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Multiquark state
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• Multiquark states were predicted at the birth of quark model 

• Quark model——a useful theoretical tool

 Cornell model:

OGE Confinement
Eichten:1974af,Eichten:1978tg,Eichten:1979ms 
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Quark potential model
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• Semay-Silvestre-Brac Models


AL1: , AP1: 

• Chiral quark models [e.g. Salamanca model (SLM)]

• Flux-tube confinement - three-body and four-body force


p = 1 p = 2/3

Semay:1994ht,Silvestre-Brac:1996myf 

Screened confinement

Vijande:2004he, Segovia:2011dg

Takahashi:2002bw 
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Motivation
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Variational method 
Computational cost increases exponentially with # of particles 

Three-body and four-body force

Presumed clustering


Diffusion Monte Carlo (DMC) Method  
    ——a mature approach in molecular physics, solid physics and nuclear physics 


Moderate the increasing computational cost as the particles number

Easier to deal with the few-body force

No presumed clustering


• DMC applications in multiquark systems  

Reviews: Carlson:2014vla, Foulkes:2001zz

Gordillo:2020sgc 
ccc̄c̄ Bai:2016int

 bound statebbb̄b̄, 0++
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Diffusion Monte Carlo (DMC) Method
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•A numerical way for solving Schrödinger equation


• Imaginary time Schrödinger equation ( )

•Solution in the form of path integral

•The Green’s function

τ = it

Diffusion Monte Carlo

7

Diffusion Source or Sink

Diffusion equation: Salt in still water

If we take  

Can be implemented with the diffusion Monte Carlo algorithm
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•The wave function is sampled by walkers: distribution of walkers


•Walkers: in space D=3N
Ψ(R) ⇒

Algorithm
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Initial walkers

Equilibrium?

Random walk 

Birth-death

N

Y

Output

Follow the Gaussian distribution:

Replicate the walker  times:nr

 is a random number uniformly distributed in u [0,1]

: a state not orthogonal to the ground stateΨint(R)

 and total # of walkers become stable?
ER
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•The wave function is sampled by walkers: distribution of walkers


•Walkers: in space D=3N
Ψ(R) ⇒

Algorithm

9

Initial walkers

Equilibrium?

Random walk 

Birth-death

N

Y

Output

Gaussian distribution:

Replicate the walkers  times:nr

 is a random number uniformly distributed in u [0,1]

: a state not orthogonal to the ground stateΨint(R)

 and total # of walkers become stable
ER

• No numerical integration


• No Jacobi coordinate, no presumed clustering


• Computational cost increases linearly


• Same complexity dealing with pairwise confinement interaction and flux-tube interaction
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Importance Sampling
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In areas where the potential changes intensely, a tiny movement of 
the walker will lead to a drastic fluctuation of the population.

 Importance sampling technique

In the Birth-death process:

• Introduce importance function:  , and sample 


• The   should be as close as possible to 


• Schrödinger equation with importance sampling
•

ψT(R) f(R, t) ≡ Ψ(R, t)ψT(R)
ψT(R) Ψ0(R)

Diffusion Source or SinkDrift

Convection-diffusion equation: Salt in flowing water

• Drift term Green’s function: Make a displacement: Drift
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Importance Sampling
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• Two effects:

1. Guides walkers to regions with higher probability density: drift force

2. Reduces the fluctuation of the population of walkers 

• In the practical simulation, the  is unknown beforehand

In our calculation 

• : adjustable constants, set to minimize fluctuation


• e.g. 1-d HO 


With importance sampling, the fluctuation is reduced

ψT(R)

aij

Hjorth-Jensen:2017gss, Gordillo:2020sgc 
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Application in baryons and tetraquark states

12



Yao Ma (⻢马 尧) | Baryons and Tetraquark States with Diffusion Monte Carlo Method

Baryons
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• Potential: AL1 and its revised version


• Two confinement scenarios ( -type and Y-type)

• In variational method: It is hard to calculate the matrix elements of 


• In DMC: No need of integration, Steiner tree problem

• Coupling constants

Δ

Takahashi:2002bw 

D. Smith, Algorithmica 7, 137 (1992)

      from AL1 model

Flux tube-I:                              , Flux tube-II: fix        from  mass,     Ω(sss)

Takahashi:2002bw Lattice QCD: 

• Results:
Flux tube-II is more reliable 

For baryons it is hard to distinguish two 
confinement scenarios

Ma:2022vqf 
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Cannot get the di-meson thresholds (real ground state for systems w/o bound states)

Our advancement: including the extra two configuration channels


A

A

DMC in quark models
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• A lesson from nucleon calculation: proper configuration assignment
Single channel                                         →not general enough

•  systemccc̄c̄
Gordillo:2020sgc 

 ccc̄c̄ 0++

Ma:2022vqf

Gordillo:2020sgc 

Ma:2022vqf
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Cannot get the di-meson thresholds (real ground state for systems w/o bound states)

Our advancement: including the extra two configuration channels


A

A

DMC in quark models
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• A lesson from nucleon calculation: proper configuration assignment
Single channel                                         →not general enough

•  systemccc̄c̄
Gordillo:2020sgc 

 ccc̄c̄ 0++

Ma:2022vqf

Gordillo:2020sgc 

Ma:2022vqf

In variational method, it is hard to get the di-meson 
threshold without the di-meson clustering basis

In DMC, we get a di-meson type ground state 
without presuming such kind of clustering
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Double-heavy tetraquark
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• Potential: Chiral quark models [Salamanca model (SLM)]

• Systems with bound state:
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Summary and outlook
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Thanks for your attention!

• Improved DMC to give the di-meson threshold

• Recommended tetraquark bound states:


                      :


                      :


• Can be further improved:  Auxiliary field diffusion Monte Carlo, fixed-node method

• Flux-tube confinement potentials for tetraquark states



Backup

The 7th Symposium on “Symmetries and the emergence of Structure in QCD”

July 21, 2023



Yao Ma (⻢马 尧) | Baryons and Tetraquark States with Diffusion Monte Carlo Method

• Coupled-channel Schrödinger equation


• Sample 


Coupled-channel formalism

19
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Double-heavy tetraquark
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Systemic uncertainties 
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Statistical uncertainties
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Resonances within DMC method 
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