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Interactions of fully-heavy hadrons
❖ Long-range potential from two pion exchange between 2 

S-wave bottomonia 
N. Brambilla et al, Phys.Rev.D 93, 054002 (2016)

❖ At long-range, soft gluon exchange → two pion exchange 
+ heavier…

OPE highly suppressed by isospin

❖ Gluon emission from fully-heavy hadrons: 
chromopolarizability

❖  FSI and  coupling

❖ Binding of 
X.K. Dong, et al., Sci.Bull. 66 (2021) 24, 2462-2470
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Chromopolarizability of  fully heavy hadrons

N. Brambilla et al, Phys.Rev.D 93, 054002 (2016)



Chromopolarizability of heavy quarkonium

❖ EFT for heavy hadron and gluon coupling 

                                                

❖ pNRQCD N. Brambilla et al, Phys.Rev.D 93, 054002 (2016)

       

❖ Expression of chromopolarizability 

L H
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∇2
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2mH
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1
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βHg2Ea2 + …} H(t, X),

ℒ(0)
pNRQCD = ∫ d3r Tr [S† (i∂0 − ĥS) S + Oa† (i∂0 − ĥO) Oa + (S†r ⋅ gEaOa +  H.c. )],
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Chromopolarizability of heavy quarkonium
❖ Analytical N. Brambilla et al, Phys.Rev.D 93, 054002 (2016)

       

❖ Numerical
❖ Put both color singlet and octet  in a infinite well with length .

βψ = 256
ρ(ρ + 2)2

3Nc

1
mE2

ϕ
I = Cψm−3α−4

s , Cψ ≈ 0.93

QQ̄ Lbox



Chromopolarizability of ΩQQQ′ 

❖ Jacobi coordinates, 

❖ The emission of a gluon from a singlet baryon is described by

❖ The emission of two gluons from a singlet baryon is described by

❖ Matching the above two we have 

m = mQ, m3 = mQ′ 

ℒS−O
pNRQCD = ∫ d3ρd3λ { 1

2 2
[S†ρ ⋅ gEaOSa +  H.c. ] −

ζ

2 6
[S†λ ⋅ gEaOAa +  H.c. ]},



Evaluation of βρ
❖ Hamiltonians of color singlet and octet baryons (only Coulomb-type interactions considered)

❖ Completeness of the continuum eigenstates the operator 

with  and 
❖ Solve the Schroedinger equation to find eigen energies and wave functions

hOS

hS |Ω⟩ = EB |Ω⟩ hOS |Ψ(c)
ν ⟩ = εν |Ψ(c)

ν ⟩



Numerical results
❖ It finally turns out that, if using the same quark mass,

         

❖ For the case where quarks in a baryon have different masses, i.e.,  or  ,  define 

 

βΩ = CΩm−3α−4
s , CΩ = C(ρ)

Ω + C(λ)
Ω ≈ 2.4 ≈ 2.6Cψ .

Ωbcc Ωbbc ζ = 1 + 2mQ/mQ′ 

βρ(ζ) = βρ( 3)( ζ

3 )
1.95

, βλ(ζ) = βλ( 3)( ζ

3 )
4.15

.
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Summary
❖ The chromopolarizabilities of QQQ baryon and  quarkonium 

are estimated,

         

❖ Uncertainties:

❖ Treated as purely color-Coulombic systems: corrections from 

nonperturbative interaction: 10% for bottom while  for 

charm.

❖ Ignore the mixing of  and , correction around 7%.

❖ Large uncertainties from , 

❖ For bottom, ; For charm, large uncertainty.

QQ̄

βH = CHm−3α−4
s , CΩ ≈ 2.6Cψ .

𝒪(1)

OS OA

αs

αs (νr = 1GeV) = 0.4798

αs (νr = 1.5GeV) = 0.3485

αs (νr = 2GeV) = 0.3015

CΩbbb
/Cb̄b ≈ 2.6 ± 0.3

❖ Interactions from soft gluon exchange 
for di-QQQ are considerably stronger 
than those for di- .QQ̄



Backup slides



❖ The wave function of the singlet state can be expressed as

             

where we have introduced a hyper-spherical basis

 
with 
❖ For a ground state

 

and satisfis

 

with 
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Wave function of singlet baryon
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Wave function of octet state

❖ The wave function of the octet state can be expressed as
             

with
 

❖ The radial wave function satisfies
 

with 

 

 

and

 

Ψ(c)
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Expression of β

❖ The chromopolarizability can be evaluated by

 

with             

❖ The wave functions of octet states are obtained by putting them into a 2D ( ) infinite well.

βρ =
1
4 ∑

p,q

| f1(p, q) |2

εp,q − EB
, βλ =
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Solving PDE
❖ Using the following substitutions

  

with  fm and  GeV, the eom turns to

  

with 

The boundary conditions read

They are normalized as 

 

ψ =
χ

ρλ
, ρ = ρ̃L0, λ = λ̃L0, Lbox = L̃boxL0, μ = μ̃/L0, E = Ẽ/L0

L0 = 0.197 1/L0 = 1
1
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−

∂2
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+ Ṽ(ρ̃, λ̃)) χ̃(ρ̃, λ̃) = Ẽχ̃(ρ̃, λ̃)
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3
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3
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.


