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Invariant mass spectrum of J/ψ-pair candidates (LHCb, 2020)

LHCb discovered a narrow structure near 
6.9 GeV in the di-J/ψ invariant
mass spectrum:X(6900).

Strong candidate for compact fully-
charmed tetraquark

There’s also a board structure above 
threshold ranging from 6.2 to 6.8 GeV

An additional vague structure near 7.2 
GeV      

(Unexpected) discovery of X(6900) in summer of 2020

Develop NRQCD factorization formalism to decribe the 
production of fully-charmed tetraquark

See W.-L. Sang’s talk in this symposium



Interpretation of nature of the X(6900) meson
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 P-wave tetraquark (M.-S. Liu et al., 2020; H.-X. Chen et al., 2020, R. 
Zhu 2020).

 Radial excitation of 0++ (Z.-G. Wang, 2020; Lü et al., 2020; Giron, 
Lebed, 2020; Karliner & Rosner, 2020; J. Zhao et al., 2020; R. Zhu, 2020; 
B.-C. Yang et al., 2020; Z. Zhao, 2020; H.-W. Ke et al., 2020 ),

 Ground state S-wave tetraquark (Gordillo et al., 2020).

 𝝌𝒄𝟎𝝌𝒄𝟎 or 𝒑𝒄𝒑𝒄 molecular state (Albuquerque et al., 2020)

 0++ hybrid  (B.-D. Wan, C.-F. Qiao, 2020), 

 Resonance formed in charmonium-charmonium scattering (G. 
Yang et al., 2020; X. Jin et al., 2020), or the kinematic cusp arising from 
final-state interaction(J.-Z.Wang et al., 2020; X.-K. Dong et al., 2020; Z.-
H. Guo 2021; C. Gong et al. 2020).

 Beyond Standard Model scenario (J.-W. Zhu et al., 2020; Dosch et 
al., 2020)



Popular phenomenological tools handling 
fully-heavy tetraquark
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Theoretical explorations on fully heavy tetraquarks date back to 1970s

Iwasaki,  PRL(1976);   Chao,  ZPC(1981);  Ader et al. PRD(1982)

 Potential models studying T4c spectra and decay properties: 
(Badalian et al., 1987; Barnea et al., 2006; Liu et al., 2019; Wu et 
al., 2018), etc.

 QCD sum rule: (H.-X. Chen et al., 2020; W. Chen et al., 2017, 
2018; Wang, 2017, 2020; Wang & Di, 2019)

 Search for the fully-bottom tetraquark on Lattice NRQCD: 
found no indication of any states below 2ηb threshold in the 
0++,1+− and 2++ channels (Hugheset al., 2018).



T4c production mechanisms in the market
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 In contrast to mass spectra and decay channels, there is relatively 
sparse studies for T4c production in various enviorment.

 Duality relation model: comparing di-J/psi  production cross 
section with (Berezhnoy et al., 2011; Berezhnoy et al., 2012) and 
without resonance, rough estimate was achieved (Karliner et al., 2017)

 Treat hadronization within color evaporation model: (Carvalho et 
al., 2016; Maciuła et al., 2020)

 NRQCD-inspired factorization: F. Feng, Y.-S. Huang, Y.J, W.-L.Sang, 
X.-N. Xiong, J.-Y. Zhang and D.-S. Yang, 2020-2023

Also see Y.-Q. Ma, Zhang, 2020; R.-L. Zhu, 2020.

 γγ interactions: Gonçalves, Moreira, 2021.



Nonrelativistic QCD (NRQCD): Paradigm of EFT, 
tailored for describing heavy quarkonium
dynamics: exploiting NR nature of quarkonium
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Caswell, Lepage (1986);  Bodwin, Braaten, Lepage (1995)

This scale separation is 
usually referred to as
NRQCD factorization.

The NRQCD short-dist. 
coefficients can be 
computed in perturbation 
theory, order by order

NRQCD factorization is viewed 
as being first principle of QCD



QCD Factorization Theorem
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 Asymptotic freedom

 Scale separation: UV ~ Q 
(pT for production), IR~ 𝛬QCD

 QCD Collinear 
factorization theorem:

 This allows perturbative 
calculation to produce 
sensible phenomenological 
results



QCD factorization theorem for the identified 
hadron inclusive production at large 𝑷𝑻
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Collins, Soper, Sterman (1982)

The inclusive production of 
high-transverse-momentum 
hadrons in the high-energy 
hadron collision experiments 
is dominated by the 
fragmentation mechanism.



Feynman Diagrams for the fragmentation 
function of gluon into fully-heavy tetraquark
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About 100 diagrams for amplitude in 
one side of the cut line

Key insight: to create a 𝑻𝟒𝒄 state, one has to first produce four 
charm quarks with small velocity before hadronization. Therefore, 
one can invoke perturbation theory to compute the hard partonic
process owing to asymptotic freedom of QCD



NRQCD Factorization for the gluon-to-𝟎++

(𝟐++) T4c fragmentation function

For the gluon-to-tetraquark fragmentation function:

13

Lowest order in v; 
Vacuum saturation approximation invoked



S-wave NRQCD production operators (using 
diquark-antidiquark color-spin basis)

We construct the NRQCD local operators for the S-wave 
tetraquark with all possible quantum numbers:
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Determine short-distance coefficients (SDC)
through perturbative matching

The SDCs are state-independent quantities, insensitive to 
non-perturbative (long-distance) physics

Use free quark states instead of hadron (tetraquark) state 
in both FF and LDMEs

Perturbatively calculate both FF and LDMEs; solve the 
matching equation and deduce the SDCs

Adopt angular momentum eigenstates and project 
perturbative FF to specific color state in order to deduce 
each SDCs in question

15



Estimation of Long-Distance Matrix 
Elements (LDMEs) from potential models
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• The NRQCD LDMEs should be calculated in lattice QCD in principle 
since they are non-perturbative.

• We use three phenomenological four-quark models tocalculate the 
LDMEs. The results are proportional to thewave functions at the origin.

• The numerical values are:  (GeV9/2)



Evolution of Fragmentation 
Function under DGLAP
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• Since the process is gluon dominance, the leading order 
splitting kernels read (nf: number of active light quark flavors):



Phenomenology at LHC
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•

• CTEQ14PDF sets

• Factorization scale

•

Phenomenology at LHC
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NRQCD Factorization for inclusive 
production of tetraquark at LHC (fixed-
order calculation)

NRQCD Factorization formula for T4c hadroproduction
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SDCs(asymptotic)
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All the five SDCs are positive. The partonic cross sections for C-even tetraquarks 

scale as pT
−6 , while those for the C-odd state 1+− scale as pT

−8.  At large pT , the 

predicted LO cross sections for the C-even states receive an extra suppression 

factor of pT
−2 with respect to fragmentation mechanism.



Phenomenology 
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LDME:



Phenomenology 
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Phenomenology 
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Phenomenology 
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Phenomenology 
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Exclusive production of C-even 
tetraquark at B factory 
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There are roughly 40 s-channel diagrams in total.

Due to C-parity conservation, the t-channel process in b) 
does not contribute.



NRQCD Factorization for inclusive 
production of 1+− tetraquark at B factory

For the Inclusive production of fully-charmed 1+−

tetraquark at B factory

28

Vacuum-saturation approximation



Inclusive production of fully-charmed 
1+− tetraquark at B factory

29

There are roughly 400 Feynman diagrams in total.



B8. Heavy quarkonium production and 

decay

Work 1: Photoproduction of C-even quarkonia
at EIC and EicC

Y. J, Z. W. Mo, J. C. Pan, and J. Y. Zhang, Photoproduction of C-even 
quarkonia at EIC and EicC. To appear in PRD [arXiv:2207.14171 [hep-
ph]].
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Evidence of odderon
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Differences between 𝑝𝑝 and 𝑝  𝑝 elastic scattering data

at 1.96 TeV is considered to be the evidence of 

the Odderon

D0 collaboration, 
PRL 127 (2021) 6, 062003



Model description of odderon
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In perturbative QCD, odderon is denominated by 

Bartels-Kwiecinski-Praszałowicz(BKP) equation

Janik-Wosiek(JW) solution

Bartels– Lipatov–Vacca (BLV) solution

Only BLV solution contributes to photo-
production of pseudoscalar meson!J. Bartels, Nucl. Phys. B 175 (1980) 365

T. Jaroszewicz, Acta Phys. Polon. B 11 (1980) 965
J. Kwiecinski and M. Praszalowicz, Phys. Lett. B 94, 413-416 
(1980)



Two mechanisms of photoproduction of  C-even 
quarkonium at EIC/EicC
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Odderon exchange: 

One-photon exchange: 



NRQCD factorization of the C-even charmonium
photoproduction amplitude
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Phys. Lett. B 777, 8-15 (2018)

Nucleon EM form factors measured from experiments



Photon-to-eta_c EM transition form factor
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Feng, Jia, Sang, PRL 2015

Data from BaBar 2010
Dotted LO
Dashed NLO
Solid NNLO (𝜇Λ = 1 GeV)
Solid NNLO (𝜇Λ = 𝑚) 



Photon-to-chi_{c0,1,2} EM transition form 
factor
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Phenomenological input parameters
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𝑅 ′ 0 : Cornell potential model, from E. J. Eichten and C. Quigg
PRD 1995



Regge Limit
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𝑠 ≫ 4(𝑚𝑐,𝑏)
2, |𝑡𝑚𝑖𝑛| ≪ |𝑡| ≪ 𝑀𝑝

2 < 4(𝑚𝑐,𝑏)
2

Landau-Yang theorem indicates that chi_c1 production rate is
Heavily suppressed



Threshold Limit
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In threshold limit, the differential cross section is isotropic and integrated 
cross section is suppressed by relative velocity of proton and quarkonium 

𝑠 − (𝑀𝑃+𝑀𝐻)
2



Differential & integrated Cross Sections
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𝑠 = 50 GeV



Comparison between the one-photon exchange 
and the odderon exchange model
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Lesson: even in the Regge limit, one-photon exchange appears to 
be as important as the odderon contribution, thus non-negligible



Observation prospects in the forthcoming 
EIC/EicC
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Take 𝜒𝑐(𝑏)0 as an example. Considering 

typical center-of-mass energy at EIC, we find 

that the photoproduction rates in 𝑒𝑝 collision 

can reach 7.5 pb for 𝜒𝑐0 and 0.35 fb for 𝜒𝑏0

Expected to have enough number of events!

Integrated luminosity of EIC: 1.5 fb−1/month

Integrated luminosity of EicC: 50 fb−1/year

C-even quarkonia photoproduction 

processes have a bright prospect to be 

observed in the future EicC and EIC 

experiments!!

Equivalent
Photon appr.



B8. Heavy quarkonium production and 

decay

Work 2: Two-loop QCD corrections exclusive 
double charmonium production at B factorie

Sang, Feng, Y. J, Mo, Pan and Zhang, Optimized 𝒪(𝛼𝑠
2) correction to exclusive double 𝐽/𝜑 production at 

B factories. [arXiv:2306.11538 [hep-ph]].

Sang, Feng, Y.J., Mo and Zhang, 𝒪(𝛼𝑠
2) corrections to 𝐽/𝜑 + 𝜒𝑐0,1,2 production at B factories, Phys. Lett. 

B 843, 138057. (2023)

Sang, Feng, Y.J., Mo and Zhang, Next-to-next-to-leading-order QCD corrections to 𝑒+𝑒− → 𝐽/𝜑 + 𝜂𝑐
at B factories. [arXiv:1901.08447 [hep-ph]] (updated in 2022)
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Observation of double charmonium production at B 
factories at the beginning of this century stimulates 
lots of interest

Belle, BaBar, 2002



Next-to-next-to-leading-order QCD corrections 

to 𝑒+𝑒− → 𝐽/𝜓 + 𝜂𝑐 at B factories
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The cross section can be further divided into the 

𝒪(𝑣0) and 𝒪(𝑣2) pieces



Short-distance coefficients
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𝒪(𝛼𝑠
2)

Tree level



Calculating the SDCs
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Nearly 2000 two-loop diagrams。

“Light-by-light” amplitudes stemming from the light 
quark loops cancels.



A powerful new package AMFlow allows to 
compute complicated master integrals 
accurately           Y. Q. Ma and X. Liu 2019, 2021
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700 MIs by 

Auxiliary-Mass-Flow 

method

(AMFlow)



Cross sections up to NNLO
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Belle: 
𝜎  𝐽 𝜓 + 𝜂𝑐 × ℬ>2 = 25.6 ± 2.8 ± 3.4 fb

Babar: 

𝜎  𝐽 𝜓 + 𝜂𝑐 × ℬ>2 = 17.6 ± 2.8−2.1
+1.5 fb

𝜇Λ = 1 GeV



𝓞(𝜶𝒔
𝟐) corrections to 𝒆+𝒆− → 𝑱/𝝍 + 𝝌𝒄𝑱 at B 

Factories
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The process is decomposed to decay of the photon and 
expressed as helicity amplitudes

Factorization holds at helicity amplitude level



Short-Distantce Coefficients(SDCs)
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IR Divergence factored into NRQCD matrix 
element

Renormalized quark helicity amplitude is left with a single 
IR pole, as inferred by NRQCD factorization

These IR divergences indicate highly nontrivial test of 
NRQCD factorization for exclusive S + P -wave 
charmonium production at two loop order.
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Various NRQCD short-distance 
coefficients
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√s = 10.58 GeV,
mc = 1.5 GeV, 
mb = 4.7 GeV 
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𝝁𝚲 NRQCD factorization scale dependence



Unpolarized Cross Sections

Comparison between our finest predictions to the unpolarized cross 
sections and the measurements in two B factories (in units of fb)
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𝝁𝑹 Dependence
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Angular Distribution Parameter

NRQCD predictions for the angular distribution parameter 
αJ (defined before) at various perturbative accuracy.
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Optimized correction to exclusive double 
J/ψ production at B factories
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PRD 2008, Belle Collaboration: No evidence for 𝑒+𝑒− → 𝐽
/𝜓  𝐽 𝜓 !



Double photon fragmentation 
mechanism
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Davier, Peskin and Snynder, 2006 (VMD approach)



Improved NRQCD factorization prediction
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The production amplitude can be decomposed to two 
parts: fragmentation and non-fragmentation pieces

While fragmentation piece denotes two photon independent fragmentation 
into double J/ψ which takes physical J/ψ mass and decay constant as input, 
non-fragmentation piece is described by traditional NRQCD factorization, 
expressed in terms of the charm quark mass and J/ψ production long 
distance matrix element. So the differential cross section can be written as:



Improved NRQCD factorization prediction
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G. T. Bodwin et al. Phys. Rev. D 74, 

074014 (2006)



Two-loop calculation of non-fragmentation piece
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506 two-loop diagrams! About 2400 master 
integrals(MIs)

FeynCalc/Formlink

Apart/Fire

Two-loop 2->4 topology, the cutting-edge calculation 



Results of angular distribution of double J/ψ production

63

1. Both NLO and NNLO 
corrections become 
positive in the improved 
NRQCD approach;

2. When θ approaches to 0, 
the fragmentation 
contribution dominates;

3. When θ deviates from 0, 
the interference term 
starts to play some notable 
role.

Band: 𝜇𝑅 range from 𝑚𝑐 to 𝑠, default value takes at 𝑠/2



Compared with Traditional NRQCD 
factorization prediction
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One can go back to Traditional NRQCD factorization: 



Differential section of double J/ψ production comparison
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Optimized NRQCD: Positive, exhibit decent 
convergence behavior and modest 
renormlization scale dependence!



Predicted total cross section of double J/ψ production 
from improved and traditional NRQCD factorization
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Optimized NRQCD: Positive and converge decently →
Expect to observe clean signal events at Belle 2

Traditional NRQCD: Unphysical negative total section



Non-trivial validation of NRQCD factorization
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𝑐𝑜𝑠𝜃 = 0 :1/𝜀𝐼𝑅
2 . Take diagram e) as an example: 



B8. Heavy quarkonium production and 

decay

Work 3: Three-loop QCD corrections to 
quarkonium electroweak decay

F. Feng, Y. J., Z. Mo, J. Pan, W. L. Sang and J. Y. Zhang, Complete three-loop QCD corrections to leptonic
width of vector quarkonium. [arXiv:2207.14259 [hep-ph]].

F. Feng, Y. J., Z. W. Mo, J. C. Pan and W. L. Sang , Three-loop QCD corrections to the decay constant of 
𝐵𝑐. [arXiv:2208.04302 [hep-ph]].
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J/psi and Upsilon leptonic widths measured 
very precisely
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Leptonic decay of quarkonia is one of the most 
important and clean channel to reconstruct quarkonia.



Vector quarkoniumn leptonic decay: 
NRQCD description
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Decay rate 

The leptonic decay constants can be calculated via NRQCD factorization



NRQCD factorization
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𝐶 1 (𝑥):Barbieri, R. Gatto, et al., PLB1975; Celmaster, PRD1979

𝐶 2 (𝑥):Beneke, Signer, Smirnov, PRL1998; Czarnecki, Melniko, PRL1998; Kniehl, 
Onishchenko, et al., PLB2006; Egner, Fael, et al., PRD2021

𝐶 3 (𝑥) without charm mass effect and indirect term: Marquard, Piclum, et al., NPB2006, 
PLB2009, PRD2014; Beneke, Kiyo, et al., PRL2014

𝑚𝑀: Mass of 
intermediate quark
𝑚𝐻: Mass of external leg 
quark



Feynman Diagrams
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About 300 diagrams !

Red term: charm mass effect



Three-loop Anomalous Dimension of 
NRQCD vector current
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New piece of three loop anomalous dimension of vector 
current in NRQCD reconstructed by utilizing Thiele’s 
interpolation formula and PSLQ algorithm



SDCs (with the aid of AMFlow)
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For terms free from 
charm mass 
effect(independent of x), 
we confirm the 
results(black numbers) 
from Egner, Fael, et al. 
arXiv:2203.11231 and 
achieve high precision 



SDCs (include finite charm mass and singlet 
contributions)
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For terms dependent 
of x, we draw the 
diagram of SDC-x. 
Red crosses are the 
physical values with 
three-loop pole
masses of quarks 𝑚𝑄

≡ 𝑚𝑏 = 4.98 GeV, 𝑚𝑀

≡ 𝑚𝑐 = 2.04 
GeV(RunDec from 
𝑚𝑐(𝑚𝑐) = 1.28GeV, 
𝑚𝑏(𝑚𝑏) = 4.18GeV)



Phenomenological analysis: a disaster
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Phenomenological analysis
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Phenomenological analysis: charm 
mass effect and indirect term effect

It’s shown that 
indirect channel only 
has invisible effect on 
the plot, while charm 
mass leads to visible 
small correction



Bc decay to lepton and neutrino
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Decay rate 

The decay constants can be calculated via NRQCD factorization



Bc decay: 3-loop Diagrams
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Anomalous Dimension
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Totally new three loop anomalous dimension of pseudoscalar current 
consisting of different heavy flavor quark in NRQCD reconstructed by 
utilizing Thiele’s interpolation formula and PSLQ algorithm .



Three-loop SDCs
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High precision of SDC and diagrams of SDC-mass 
ratio obtained!



Phenomenological analysis: a disaster
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Branching ratio 
of the Bc weak 
decay



End with a small project for fun: 

marginally linked with A3+B8

Work 4: Soft pattern of Rutherford scattering from 

heavy target mass expansion

Y. J. and J.-Y. Zhang, Soft pattern of Rutherford scattering from heavy 
target mass expansion, 2303.18243, to appear in Chinese Physics C

83

https://inspirehep.net/literature/2647780


84

Soft pattern of Rutherford scattering 
from heavy target mass expansion

 1909: Geiger & Marsden : gold foil experiment

 1911: Rutherford formula: introduce the concept of atomic 
nucleus

 The exchanged photon carries long wavelength and can not deeply 
probe the internal structure of the composite target.

 Gell-Mann and Low studied the soft limit of the angular distribution 
of the Compton scattering in the 1950.

 We are going to investigate the low-energy limit of Rutherford 
scattering



EM Form Factors for composite target carrying 
various spins (from 0 to 2)
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F1,0(0)=Z: total electric charge in 

units of e

F1,0(0)+F1,1(0):the electric 

quadrupole moment in units of

e/(2M)

F2,0(0): magnetic dipole moment

in units of e/M^2

F2,0(0)+F2,1(0): magnetic octupole  

moment in units of e/(2M^3)



low-energy spin-1/2 massless projectile 
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Exhibit universal structures at first two orders. NNLO still bears
some interesting spin-dependent patterns



Light non-relativistic spin-1/2 projectile
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Reproducing the soft behavior from HPET
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HPET description of massless spin-1/2 projectile hitting spin-1/2 composite 
target:



Reproducing the soft behavior from 
NRQED+HPET
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NRQED+HPET description of slowly-moving spin-1/2 
projectile hitting a static spin-1/2 composite target

d2=d4=dF=dD=dS=1



Thanks! 
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