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Wave function on the 2nd Riemann sheet

Partial width formula

Three-body unitary cut

Application to the 𝑇𝑐𝑐
+ and 𝑃𝑐 states
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⚫ Pentaquark candidates 𝑃𝑐 4312 , 𝑃𝑐 4440 , 𝑃𝑐 4457 discovered by the LHCb

Collaboration in the Λ𝑏
0 → 𝐽/𝜓𝑝𝐾− decay

⚫ Molecular states of Σ𝑐ഥ𝐷
(∗)

⚫ Coupled to Λ𝑐ഥ𝐷
(∗)

channels via the

one-pion exchange (OPE)

R. Aaij et al. Phys. Rev. Lett. 122, 222001(2019)
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⚫ Schrödinger equation

⚫ Lippmann-Schwinger equation

⚫ Analytical continuity applies for both equations

⚫ How can we learn about the poles of the T matrix from the Schrödinger 

equation?



⚫ Schrödinger equation

⚫ Analytical extension of the wave function

⚫ 𝜙(𝒌) has two poles

→ discontinuity (unitary cut)
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𝑘 can be anywhere on the complex plane 𝑝 is on the integral path



⚫ 1st Riemann sheet: integrate along the real axis

⚫ 2nd Riemann sheet: the residue of the pole must be 

include

⚫ Or change the integral path

⚫ E.g. complex scaling method:

⚫ Avoid the branch cut in the potential
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⚫ 2-channel example

⚫ 𝑘1 = 2𝜇1(𝐸 − 𝐸𝑡ℎ1) 𝑘2 = 2𝜇2(𝐸 − 𝐸𝑡ℎ2)

⚫ Sheet I:  Im 𝑘1 > 0 Im 𝑘2 > 0
bound state

⚫ Sheet II: Im 𝑘1 < 0 Im 𝑘2 < 0
quasibound state (Feshbach-type resonance)

⚫ Sheet III: Im 𝑘1 < 0 Im 𝑘2 < 0
resonance

⚫ Sheet IV: Im 𝑘1 < 0 Im 𝑘2 < 0
“threshold cusp”

Im(E)

Re(E)

0

threshold 1 threshold 2

Sheet I

Sheet II Sheet III

Sheet IV

Integral path



⚫ Integrals concerning the wave function must include the residue

⚫ Partial-wave Fourier transformation (along the real axis)

⚫ 𝑗𝑙 stands for the 𝑙-th spherical Bessel function 

⚫ Partial widths are related to the residues of the wave function
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convergent at 𝑟 → ∞ divergent at 𝑟 → ∞
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⚫ Leading-order pion-exchange and contact terms in 

⚫ large mass difference pion can be on-shell
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⚫ Optical theorem: on-shell 𝐷𝐷𝜋 intermediate states

⚫ Instantaneous approximation

⚫ Nonzero 𝑞0 (𝛿 = 𝑚𝐷∗ −𝑚𝐷)

⚫ Three-body effect: energy-dependent potential

𝐷

𝐷∗

𝐷∗

𝐷

𝐷𝐷𝜋

In TPE, an imaginary part shows 

up naturally in the loop integral.

negative imaginary part of the potential
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⚫ The width of X(3872) is of 

the order of 10 keV

⚫ Annihilation processes can 

be included by introducing 

imaginary contact terms

ZYL, J.–B. Cheng, S.- L. Zhu,  2305.19073

⚫ The width goes to zero when the mass is 

lower than the 𝐷𝐷𝜋 threshold

⚫ Two-pion-exchange potential may break 

the unitarity 
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⚫ Masses and widths of the 

𝑃𝑐 4312 , 𝑃𝑐 4440 , 

𝑃𝑐 4457 used as inputs

⚫ 𝐽𝑃 assigned:

𝑃𝑐 4312 , 𝑃𝑐 4440 :
1

2

−

𝑃𝑐 4457 :
3

2

−

ZYL, J.–B. Cheng, B.-L, Huang, S.- L. Zhu, 2305.19073
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⚫ The Schrödinger equation and the wave function are extended to the 2nd 

Riemann sheet

⚫ The partial width (residue of T matrix) is related to the residue of the wave 

function

⚫ Three-body effects in the OPE potential

⚫ Branching ratios of 𝑃𝑐 states are obtained

𝑇𝑐𝑐
+ : important  𝑃𝑐: not significant 

The Schrödinger equation is good at pole search, while the LS equation is good at line shape.
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⚫ Different choice of 𝑞0 in the denominator 

⚫ Direct diagram     (𝑃𝑐)

𝑞0 = 𝑝0 − 𝑝′0

⚫ Cross diagram      (𝑻𝒄𝒄
+ )

𝑞0 = 𝐸 − 𝑝0 − 𝑝′0
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⚫ Non-analytical term in S-wave OPE

𝑉𝑂𝑃𝐸 ∝ ln
(𝑝 + 𝑝′)2−𝑚𝑒𝑓𝑓

2 − 𝑖𝜖

(𝑝 − 𝑝′)2−𝑚𝑒𝑓𝑓
2 − 𝑖𝜖

𝑚𝑒𝑓𝑓
2 = 𝑞0

2 −𝑚𝜋
2

Integral path

Branch cut

Im(E)=0 Im(E)<0
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