFU +4F5 9 — ?Z,

. 8 19
fixio =16F] y + Z cosf — EFI._I + %an - ?'Z.



Reproducing the soft behavior from HPET

_ D? o-B V-E| . o¢-(DxE-ExD) 2
LuapreT = hy (ID(} + (gﬁ + cpe 57 + cpe VE + icge Ve h, +O(1/M?)

HPET description of massless spin-1/2 projectile hitting spin-1/2 composite
target:

2 2 A
Muper = —\/1 + C2 Ve ;—2{ — Zﬂ-xn1..:1\111?1(14:’)'}-“11.{1.:} + ;T'ﬂ-};n;u-xnﬂ(kr)l?! -yu(k)
. .
_% NR [g .}_.H] -ij.:\'nﬂ(ﬁ.j").}_.p?_t[:k) — ;‘?:;{2 UNRUN RH( '}“H“u.)}
e? ffg — 1.0y 0
— -:’;_ Zungunr(k )y u(k) + mumn [g y ]?LNRU( Vyuu(k) + UEHNR?..:NR_U{}: )7 u(k)
de raZ? cos? g ma? Z2 cos? g
deosf|gpr  2k2sin? - M|k|sin® 5
ma” [Z‘Z (cos20 — 1) + cpZ (cos O + 1) + c5 (cos — 3)]
 8M2sin? & ﬂ ’

cr =F3p,

cp =2F5 o + SF{(] — Fi 0, 88



Reproducing the soft behavior from
NRQED+HPET

D? D? .B V- -E DxE-ExD
[Dn-l—rf;g——l—rh +{J:j."(:‘ﬂ- —I—de.-‘[ ]—I—-idc,f d a }}

LNRQED = . :
NRQ 2m 8m3 2m 8m?2 8m?2

NRQED+HPET description of slowly-moving spin-1/2
projectile hitting a static spin-1/2 composite target

e? (ep — 2¢2Z) P” dy 5 9 5 ldg I
MeEept e [ —Z+ e ]f [1 t a2 7 (K% + k) — 8?;:2 — [k~ k[? — yrevid (k x k’):| SUNRUNR
C I"( dlg ”1_1 2 " f ’ i 1(]‘5 " 2 I i
k' + K — (k™ + k — k — k)| — (k- -k k -k
~4Mq 3¢ {( +E) {21;1 8m3 (" + )] " om o ( ) lli:rn.."( o x( I C
<iNg 757 - a] ik (19)
do B ra’m?Z?  ma’m*Z? N ta’Z Z(dpcos —dp + 2)
deost|gpr  2k*sin® & M2k* 2k2sin” & 2sin” £

2

2M2

Tt

—ﬁ(d[} cost) —dp + 2) —

Z(2+dp — 4e2) + Zcosb(2 — dp) + 2¢p] }

d,=d,=d.=dp=d.=1
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Thanks!
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